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ABSTRACT. Let G be a real solvable exponential Lie group with Lie algebra g and
let f € g*. We take two polarizations p;,j = 1,2, at f which meet Pukanszky’s
condition. Let P; := exp(p;),j = 1,2, be the associated subgroups in G. The linear
functional f defines unitary characters x;(exp(X)) := e X)X e p;, of P;. Let
T = indgj Xj» 7 = 1,2, be the corresponding induced representations, which are
unitary and irreducible. It is well known that 71 and 75 are unitary equivalent. The
description of the intertwining operator of such an equivalence is given via an abstract
integral I,,, ,, over the homogeneous space P»/P; N P5 and one of the main problems
is the convergence of such an integral. In this paper, we show that the product P, P; is
closed in G. This then implies that our integral converges at least on a dense subspace
of elements of the space of 71 and we can prove that this formal integral gives us a
concrete intertwining operator. We can in this way avoid the use of a third Pukanszky
polarization, which was necessary in the approach made in [1]. Finally, given three
Pukanszky polarizations p;,i = 1,2,3 at f, we accurately determine the composition
formula of Iy, p, © Iy, p, © Ip, ps using Maslov’s index.

1. INTRODUCTION

Let G be an exponential solvable Lie group with Lie algebra g. Exponential means
that the exponential mapping exp : g — G is a C*° diffeomorphism. Therefore the
group G is connected and simply connected. The orbit method makes it possible to
parametrize the unitary dual G of G by the space of coadjoint orbits of G in g*, the
dual vector space of g. It is well known that for such groups, any unitary and irreducible
representation 7 is monomial and is precisely of the form 7y = indgx # where f € g*
and H = exp(h) stands for a polarization at f which fulfills the Pukanszky condition.
The next section is devoted to providing broader explanations of these facts. However,
it is also required that such a representation does depend only on the orbit of the linear
form f through the coadjoint action, and that the choice of the polarizing subgroups
at f is somehow irrelevant. This means that for any other polarization H' = exp(h’)
at f meeting the Pukanszky condition, the monomial representations 7y and 7y are
unitarily equivalent. It is then so natural to seek whether it is possible to concretely
build a unitary intertwining operator which realizes such an equivalence. This problem
which was advocated first by M. Vergne, is solved in the setup where G is nilpotent in
[9] by G. Lion. He shows that for any function £ € errfo‘;,, the integral function Ty &

1991 Mathematics Subject Classification. 22E27.
Key words and phrases. Orbit method, irreducible representations, intertwining operators, Maslov
index.
This work has been partially supported by the JSPS through the subvention No 17540180 and the
DGRSRT through the research unit 00 UR 1501.
1



2 ALI BAKLOUTI, HIDENORI FUJIWARA AND JEAN LUDWIG

defined by
(L.1) Ty né(g) = / E(gh)xs(W)dh,g € G
H/HNH'

defines a C* vector of the representation 74y and that the operator Ty continuously
extends to be an isometric intertwining operator up to a normalization of the involved
measure classes in question. Nilpotent Lie groups are unimodular and it is pretty easy to
see that the direct product H-H' is closed in GG. So no hurdle stands to the convergence of
the integral 1.1 defined above when restricted to the subspace of H+°° of C*°° functions
with compact support modulo H. Beyond this setup, evidence has aecumulated that the
difficulties involved in this context are considerable for several structural and technical
reasons. In [5], the second author of the present paper suggests a formal candidate to
the intertwining operator, still denoted by T g, for the context of exponential Lie
groups:

(1.2 Tuwlo)= [ emagEmang G,

& is merely taken in addition with compact support modulo H. When restricted to a
class of exponential Lie groups for which the pair (b, ') of the polarizing subalgebras
meets a structural condition denoted by N, he also drew a prototypical proof of the
unitarity of such an operator as well. This condition on (h,h’) is settled in a way
such that the simple product of their Lie groups is closed in G. Later, the two last
authors together with D. Arnal showed in [1] that the operator Ty y extends to be
an isometric intertwining operator for arbitrary exponential Lie groups whenever one
the polarizations in question is of M. Vergne. This somehow permits them to consider
a general instance making use of a third Vergne type polarization. This approach was
quite efficient to a certain extent, and this is mainly due to the irrelevance of that third
polarization involved through the composition formula.

In this paper, we again pay attention to this problem. We show first that the direct
product of two Pukanszky polarizations is closed in G. Such a fundamental upshot
gives rise to the convergence of the integral 1.2 at least on a dense subspace of the C™°
vector space of the first representation in question. This allows us to overcome all the
difficulties involved in this setup and to prove that the operator 1.2 can be extended
to a unitary intertwining operator. We will finally be devoted to show that given three
Pukanszky polarizations b;,7 = 1,2,3 at f € g* in g, the composition formula using the
Maslov index of the Kashiwara quadratic form holds. Such a formula was obtained first
for nilpotent Lie groups in [9] and later in [5] for exponential solvable Lie groups such
that the pairs of polarizations (h;, h;)(1 < i,7 < 3) in question fulfill the condition N .
The last section of the paper aims to prove that the formula can be settled to encompass
arbitrary exponential solvable Lie groups.

2. PRELIMINARIES AND NOTATIONS

We begin this section by reviewing some useful facts and notations regarding some
aspects of monomial representations of an exponential solvable Lie group. The ma-
terial dealt with here is quite standard, we refer the reader to the references
[1,2,4,5,6,7,8,12,16] for more complete details. Throughout, g will be a n-dimensional
real exponential Lie algebra, G will be the associated connected and simply connected
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exponential Lie group. The Lie group G acts on g by the adjoint representation Adgs and
on g*, the dual vector space by the coadjoint representation Ad,. The space of coadjoint
orbits is denoted therefore by g*/Adg,. Let G be the unitary dual of G, the set of all
equivalence classes of unitary and irreducible representations of G. Let f € g*. We then
have the skew symmetric bilinear form By on g defined by B;(X,Y) := (f, [X,Y]), for
X,Y € g. Let g(f) be the radical of this bilinear form, which is just the Lie algebra of
the stabilizer G(f) of f in G, i.e. G(f) = exp(g(f)). Let us define for a subspace a of g

ab ¥ = {0 gl =0},
|4 being the restriction of ¢ to a. Let also
of = {X €g;B;(X,Y) =0, VY € a}.

