Course at IHP, February 07

Lecture 3: Index techniques for foliations

Moulay-Tahar Benameur
Université Paul-Verlaine Metz

Trimester on Groupoids and Stacks

M.-T. Benameur (Université Paul-Verlaine M Foliated index techniques February 07 1/34



More on index theory in von Neumann algebras.
C*-algebras and W* algebras of foliations given by suspension.

Invariant measures and traces. The Atiyah theorem for foliations.

Connes’ measured index theorem and the foliated Cheeger-Gromov
invariant.

Hilbert modules associated with foliations given by suspension.
The K-theory index and relation with the measured index.

Some words on higher index theorems for suspensions.

Application of the foliated index techniques to the gap-labelling
conjecture.
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More on index theory in VN algebras

As in the previous lecture, M is a von Neumann algebra in a Hilbert space
H, equipped with a semi-finite normal faithful trace 7.

Lemma

For any T-compact projection e € M, we have 7(€e) < +oc.

Definition
An operator T € M is called 7-Fredholm if there exists S € M such that
1—ST and 1 — TS are T-compact.

Proposition

If T € M is T-Fredholm, the projections pr and pt- onto Ker(T) and
Ker(T*) are T-finite.

M.-T. Benameur (Université Paul-Verlaine M Foliated index techniques February 07 3 /34



Definition
The index Ind,(T) of a 7-Fredholm operator T is defined by:
Ind-(T) := 7(p1) — 7(P7*),

where pt and pr+ are the projections onto the kernel of T and T*
respectively.

Definition

A p-summable spectral triple is (A, M, D) where M C B(H) is as before
with a normal semi-finite faithful trace 7, A is a *-subalgebra of M, and
D is a T-measurable self-adjoint operator such that

e Vac A, a(D+ i)~! belongs to L"(M, ), for n > p.
e Every a € A preserves Dom(D) and [D, a] € M.
e Vac A, a,[D,a] € Np=oDom(6") where 6(b) := [|D], b].

The last condition is technical in view of an index theorem, it is satisfied in
the examples. We assume for simplicity that A is unital.
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Remark

When H is Zy-graded by an involution v € M, with A even and D odd,
(A, M, D) is said to be even. Otherwise it is odd.

Example
Reorganizing the results of the previous lecture, we see that

@ Any generalized Dirac operator D on a closed M yields a n-summable
spectral triple (C>°(M), B(L*(M, E)), D).

o For a Galois covering M — M and a generalized Dirac operator D,
the triple (C>°(M), Mg g, D) is a n-summable spectral triple.

@ Fix a p-summable spectral triple and asume for simplicity that
Ker(D) = 0.

e Set D = F|D|.
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Lemma
o F=F* F2=1
o Vn>p, andac A, [F,a € L"(M,7).

Assume that the spectral triple is even.

Proposition
For any self-adjoint idempotent e € M,(.A), the operator

Fe:=eo(F®1l,)oe

is a T-Fredholm operator which anticommutes with the grading.

Definition

We denote by Indp (e) the (7 @ Tr)-index of F; acting from e(H") to
e(H"). The index map associated with the even spectral triple is

Indp - : Ko(A) — R, given by Indp ,(e) := Ind-(FZ).

v
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Theorem

Let (A, M, D) be an even p-summable VN spectral triple. Let F be the
symmetry associated with D as above so that F> = 1. Then the formula:

¢2k(ao, e azk) = (—l)kT(vaO[F, al] - [F, azk]);

defines, for k > p/2, a 2k-cyclic cocycle on the algebra A and we have for
any projection e in My(A):

Indp -(e) := Ind,((eFe)+) = (pakt Tr)(e,--- ,€),

independently of the choice of k.

Index problem:

@ Give an abstract local formula for the 7 index map Kp(A) — R
using cyclic cohomology ~» Connes-Moscovici + Carey-Phillips.

@ Deduce explicit formulae in interesting examples.
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C* and W*-algebras for T x I

@ We introduce an extra compact space T with an action of [ by
homeomorphisms.

@ The action of I is not locally free in general, as it will correspond to
the monodromy action on a foliation.

@ We consider the crossed product groupoid G := T x I with

s(0,7y)=~v"t0 and r(6,7)=06.

@ We denote by A, the convolution x-algebra of compactly supported
continuous functions on G, and by L!(G) its completion with respect
to the Banach norm

[l :gupZ!f (6,7)]

~yer

@ The operations are then given by

(F+g)(0,7) = > _ (0. 7)g(; 0,7 ) and £*(0,7) = f(y 10,7 1)

mer
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Definition
For 8 € T, the regular x-representation W;eg of Ac in £2(T) is defined by

B (F)(E)() = Y, F(10, 97 EW)-

~y'el

Lemma

The « representation ,® is L*-continuous. The family (m,°¢)geT is
injective and we complete L'(G) with respect to supge 7 |7, || to get the
reduced C*-algebra A, of the groupoid G. We shall also denote it
C(T)x,T.