To simplify notations, we shall write a' instead of a* ¢ wherever there is no possible
confusion.

If a C a/ (resp. a = a’), then we say that a is isotropic (resp. Lagrangian) for B;. It is
well known that an isotropic subspace a is Lagrangian, if and only if

dim(a) = 5(dim(g) + dim(g(/)))

We denote by S(f,g) (resp. M(f,g)) the family of all isotropic, (resp. Lagrangian)
subspaces for By.
Let dg be a left Haar measure on GG and let Ag be the modular function of G. Thus

/G o9 V)dg = A(x) / o(9)dg (z €0

el
for every ¢ belonging to the space C.(G) of continuous functions with compact support
on G. We have
Ag(z) = |det(Ada)|™! (2 € G).
Let H be a closed subgroup of G with Lie algebra h and we denote by Ay ¢ the real
character of H defined by

AH,G(h) —

(he H).

Hence for X € b, we have
Apc(exp(X)) = exp(tr adg/pX).

Let £(G/H) be the space of all complex-valued continuous functions with compact
support modulo H, which satisfy the covariance condition

©(gh) = Apga(h)e(g)

for all g € G et h € H. The group G acts by left translation on £(G/H) and there exists
a unique (up to a positive multiple) translation invariant positive linear functional on
this space. We shall denote it by the symbol v = v i and we write it in the form of an
integral

ve.r(9) = fG P a(o)

If Ay = Ag on H, then vg g is simply an invariant measure on the homogeneous space
G/H. It will sometimes be denoted by dg.
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We take now another closed subgroup K of H. The next lemma will play an important
role in the sequel.

Lemma 2.1. (Transitivity Lemma [2], chap. V)
Let K C H be two closed subgroups of G and let ¢ be a vg/p-integrable function. Then
the set of all the g’s in G, for which the function

h— o(gh)Ay'e(h)

of H is not vy i-integrable is vg g negligible. The function defined on G by

g p(gh) A (h)dv, i (h)
H/K

18 Vg m-integrable and, up to a normalization, we have the formula

(2.3) fG P () = fc (o) 7{{ PTG (1),

Let o be a unitary representation of H on a Hilbert space H. We denote by C.(G/H, o)
the space of all continuous mappings ¢ : G — H, compactly supported modulo H,
which satisfy the covariance condition

polgh) = A o(W)o(h)e(g) (g€ G, he H).

When ¢ belongs to C.(G/H, o), the function g — ||¢(g)||3, belongs to the space £(G/H)
and we let

loll2 = 7{; Ne@larts).

The induced representation ind$e of G is realized by left translation on the Hilbert
space completion L*(G/H, o) of C.(G/H,o) equipped with the norm |||

For an element h in S(f,g), we denote by x; the unitary character of H = exp(h)
defined by

Xs(exp(X)) = e (X ep).

This character induces a unitary representation 7 := sy := indgx ¢ of G on the Hilbert
space L*(G/H,x;), the completion of the vector space C.(G/H,x;) of the complex-
valued continuous functions of GG, which are compactly supported modulo H and which
satisfying the covariance condition

p(gh) = X7 (M) Ana(h)?e(9) (9€ G, heH).

We denote by I(f,g) the subset of S(f,g) consisting of all the subalgebras § for which
the representation 7y is irreducible. We then have Pukanszky’s criterion [2]:

Theorem 2.2. Let by be an element of S(f,g). The following conditions are equivalent:
(1) H-f = f +1*
(2) b€ M(f,9) and f+b* CG-f;
(3) he M(l,g) forall £ € f +bt;
(4) beI(f g)
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When the conditions of Theorem 2.2 are satisfied, then we say that § satisfies Pukan-
szky’s condition or simply that § is a Puk-polarization at f.

In order to construct a Puk-polarization at f, we can use the standard method of M.
Vergne. Let (gj)?zo be a good sequence of subalgebras of g, i. e. a sequence of subalgebras
of g,

{0} =g0Cg1 C- - Cgn1 Cgn =9, dim(g;/g;—1) =1 (1 <5< n),

and such that if g; is not an ideal of g, then g;_; and g;4; are both ideals of g and
the quotient space gj11/g;-1 is an irreducible g module. For 1 < j < n, let f; be
the restriction of f to g;. Then the subspace E?Zl g;(f;) is a polarization at f which
satisfies Pukanszky’s condition. The polarizations constructed in this fashion are called
Vergne Polarizations.

Let us introduce other ingredients. Let £ be a subalgebra of g. An ordered set
{X1,Xs,..., X} of elements of g is called an co exponential basis (relatively to )
if the mapping

(x1,22,...,2p),Y) — (H exp(ijj)> exp(Y)

is a diffeomorphism of R™ x £ onto the group G. Such a basis always exists (cf. [2]).
If 7 is a unitary representation of the group G in a Hilbert space H,, we denote by H2°
the space of the C* vectors of 7 equipped with its usual topology (cf. [3], [15]) and by
H - its anti-dual. Given a complex character o of a subgroup K of G, let

(H;OO)K’U ={a € H,*;w(k)a =0o(k)a, Vk € K}.

The determination of these spaces is an interesting problem. For instance, if K = exp(¥)
where £ € S(f,g), we consider the monomial representation 7 = ind%y; of G and the

Dirac measure d, : H® — C defined by 6, : ¢ — ¢(e), where e denotes the identity

1/2
element of G. By construction, J, belongs to (H, OO)K’Xf 216 and would like to obtain
1/2
an explicit disintegration of , using elements in (H;O")K’Xf AKG for representations

7 € G appearing in the disintegration of 7 (cf. [7], [8], [14]). When G is nilpotent and
te M(f,g), if we realize 7 on the space L?(R)™ with the help of a co-exponential basis
relative to €, we see that [4] the space of the C'*°-vectors H> coincides with the Schwartz
space S(R™) of the rapidly decreasing C*°-functions. In this case the anti-dual H_ >
can be identified with the space S'(R™) of the tempered distributions.

We now come back to our main problem. Let as before G = exp(g) be a solvable
exponential Lie group with Lie algebra g. We take f € g* and two Puk-polarizations
p1, poin I(f, g). It follows that the representation p(f, p1, G) is equivalent to p(f, p2, G).
We propose to construct an explicit intertwining operator between them. The first
essential step in [5] had been the discovery of the relation

(2'4) tr adpl/(PlﬂPQ)X +tr adpz/(pmpz)X = 0’ X e p1 M pa.

(see Théoreme 2 in [5])
For the convenience of the reader, we give a (new) proof of this relation 2.4. In fact we
can reformulate this relation in the following way.

Lemma 2.3. Let f € g*, p1 € I(f,g) and py € M(f,g). We write p; = my @ (p1 N p2)
and po = my @ (p1 N P2) for some subspaces m; C p;,i = 1,2. Let {é;;1 < j < m} be a
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basis of my and {e;;1 <i < m} the dual basis of my with respect to the form By. Then
the vector W := """ [e;, &] is contained in py + po. In particular for every X € p Npo,
the relation 2.4 holds.

Proof. The claim is clear if when p; = py = g. So we can assume that fj,, 4y, 7 {0}.
We compute for X € p; N py the number tr ady, /pnp) X + tr ady, /(pnp) X in the
following way:

tr ady, /(pnps) X +tr adp, j(pinp) X = Z —By(é:,[X,ei]) + Y Byle:, [X, &)
1

=1

= —Z(f [é:, [ X, ei]]) —l—i 1 les, [X, &]])
i=1 i=1

= > (X [es &)

=1

_<f7 [éiv [X, 61]] + [X7 [€i7 él]] + [ei? [é“X]D

= D (LX [esa)).

=1

Hence
(2.5) tr adp, /(pinps) X A+ 0 adpy /(pinps) X = By (X, W),

where W := >"" [e;, é;]. Whence, if W € p; + po, then we see that (f, [X, W]) = 0 for
every X € p; Npo and so relation 2.4 is true.

Suppose now that W is not contained in p; + po. Hence there exists X € p; N psy, such
that (f,[X,W]) = 1. Let € := [my,mo] + p1 + p2 = [p1,p2] + p1 + pa. It is clear that
W e £\ (p1 + p2) and that adX (¢) C €. Choose a vector Wy in p; + po, such that
for U := W + Wy we have that (f,U) = 0. Let ¢ := —ad"(X)f. Then the relations
(.U) = 0,4q,0) = (£,[X,U]) = (£.[X,W]) = 1 hold. Let V = [X,U] + U € ¢
where v € R is chosen such that (¢, V) = 0. It is clear that (f,V) = 1 and that
(f,[X,V]) ={q, V) = 0. Let

w = {5 € g, (f,[X,5]) = 0} Nker(f).

Then to contains (p; + p2) Nker(f) and g is the direct sum of RU, RV and . Therefore
we have two linear functionals A, x on g and a linear mapping w : g — tv, such that

(2.6) S = AS)U + u(S)V +w(S), S € g.

For c € R, let £. € g* be the linear functional which coincides with f on to +RV and for
which £.(U) = c. For the particular value ¢ = 0, we get obviously ¢y = f. In particular

(2.7) (0., S) = eA(S) + u(S), S € g (c € R).

Using Pukanszky’s condition, we have that p; € M (€., g), c € R. Since ({,, [p2, p2]) = {0}
and since dim(pe) = dim(py), po is in M(l.,g) for every ¢ € R. Hence the spaces
p1/(p1 Np2) and po/(p1 N ps) are dual one to each other with respect to the bilinear
form By, for all c € R.



INTERTWINING OPERATORS OF IRREDUCIBLE REPRESENTATIONS 7
Let {ex(c);1 < k < m} be the basis of my which is dual to the basis {é;;1 < j < m}
with respect to the form B, . We write

er(c) == Z Aij(c)e;

with A\gi(c) e R (1 <j, &k <m).
Letting W(c) := >_7 [ej(c),&] (c € R),W := W(0), we get as in 2.5 that for any
X € pinp;

(2.8) f=tr adp, /(pinna) X+t adp, /(pnpy) X = By (X, W(c)).
Let us write according to equation 2.6
(29) [61', éj] = ﬂj’iU + (SUV + Wy ;-

where w;,; € o, where 3;; € R (1 <, j < m) and where 0;; denotes the Kronecker
symbol. Therefore

(2'1()) f=tr adm/(pmm)X +tr adPQ/(Plﬂm)X = Z<f’ [X, [eiu éz]D
=1
= D (f X, BU)
=1
=1
Furthermore, we have for any ¢ € R that
211) W(e) = D> Mylo)es(e), &l
k=1 j=1
= D Y (O (BigU + 6V + wy)
k=1 j=1
= (Z > )\kj(c)ﬁ;w) U+ (Z Ajj(c)> VA4S Nj(owy.
k=1 j=1 j=1 k=1 j=1

We have m? + 1 equations involving the coefficients £3; ;. Namely for 1 < k,i <m

ori = DBu(er(c), &)
- <€C7 [6k(c)=é1]>

= > i)l e, 8])
j=1

= Z )‘kJ (C) <€C, ﬁi,jU + (SZ]V + wm>
j=1

= D M)y + 8.
j=1
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Therefore

(2.12) > Biirile) + Meile) =6 (1< i k< m)

j=1
If we consider the functionals /., ¢ € R, then equations 2.8 and 2.11 tell us that

(2.13) B = B (X,) lex(c);é])
k=1
= > i)
k=1
In order to show that # = 0, consider the m by m matrices B := (ﬁi7j)1§i7j§m and

A(c) == (Nij(e))i<ijom- Equations 2.12 and 2.13 then read
(B +1,,)A'(c) = L,
le.
A(e) = (I, + ¢B)™!
and
B =tr(BA'(c)) = tr(B(I,, + cB)™),c € R,
In particular, equation 2.12 tells us that the matrix I,,, + ¢B is invertible for every real

number ¢ and so no element of the spectrum o(B) of B can be a real number different
from 0. We now write

B=tr(B,+cB)")= >

A€o (B)

A

R.
1—1—0)\’06

Hence = lim, .o Y Ao (B) H% = 0, which achieves the proof of the proposition.