Definition
The completion of L}(G) w.r.t. all continuous *-representations is the
maximal C*-algebra of the groupoid G, denoted A, or C(T) xp, I
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Remark

Any continuous *-homomorphism from L1(G) in a C*-algebra extends to a
C*-algebra morphism on A,,. In particular, the homomorphism 78 yields
a C*-algebra morphism w8 : A,, — A,.

We fix a [-invariant Borel probability measure v on the compact space T.
Definition

We define Wi, (G) as the algebra L*°(T, B(£2T); v)" of classes modulo
equality v-a.e. of random families T = (Ty)gecT of operators

Ty € B(¢3(T)), such that:

@ For any Borel measurable v square integrable functions & on
T — 02T, the map 6 —< Ty&p, & > is Borel measurable.

@ 0+ || Ty|| is v-essentially bounded on T.

@ Forany v €T, we have T,y =~ Ty.
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Remark
Here yT := Rjo T o R, and (RxE)(B) :==&(Ba).

Lemma

Wieg(G) is a von Neumann algebra called the regular von Neumann
algebra of G.

Lemma
The *-representation 7"°¢ takes values in Wy, (G), hence,
7% < A, — Way(G)

is a x-representation which then yields a x-representation of A,.
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We set Go := (T x ')/ ~ where we identify (6,7) with (¢,ya) whenever
af = 0.

Definition

An element T of WX, (G) is a class modulo equality v-a.e. of random
families (Ty)geT of operators Ty € B(¢*(T/I'(6))), such that:

@ For any Borel measurable v square integrable section & of the Borel
field £2(F/T(0)), the map 0 < Ty&y, & > is Borel measurable.

@ O || Ty| is v-essentially bounded on T.

@ Forany v €T, we have T, g =~ Ty.

Remark

Here yT := Rjo T o Ry, and (REE([B]) = &([Ba]). Then we get a
unitary

R: - 2(T/T(0)) — 2(T/T(10)).

M.-T. Benameur (Université Paul-Verlaine M Foliated index techniques February 07 12 / 34



Lemma

W, (G) is a von Neumann algebra called the trivial von Neumann algebra
of G.

v

Definition
For f € C.(G) and 6 € T, we set

(OO =[a]):= > > flad,afN(y), &e(T/r(9)).

y€er/r(o) [Bl=y

Proposition

The family 72 (f) = (73" (f))ocT belongs to W5 (G) and 2" extends to
a x-representations of A, in Wi, (G).
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Definition
For T = (Tg)oer > 0 in Wi, (G) (resp. in Wi (G)), we set

triv

TV(T) = /r < Tg(ée),de > d]/(H)’

where in the regular case, J. is the § function at the unit e, while in the
second case it is the  function of [e] € ['/T ().

Proposition

The functional 7" is a faithful normal positive finite trace.

Corollary

@ The functional Treg := T 0T is a positive finite trace on A,.

@ The functional 7%, :== 7" o ™ is a positive finite trace on Ap,.
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Proposition
We have

reg /f(@edl/ , feA.,
and

> (F) ;:/ S f(6,)| du(0), feA.
T Leer®

Remark
If we identify T /T (0) with the orbit T, then the representation 73" is
given by

T ENEO) = D D> (B )E(0").

0" ero af”"=o' )
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C* and W*-algebras of the foliation groupoid

[ acts freely and properly, on M x T by

(i, 0)y = (iry,v~10), (M,0) € Mx T andyeT.

The quotient space V is a foliated space (V, F).

Note: Paradigm for such situation is when 1 — N — M is a Galois
cover, 1 acts locally freely on T and I' = m1(M) acts by composition.

@ The monodromy cover of a leaf Ly is
M~ M x {0} — (M x {6})/T(0) ~ Lg.
e The (monodromy) groupoid is G = (M x M x T)/T', with GO =V,

s[m, ', 0] = [, 0] and r[m, @, 0] = [m,0].
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Fix a (Lebesgue) measure dm on M and the induced l-invariant
measure dm on M.

Let E — V be a vector bundle and E — M x T its lift.
Denote BE := C°(G,END(E)).
Set Hy = L*(M x {6} Ejy.. 19y):

Proposition

BE is a x-algebra for the rules

(= K)[m, A, 0] = / fm, @, 60] o K[m", & 6] di"
M

and f*[m, i, 0] = (F[, i, 6])".

v
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Definition
For f € BE set

% (F)(€) () = / fLin, i O)(E(F))diil, € € Hy.
M

Proposition
T, ¢ is a x-representation in Hy, which is continuous for the L' norm
= sup [ el il o] e
mGGMXT

Definition

The completion of Bc with respect to supge 1 ||y (f)]| is the regular
C*-algebra of G with coefficients in E, denoted BE and B, when
E=VxC.
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Definition

The completion of B, with respect to all L' continuous *-representations
is the maximal C*-algebra of G with coefficients in E, denoted BE and
B, when E =V x C.