O
Lemma 2.3 implies the identity

Ap, (h)Ap,(h) = A% . (h), h € PN Py,

and
(2.14) Apg(h) = Ap, (M)A} Ap,p(h) (h€ PN Ry)

where P; = exp(p;) (j = 1, 2). For a function ¢ € L*(G/Py, x) and g € G, the function
®, on P, defined by

y(h) = p(gh)xs ()AL G (h)
satisfies the covariance relation
q)g(hl‘) = Aplmp%pQ(l’)CI)g(h) (h & PQ,iL‘ - P1 N PQ)
This allows us to write down the formal integral
215) (15,9) (0) = () (0) = gy I IALE D) (9 € @)
2 2N Py

At least formally speaking, it is clear that the function I,,,, ¢ satisfies the covariance
condition which is necessary to belong to the space L?*(G/Ps, xs) and that I, com-
mutes with left translations.
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We therefore can assert that the convergence of the integral 2.15 is one of the main
hurdles we face up. Remark that the Pukanszky condition implies that the product
HyH, is locally closed in G and therefore the space P,P;/H; is homeomorphic to the
homogeneous space P»/(Py N P). If now PPy is closed in G, which is true when G
is nilpotent or one of our two polarizations is a Vergne polarization, then the integral
(2.15) converges for every function ¢ € C.(G/Pi, xr). When we studied this problem
in [1], we didn’t know whether P, P, is closed or not. In [1] we asked the question:

Question. Let G be an exponential solvable Lie group. Let f € g* and let p; be Puk-
polarizations at f and P; = exp(p;) (j =1, 2). Is the product PP closed in G?

We now give a positive answer to this question.

3. A CLOSED SUBSET OF G

We need a few lemmas in order to prove that the product of two Puk-polarizations is
closed.

Lemma 3.1. Let G = exp(g) be an exponential solvable Lie group, f € g*, p;,j = 1,2,
two Puk-polarizations at f and P; = exp(p;),j = 1,2. Then

(3.16) PPy ={g€G; Ad*(g)f — f € (Ad(g)p2 N p1)"}
Proof. Let
(3.17) B:={g€G; Ad*(9)f — f € (Ad(g)p2 Np1)"*}-

We must show that B = P, P,. If g € B, then Ad*(g)f = f+Ad*(g)q2+q1, where ¢» € py
and q; € p7, since (Ad(g)p2Np1)*t = (Ad*(g)p2)* +p7. Hence Ad*(g)(f —q) = f+qu.
Since p; and py are Puk-polarizations, there exists us € P, and u; € Py, such that

Ad*(ug)f = f —q2, Ad"(w)f =f+a
and therefore
Ad*(guz) f = Ad"(g) 0 Ad"™(u2) f = Ad"(u1) f-

Hence uy € gusG(f) C gP, and so g € P Ps.
On the other hand, if g = uyuy € P Py, then

Ad*(g)f = Ad"(g)oAd" (uz ") (Ad" (ug) f) = Ad"(ur)(f+¢2) = Ad"(ur) f+Ad" (9)(Ad" (u3 "))
for some ¢, € p5. Whence

Ad*(g)f — f € Ad"(g)py + Ad"(u1)f — f € Ad*(g)py + Py,
which gives g € B. U

Let now n be the nil-radical of g and let N := exp(n). Choose a subspace v, of p; such
that p; = p; Nn@ vy and take a subspace vy of ps, such that ps +n+p; = (p; +n) S vs.
Then Gy := PN P, is a closed connected normal subgroup of G' containing P, and P;.
Furthermore the mapping

(3.18) © 103 X N X 03 — Go; (X1, n, X2) — exp(X;)nexp(Xz)
is a diffeomorphism.

Lemma 3.2. The product P, P, is closed in G if and only if PP, N N 1is closed in N.
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Proof. Suppose that the subset A := PP, N N is closed in G. Let ¢ € G be in the
closure of P, P,. Then g € Gy and g = lim,, ., g5, fore some sequence (g,), C P;P,. We
write g, = exp(X,,)u,exp(Y,) with u,, € N, X, € v1,Y,, € v2, g = exp(X)uexp(Y), X €
b1, u € N,Y € vy, according to (3.18) (n € N). Then u,, = exp(—X,,)gnexp(—Y,) €
PP,NN =A neNandyY, — Y € vy, X, - X € vy,u, — u as n tends
to oo, since © is a diffeomorphism. Hence u € PP, N N, since A is closed and so
g =exp(X)uexp(Y) € P(PLPo,NN)P, C P, P,. Hence P, P, is closed. O

We prove now that A is closed. Denote by A the closure of A in G. It is easy to see that

Lemma 3.3.

A\ A= {g e A; dim(Ad(g)py Np1) > dim(ps Npy) := d}.
Proof. Indeed, if g = ujus € P, Ps, then
dim(Ad(g)p2 Np1) = dim(Ad(ug)pe Np1) = dim(Ad(uy)(p2 N p1)) = dim(pe N py) = d.
Let now g € A, such that dim(Ad(g)p2Np1) = d. Let (g,,) be a sequence taken in A, with
lim,, o gn = ¢. Then, for a subsequence, the subspaces Ad(g,)ps N p; converge in the
subspace topology to a subspace S of Ad(g)p2Np; and dim(S) = d = dim(Ad(g)p2Np1).
Hence S = Ad(g)ps N p1. We know now that Ad*(g)f — f € S, since

Ad(g)f — f = lim Ad*(g)f — f € (lim Ad(g,)p2 1 pr)*
Hence g € PP, by Lemma 3.1. Since N is also closed, we have that g € PP, NN =
A. O

Proposition 3.4. Let f be an element of the dual space of the exponential solvable Lie
algebra g = Lie(G). Let py,ps be two Puk-polam’zatians at f. Then the product PP, of
the two closed connected subgroups P; = exp(p;),j = 1,2, is a closed subset of G.

Proof. Let V := {41, ,1,,} be a basis of the subspace pi and let Q) := {Y;,---,Y,}
be a basis of ps. Let g € G. Then

dim(Ad(g)p2 Np1) = dim(Ad(g)pz) + dim(p1) — dim(Ad(g)p2 + p1)
= d1m<Ad<g) ) dim(Ad(g)p2 + p1)/p1
= dim(p,) — ( p; » (A ()P2+P1)*)

= dim(p,) _dlm(p1 ¥ |ad(g)p2)
Hence the dimension of Ad(g)ps N p; is equal to the number dim(py) — rank(M(g)),

where
(1, Ad(g)Y1) ... (i1, Ad(g)Yr)
M(g) = : : € M (R).
(m, Ad(g)Y1) .. (¢m, Ad(g)Y7)
We shall show, that we can find a basis V and a basis ), such that the corresponding
matrix M (g) admits a minor m(g) of order dim(ps) — d = dim(pz/p1 N p2), which is
equal to one for g € A, hence also for every g € A. Hence for g € A, dim(Ad(g)p2Np;) =

dim(py) —rank(M(g)) < dim(ps2)—(dim(p2) —d) = d. By Lemma 3.3, g is then contained
in A.
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Let g = g1 D -+ D g, D {0} be a Jordan-Hélder sequence of g for the Ad-action
of N. That means that the g;’s are subalgebras of g, that [n,g;] C g;11 and that
dim(g;/gi+1) = 1 for every i. Define for a subspace v C g the index set

(319) I° = {1Sign;gi+nzgi+1+n}:{1Sign;giﬂ—i—njgi}C{l,-'- ,TL}.

So, obviously P2 C [Pz C [Pt We choose for every ¢ € I \ I an element
Zi € p1Ng; \ gir1. Likewise, for i € 1?2\ I, we take Z; € po N g; \ giv1-

Let now i € IP2NIP\[P2"%1 Then given X} € g;Np1\@is1, there exists X? € g;Np2\gir1,
such that Z; := X} + X2 € g, \ gj41 for some j > i. We choose now X} and X?, such
that j is maximal. This index j is then unique and we put j(i) := j. Then it follows
that j € I">** and the maximality of j implies that j & "> U I,

Let us verify that the mapping

P2 (VTP PP s [PRPLN ([P TP s = (),

which had been defined above, is a bijection.

If for i < 7/ we have that j = j/, then there exists X} € p1Ngi\ gir1, X3 € p1Ngir \ girs1,
X? € paNg; \ g’i+17Xi2’ € p2Ngy \gi’+1, such that Zj = Xll -+ X12 € gy \ gi+1 and
75 = X} 4+ X7 € g;\ gj41. For a scalar A € R*, we then have that Z; — A\Z} € g;41 and
SO X,L»l—)\X; € giﬂpl\ng,Xf—)\Xf, S g,ﬂpg\giﬂ and (le—)\lex)—f—(Xzz—/\X?,O € gj+1,
contradicting the maximality of j.

For the indices j € [P1™P2\ (IP* U I*?), we have an index i < j, and elements X €
plﬂgi\gi+17X7;2 € pgﬂgi\giﬂ, such that XZI—FX? = Zj € gj\ngrl- Sincej ¢ (Ip1U[p2),
the index ¢ must be strictly smaller than the index j. We choose ¢ maximal with these
properties. Then ¢ € IP* N [P2. Furthermore j = j(i), since letting j' := j(i), we have
that j/ > j and in the case where j/ > j, there exists Ul € g; Np1 \ gir1, U? €
gi NP2 \ gir1, such that Z; := U! + U? € g \ gj+1. But we can take then a scalar
A € R*, such that X} — AU! € g,1;. This implies that X? — A\U? € g;11 too and so
(X} = MNUN) + (X2 = NU?) = Z; — M\Zjy € g; \ gj+1, contradicting the maximality of .
This shows that our mapping is also surjective.

We can now define a basis of g containing our basis ) of p,. For i € I"™2 we take
Z; €p1 NpaN @i\ gip1. For i € [P\ IP2 or i € [P\ I?, we take our Z; defined above.
For i € [Pt N I[P\ [ we have the vector Z; := X? € ps N g; \ gis1. We add the
vectors X} + X? = Z; € (p1 + p2) N gj(;) defined above for j € PP\ (IP* U ["2) and
a vector Z; € g; \ gir1 for i & IP2TP1 This gives us a Jordan-Holder basis Z of g and
Y =ZNp,.

The basis V of p; we need is constructed with the vectors ;i € {1,--- ,n} in the
following way.

For ¢ & IP* we let v;(Zy) = dig, k=1,--+ ,n.

For i € I"\ I we put ¢;(Zx) = dix, k & 1", p(p1) = {0}.

For i € IP* NP2\ ["7P2 we have j = j(i) € IP>TP1\ ([P U I") and we let ;(Z;) = 0 if
k¢ {i,j} and ;(Z;) = pi(X}?) =1 and ¢;(Z) = 0 for all k € I*.

We obtain in this way dim(g/p;) linearly independent functionals in p7, i.e. a basis of
pi. These functionals have the property that ¢;(Zy) = dix, k > 0, if i & (IP* N IP?)
and ¢;(Zy) = 0;()k, k > j(i). This gives us the relative minor of the matrix M(g) we
are looking for. It suffices to take the sub-matrix S(g) of M(g) formed by the rows
R;, i € IP \ "™ and the columns C;, i € I" \ I"" and the columns Cjy), i €
IPr N [P2\ IP7P2 ) This square sub-matrix S(g) is then of order dim(ps/p; Npo) and it is
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lower triangular with 1’s on the diagonal, since Ad(g)Zx = > 5, aix(9)Z1, k=1,--- | n,
where ay,(9) = 1,9 € N. O

4. AN INTERTWINING OPERATOR

Proposition 3.4 now allows us to write down explicitly our intertwining operator.