Definition
Let Wi, (G; E) = L>(T, L2(M, E),v)" be the space of classes modulo
equality v-a.e. of families (Ty)peT of bounded operators on L2(M, E) such
that
@ For any Borel v square integrable section & of E over M x T, the
map 0 —< Ty(&p), & > is Borel measurable.

@ Forany yel, T,g=~T,.

@ The map 6 — || Ty|| is v-essentially bounded on T.
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Lemma

W;es(G: E) is a von Neumann algebra called the regular von Neumann
algebra of the foliation with coefficients in E. It acts on
H=L%T x M, E;v®dm).

Proposition
For any T € BE, 77°8(T) belongs to W;ee(G: E).

We denote by Gy the quotient Borel space of M x T for the equivalence

(m,0) ~ (Ma,d) for any a € T'(0).

We recall that M — M is the universal cover and that the action of
" on T is not locally free. A typical situation is when a normal
quotient [} acts locally freely on T.
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Definition

We define W%, (G; E) as the set of classes modulo equality v-a.e. of

families (Ty)peT of bounded operators on (L2(M/T(6), E)get such that

e For any Borel (as a section over Go) v square integrable section £ of
the Borel field L2(M/T()), the map 0 —< Ty(&), &y > is Borel
measurable.

(*] T,Yg = ")/Tg.
@ O+ || Ty|| is v-essentially bounded on T.

Lemma

tlW(G E) is a von Neumann algebra acting on the Hilbert space
f@ L2(M/T(8))dv(6). It is the trivial von Neumann algebra of (G, E).

Remark

The map which assigns to [m] € M/T(0) the class of [, 0] € Ly is a
diffeomorphism which allows to view W, (G; E) as the von Neumann
algebra of random operators on the leaves of the foliated space (V, F).
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Proposition
If f € BE, then we define T,y (f) € W;

i (G E) by setting
w O = [ flim, i, 1€l
Foer(o)
Then 7 induces a *-homomorphism of BE in W,

triv

(G, E).

Proposition

There is a faithful normal positive semi-finite trace 7 on Wy, (G; E),
given for any T > 0 by

(T) = /T tr(xF o Ty o x£)dv().
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Proposition
We define a faithful normal positive semi-finite trace TV on the trivial von
Neumann algebra W, (G; E), by setting for T >0

riv

(T) = /Ttr(XF o TgoxF)dv(0),

Definition
For f € BE, we set 7/, (f) := [, + f[, i, 6]didv(6) and

7% (£) = [ru 7 Soer(o) FL, A1y, 0]dindu(6)

Proposition

T" O Mreg — Tr”eg and 77 o Tay = To,
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@ We assume that M is even dimensional and that D = (D), is a
leafwise generalized Dirac operatoron E=ET QE~ — V.

e We consider the lifted family D = (Dy)geT of generalized Dirac
operators on M.

Lemma
D (resp. D) is 7V-measurable w.r.t. Wi (G E) (resp. Wi, (G E)).

Proposition

The leafwise (resp. T-invariant fiberwise) elliptic operator D+ on (V/, F)
(resp. on M x T — T ) admits a well defined measured index

Ind”(D") = dim”(Ker(D™)) — dim”(Ker(D7)) € R.

(resp. Ind”(D*) = dim”(Ker(D*)) — dim”(Ker(D™)).
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As a consequence of the results of the second lecture:
Theorem

(Connes) Let Q be a M-invariant I-compactly supported parametrix for D
and set

ST=1—-Q Dt and 5 =1-D"Q™ so ST e C=(G; End(EY)).
Then for any n > 1,
Ind” (D) = 7((5)") = 7((5-)").

A similar formula holds for the operators on the leaves.

Theorem
(Foliated Atiyah’s theorem) We have Ind”(D*) = Ind”(D*) in R.

Remark
This theorem is valid for any T invariant foliation on a I'-closed manifold.

v
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We assume that M — M is the universal cover and that M is odd
dimensional.

Lemma

(Ramachandran) 7(De~t*P*) = O(t) and 7*(De~t"D*) = O(t).