Proposition 4.1. Let G = exp(g) be an exponential Lie group. Let f € g* and let pq, po
be two Puk-polarizations at f. For every n in C.(G/Py, xy), the integral

(4.20) Tpy 1(9) ;:f U(QP2)Xf(p2)A1_321,/C?(p2)dV(p2)a geaq,
PQ/PlﬁPQ

converges and defines a continuous function on G/ Py satisfying the covariance condition
of the space L*(G/Ps, X 7).

Proof. We have for n € C.(G/P1,xy), p2 € P»,q € PLN P, and g € G that

_ o 1\ Apnp(q
1(gpa) A p e (020) = x5 (@ ARG (@AY (@)n(gp2) = Xs(q 1)%;))77(%2),

which merely stems from the relation

APl,G(Q)A;;,G(Q = A?DmPQ,PQ (q)

by 2.14. Since the subset PP, is closed in G, for every function n € C.(G/Py, xy),
its restriction to g P, g € G, has compact support modulo P;. Hence the function
P2 — Xf(p2)Ap, a(p2)/?n(gps) is contained in E(Py/P, N P) and the integral (4.20)
converges for every g € G. Furthermore, the function I, ,,7 is continuous by the theo-
rem of dominated convergence. It is immediately checked that I, , 1 satisfies also the
covariance relation which is necessary to belong to the space C.(G/Ps, X). O

We shall directly show in this section that the mapping I, ,, is an isometry. Similar
computations had already be done in [5] and [1]. Therefore we present here only a full
proof for completely solvable groups. This proof includes some details which had been
forgotten in [1], Thijlorijime 6.1 (see in particular Lemma 4.4).

Lemma 4.2. Let py1,po be two Puk-polarizations at f € g*. Then for every ¢ €
C>*(G/Pi,xy), the function I, (p) is contained in L*(G/P2,x¢) and for the right
choice of the linear form ¢ dv, we have that ||Ip, p, (@)l = ll¢ll2 for every

PQ/PlﬂPQ
(S CSO(G/Pth)

2,P1

Proof. We proceed by induction on the dimension of g. If g is abelian, there is nothing
to prove. If there exists an ideal a of g such that f vanishes on a, we pass to the quotient
g/a and we are done. If there exists a proper subalgebra b of g containing p; + po, then
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the induction hypothesis applied to b tells us that for every ¢ € C*(G/Py, xy)

f Ty o) Pdi(u) = f 74 Ty 0 (ub) PAG L (b) v, (D) s (1)
G/P2 G/B B/PQ

_1
_ j{ ?{ AL (5) Ly 0 (ub) Py () s ()
G/BJB/P,

a %G/B 71{9/132
|

AR (bp2)p(ubps) X £ (p2) A 55 (p2) dv (p2) |
PQ/Plﬁpl
duBypg(b)dqu(u)
- f 74 Al (Bl o(ub) Pdvs,p, (b)dve 5 (1)
G/BJB/P

- 7{; leto)avto)

From now on, we can suppose that f does not vanish on any proper ideal of g and that
p1 + p2 is not contained in any proper subalgebra. We can assume also that [g, g] is not
included in the center 3(g) of g, since otherwise g is nilpotent and the lemma is well
known in that case. Let a be a minimal non central ideal of g contained in [g, g]. Then
3 :=3(g)N[g, g is one or 0 dimensional. If 3 is reduced to {0}, then p; + ps is contained
in the centralizer gg of a, since p;,7 = 1, 2, are Puk-polarizations. Hence we can suppose
that 3 = RZ is one dimensional and a D 3 has dimension 2 or 3. We can also assume
that f(Z) = 1. Let

o' ={U € g;(/,[U,a]) = {0}} = a’.

Let p? := p; N g% i = 1,2. We have by assumption that p; + po ¢ g°. Suppose first
that p1 ¢ g° and py C g° Let p} := g Np; + a. Choose a subspace vy in a such that
a=ndp;Naand y C ker(f). Then ps/p1Nps =~ pa/p) Np2Py. Let us write now and the
other cases to come (for simplicity of notations) Iy 1= Iy, p,, Io1 == [p27p/1,]1,1/ = ]mm&
and so on. We know that [;/; and Iy 5 are in fact Fourier transforms and hence

Buolia@)o) = . IBREw) [ xrlen)elapep()aY ivp)

_ 74 / / 35 (P2exp (V) AR (paexp(Y))p (gpaexp(Y))dY du(pe)
P> PQOP{ s}

:74 3 (p2) 52 (p2) o (gpa) ()
P, /P>NPy

= Lip(g).

Hence I is an isometry too.
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If now py ¢ g° and p; C g°, then let p) := g° N py + a. Choose a subspace ¢ in p such
that ps =t @ p§ and ¢ C ker(f). Then ps/p; Nps = & ® p)/ph NPy and

B o lna(@)e) = [ xs(exp(X)AZEexp())

r

f V(02) AT 2 (po) o gexp(X )pa)d (ps)dX
P,/ PiNPy 2

— /%’/P’ﬂP Xf(eXP(X)pz)A;;g(exp(X)pz)gp(geXp(X)m)

A7s o (p2)dX dv(ps)

PY.P,
=]4 3 (P2) A2 (p) p(gpa)d (po)
P2/P2 NPy

= Lip(g),
1/2

since by 2.14, A;éﬁG (p2) = A;jﬁ(pg)A;Q%?PQ (p2),p2 € PY. Hence I, is also in this case
an isometry.

We now come to the case where p; ¢ g% po ¢ g°. We assume first that a is two-
dimensional, i.e a = RY + RZ for some Y € aNker(f). Then there exists a character
a: g — R and a linear functional 0 # (5 : g — R, such that [U,Y] = «(U)Y + 5(U)Z
for all U € g. In particular g° = ker(f3).

Suppose that p; N py ¢ g° Since p; and p, are Puk-polarizations, we have that
Ad*(P~Py)f = f+(p1+p2)*t. This shows that the restrictions of a and 3 to p; Npy can-
not be proportional, since Y & p; +ps. We can therefore choose X € ker(f)Np;Npo\ g°
such that [X,Y] = Z. We have anp; = poNa=RZ. Let p, :=p;Ng’ +a, i =1,2.

Then pay/p2 N p1 =~ pd/p? N pY ~ pd/p1 N py ~ ph/ps N ). For ¢ € C°(G/ Py, xy) and
g € G, let I(g) = Iz1701119(g). We then have

I(g) = f; P mP,(11',190>(9172)A1_321,/G2(]?2)><f(292)d’/(192)

:f /(Il’,190>(9P26XPIX))AE110P2’P2 (expz X)) X

PQ/PlﬁPQ R

X Ay G (p2expa X)) x s (pa)dwd (p2)

= % / / p(gpaexprX)expyY ) Aplp, p, (expz X)) x
Py/PiNP, JR JR

X Ay G (p2expa X)Xy (p2)dydaedy (p2)

~f [ Aoy DAY expn X DA exp )
Py/PinPy JR JR

X A1_321,/G2 (eprX))A;j’g (p2)x s (p2)e "¥dydxdy(py)

B ﬁ /PiNP: (/]R /]R go(gpgexpyY))eixydydx) A;’;,/GQ@Q)Xf(pz)dl/(m)
2 1 MNP

- ﬁ/p #lap s () A G () v (p) = (1209)(9),
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The next case arrives when p; N py C g° which is equivalent to the fact a C p; + po.
If a C p? + pY, then we have Y = Uy — U; for some vectors U; € p? Nker(f),i=1,2..

Lemma 4.3. We can choose Uy, U, € kera.

Proof. Indeed, if p1 N ps & go, then we take T" € p; N po, such that a(7) = 1 and we
replace U; by [T,U;], i = 1,2. If p; Npay C go, then we choose X; € ker(f) N p; with
[X1,Y] = Z. Since p; Npy C g° the vector X; cannot be in p} + po. Suppose now that
a(Uy) = a # 0. Then a(U;) = a and [Uy, X;| = —aX;—W for some W € p?Nker(f). We
take an element f* € f+ (p} + p2)*, such that f'(X;) = —1. The Pukanszky condition
tells us that p} and py are contained in M(f’,g). But [Xi,p1 Npo] C [X1,p1 Ngo] C
ker(f) N p? and

Bf/(Xla UQ) = f,([Xl,Y + Ul]) = f/(Z + [Xla Ul]) = 1 + f'(aXl + W) = O

Hence X; € (p1 N py + RU,)T Nker(f) € (1) +p5 ) N UL = p), + po, which leads to
a contradiction. U

The preceding lemma implies that [Uy, Us] = [Uy,U; + Y] = 0.

We have that pj Nps ~ (p1 N p2) & RU, ph NP1 =~ (p1 Np2) @ RU; and p) Nph = (p1 N
p2) ®RU; @ RU,. Furthermore Py = Pexp(RY), P/ N Py = (P, N Py)exp(RUs)exp(RY)
and the space Py/P] N Py is isomorphic to Py /(P N Py)exp(RU,). Hence using again
2.3 and 2.14 and the fact that

tr(adm/pmpz(Ul)) = _tr(adPQ/P1ﬂP2(U2))7

we obtain for ¢ € C°(G/Py, x¢f),9 € G and 1(g) := Iy o Iy 1/ 0 I 1¢(g) that

) = SRR § i)

Py/PyP]

/R o(gkpaexp(yY))dy

= j{)/PO Xf(k)A;;/GQ(k)dl/(k)]{ Xf(p?)A;;’g(pQ)dV(pg)

P} /PiNP|

/ o (gkpaexp(yUn)) AR 2 (exp(yUn))dy.
R
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Therefore
I9)= § uWALE®) § [ xsto AR B exputi) »
Py /PY P /(P2NP)EXP(RU2) J R
X AFL (XU A (p2) A 12 (p2) o (ghpaexp(yUa) dyd (p2)
~ ¢ ubALEmaE § [T
Py /PY P /(PNP)EXP(RU2) JR
X A pynpyexprs), o (€XP(YU2)) Aps o, (p2) AR (2) 0 (gkpaexp(yUs) ) dydv (ps)

—§ AR Em ()X
Py /PY

x 74 XD AT o (02) AR (02) o o)y (1)
PO /(PNPy) 22

= I0(g).

Hence I is a multiple of an isometry.
If a Cpy+p2\ (p? +pY), then we can find X; € p; Nker(f),i = 1,2 and a € R*, such
that ¥ = CL(XQ - X1)7 [be] - [XQ?Y] =0Y + Za p1 = p(l) D ]RXDPQ - Pg D RX2

Lemma 4.4.

(1) p1 Nps C ker(a).
(2) We can choose X1, Xo in ker(a) such that the identity

tr adm/(pmm)Xl + tr adpz/(Plﬂpz)XQ =0
holds.

Proof.

1) If py Npa & go, then there exists T € p; N po, such that [T,Y] = Y. Hence YV =
[T,CL(XQ—Xl)] = —a(Xg—X1>+W1+W2 = —Y+W1+W2 with Wz € p?ﬁker(f),i = 1,2
and Y € p? + pJ, which leads to a contradiction.

2) Suppose that 0 # 0. Then a[X, Xs] = [X1, a(Xe— X1)] = 6Y + Z. Since a(py) # {0},
there exists 77 € p? such that [T7,Y] = Y. Let b := RX, & p{. We then have that
bN P2 = RXQ @ p1 N po, f([b, b]) = {0} and [b, b} C R[Tl, XQ] + p(l] M go.

Suppose first that [ X, Xs] € pa + [b, b]. Then

8Y + 7 = a[X1, Xo] € py +[b,b] Cpo + R(T1, Xu] +a Y) +p N go.

Hence there exists v € R, such that Y — ([T}, X1] +a™'Y) € po + p? N go. If v = ad,
then [T1, X1] € (p2 + pY) Nker(a), which has been excluded since we have at present
p1Nps C g°. Therefore Y € p; Nker(a) +po, i.e. we can choose X; € p;Nker(a),i = 1,2.
If (X1, X5] ¢ po + [b,b], then we can find an element f’ € f + (ps + [b, b))%, such
that f/([X3, X2]) = 0. According to Pukanszky’s condition, ps € M(g, f'). Since b is an
isotropic subspace for the bilinear form By and since dim(b) = dim(p;), b is maximal
isotropic for By. Because f'([X1,p2 N b]) = {0} it follows then that X; € py + b and
therefore p; Npy ¢ g°, a contradiction.