Proposition

The functions t — 7/(De~*"D%) and t +— 77(De~t"D*) are integrable on
(0, +00) and we define

v 1 oo v —t2D?
Nown(D) == 77 ) T7(De )dt and

v 1 oo vy —t2D?
nup(D) = ﬁ ; T (De )dt

v

Definition
The measured Cheeger-Gromov invariant of the leafwise generalized Dirac
operator D is by definition p”(D) := 1/,(D) — 1o,n(D)-

.
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CS Hilbert modules

Proposition

The space E. = C?O’O(I\N/I x T; E) is a right Ac.-module for

() (,0) =D _&(Ay 1, 10)f(16,7), € €& f € A
yel

Proposition

We define an Ac-valued non-negative hermitian product on the module &,
by setting

G — /M < ) Bl ) S
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Definition
@ We complete the pre-Hilbert A.-module £, with respect to the
reduced C*-norm and get a Hilbert C*-module &, over A,.

@ We complete £, with respect to the maximal C*-norm and get the
Hilbert C*-module &, over A,,.

Proposition

We define an injective x-representation m of B. in L 4,(Ec) by setting

w()(€)(, 8) = /M ol i, O)E (", 6) .

Proposition

For any ¢ € BE, the morphism T extends to a continuous *-representations

7 BE — K4.(&) and xm : BE — K4, (Em),

which are C*-algebra isomorphisms.

v
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We consider the Hilbert spaces
Hy® o= Em @pres (2(T) and HEY := Em @ £2(T/T(6)).

Lemma
o There exists an isomorphism of Hilbert spaces, ®,, between H*®
and L2(M, E).
° T2here exists an isomorphism of Hilbert spaces, ®3", between Hj" and
L*(Ly, E).

O (Ef)(M,0) := > F(10) [((Ay 1 10)], €€ CO(MXT,E)and f €
yel

Proposition

For S € BE we have

7Tgv(s) <I>6‘ o [Wm(s) ®7rav IEZ(r/r(e))] e} ¢0_1
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Dirac operators on Hilbert modules

o Let D= (Dg)geTNbe a -equivariant family of generalized Dirac
operators. Then Dy is a formally self-adjoint elliptic operator on M.

o Define (DE)(, ) := Dy(&(-,0))(). Then D is an A, linear
operator on &.

o We denote by D = (Dr,)eeT the generalized Dirac operator induced
by D along the leaves of (V/, F).

@ We equally denote by D;, and Dy the closure of the operators. Then
these are self-adjoint operators.

Proposition
The closure D, and Dy, of D in &, and &, respectively, are regular and
self-adjoint operators.
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Proposition

Let ¢» € C(R). Then for any 6 € T, the operator, acting on L?(Lg, E),
given by
®g o [/(Drm) @rg lea(r /o] © Py

coincides with the operator 1(Dy,).

Proposition

Let ¢y € S(R). Then )(Dm) € K ,,(Em) and the operator

71 ((Dm)) € BE admits a finite T, trace and also a finite Treg trace.

Proposition

o (15,01, )(¥(Dm)) = 7 [(¥(D1))Lev/F] where (¥(Dr))cv F is the
corresponding element in the trivial von Neumann algebra

trlv(G E)

o (7hg 0 T )((Dm)) = 7 [(U(Do))ocr | where (w(Do))oer is the
corresponding element in the regular von Neumann algebra
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The foliated index

@ We decompose the regular self-adjoint operator Dy, on the Hilbert
C(T) X, -module &, with respect to the induced Zy-grading

Em=EL@E, into
0 D
2n=(p; %)

@ We concentrate on the maximal completion and the maximal closure.
Recall that G = (M x M x T)/T.

Let @ be a M-invariant Zo-graded -compactly supported parametrix for
D, ie.

| — QD and | — DQ belong to A(C°(G; End(E)).
SetS,*,;:I—Q;oD,J,“7 and S;:I—D$OQ;1.
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Theorem
The operator

. [ (3P -0 oG 4P
o ( 50Dt L-(5) >

is an idempotent The K-theory class

Indr(Dt) :=[E] — [7_] € Ko(C(G;End(E)) is by definition the
K -theory index of D}},. This class does not depend on the choice of the
parametrix Q.

Remark

If we close the operators in €y, or in €, then E gives by bounded extension
idempotents in Kc(1yx,,r(Em) =~ C(G; End(E)) or in

Kc(ryx,r(&r) = C(G; End(E)) and the index classes thus obtained are
denoted Indr (D)%) and Indr(D;") respectively.
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Remark

We shall also denote by Indr (D) the image under the Morita
isomorphism in Ko(C;,(G)) and similarily for the reduced closure. We shall
equally denote by Indr(D;) the corresponding class in Ko(C(T) xm ).

Proposition
We have

Ind”(D*) = (%, , o Indr)(D}) and Ind”(DF) = (77 o Indr)(Dj,).

av,*

Proposition

(Connes) If C is a closed T-invariant de Rham k-current on T, then we
define a cyclic k-cocycle and hence a higher index, by setting

QSC(fO(sgo’ U fk(sgk) = 5e(g0 e 'gk)><
(fogo dfi(gog1) df2--- (g0 - - - gk—1)"dfk, C)

v
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