We can take therefore X, X5 € ker(a).

Let us now prove that we can choose also X, Xs € ker(a) such that our trace relation

tr adp, /(pinpo) X1+t adp, /(pynps) X2 = tr adp01/(PO1QP02)X1 +tr adPOQ/(POWPOz)XQ =0.
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holds.

If Y € py + [pa, P2, our assertion is trivial, since we can choose X5 € [po, po] in this case
and then the both vectors X;, i = 1,2, are contained in the nilradical of g. We suppose
therefore that Y & py + [pa, p2], and we will adapt the proof of Théoreme 2 in [5].

If the character « vanishes on ps, then we have that [Y,ps] C po and the subspace
g2 := RX| + pJ is a Puk-polarization at f and X; € p; N go. Hence, according to
relation 2.4 we have that

tr adm/(Plﬁq2)X1 +tr adcm/(!hﬁcm)Xl = 0.

Our relation then follows from the fact that tr ad,, ;(png) X1 = tr adp, /(pnp,) X1 and
Er adpy /(piipo) X2 = T adgy(pi1a2) X1-
If a(py) # {0}, then we can find T3 € po N ker(f) which satisfies the relation

1,Y]=Y +cZ

for some ¢ € R and then Ty := Tj — c¢X has the property that Ty € pJ N ker(f) and
[T5,Y] =Y. We can suppose that Ty & p; + pa Nker(a) + RY', since otherwise

Tg — U2 = U1 + sY
for some s € R,U; € p; and some Uy € po N ker(a). We can apply this relation to
the identity ¥V = a(Xs — X;) and we get X! € p; N [g,¢],7 = 1,2, such that ¥V =
a(Xy— X7), [ X5, Y] =Z.
We can therefore assume that Y & RT, + p; + p3 N ker(a).
Let us fix a subspace to of g such that to contains p; + p3 Nker(a) + RT% and such that
we have g = to @ RY. Let

wo :={U € w;[X1,U] € v, (f, [X1,U]) = 0} Nker(f).
Then tog + RZ contains p; + p3 N a and furthermore

Indeed, there exist a linear functional 4" € g* and a linear map w’ : g — w, such that
for any X € g, [X1, X] =+ (X)Y +w/(X). Since [X;, T3] € 1Y + [ps, po], we have that

(X1, X — oy (X) T2 + (f,w'(X)Y] € A (X)Y +u'(X) —ay(X)[X0, To] + (f, 0'(X)) Z
€ ker(f) N + [po, po] = ker(f) Nrv.

Hence X € RT5 + RY + RZ + . It is clear that the sum RT3 + RY + RZ + g is
direct. We can therefore write:

(4.21) X =0(X)Y +XNX)Z+ay(X)To+wo(X), X €9

for certain linear forms A\, 3,7 € g* and for some element wy(X) € wg. For ¢, 7 € R,
let .. € g* be chosen such that

ler = f on tg + RZ, such that £,.(Y) = c and £,.(T3) = —.
a

In particular we have that (o0 = f. Let g2 := pJ + R(aX5 + Y). Then one checks that
gz € S(l.r,g) for every ¢,7 € R. By Pukanszky’s condition p; € I(¢.,,g). But then
necessarily qa € M (¢, ., g), because dim(p;) = dim(qs).

The two spaces p{/(p1 N p2)) and p3/(p1 N p2)) are dual to each other for the bilinear
forms By, . for all ¢,7 € R. Let us write p{ = my & (p1 N ps) et pd = my & (py N p2) for
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certain subspaces my, my. Let {é;;1 < j < m} be a basis of my and let {e;;1 <7 <m}
(resp. {ei(c, 7);1 < i < m}) be the dual basis of m; for the bilinear forms By, _,c, 7 € R.

Writing
m
W = Z e;, &l
7=1

and .

Z ), €] == a'Z + Wer,

7j=1
we arrive by 2.5 at
(4.22) tI‘ adpl/(plmp2)X1 + tl" adp2/(plﬁp2)X2 — _Bf(‘)(l7 WC,T)? C, T E R.
According to (4.21)

[ei, éj] = CL’YﬁTQ + /Bﬂy + (5]1Z + ’Ujji

where 7,5, Gi; € Rywj; € wo(l < ¢, j < m), and where ¢;; denotes the Kronecker

symbol.
If we write e (c,7) = D71, Mgj(c, T)ej with Agj(c) € R (1 <j, k <m), then we get

(4.23) [ex(c,T) Z i, m)[e;, &) Z Mej (e, T) (ayi 1o + BiY + 0432 + wyj) -
j=1
Hence
(4.24) O = (L., [ex(c, ), € Z)\k] e, 7) (cBi; + Tvi5) + Male, V(1 < j, k < m).
7j=1

For the trace condition, we use 4.22 and 4.23 and we get

(425) B = By (X1, [elc,7),é))

k=1

We now interpret these equations 4.24 and 4.25 in the following way. Consider the m xm
matrices B = (8i;)1<ijom, I = (Vij)i<ijem and A(e, 7) := (Aij(c, T))1<ijom- Equation
4.24 then reads

(cB 470 + 1L,)A (¢, 7) = L,
ie.

A(e,7) = (cB+ 70 +1,)7 "
and
(4.26) B =tr((cB+ 1T +1,)T%c) = tr((cB+ 70 4+ 1,,) 4B +cI')),c € R.

We must prove that 5 = 0.
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Let S = S* be the family of all subsets S of the set {0,--- ,k — 1} := E} and by

S; = SF the family of elements S € S containing i elements. We denote by dg, S € S,

its characteristic function, i.e dg(z) = 1, if x € S and ds(z) = 0, if z ¢ S. For

S € S;, let Mg be the m x m matrix Mg := BsO[1=050) ... Bos(k—1)[1=0s5(k=1) 4pd
= Yges, Ms, 0< i<k

For ¢ and 7 small enough, we can express (cB + 7T + I,,,) ! as a converging series in

C, T

(B+71T +1,)"" = > (=1)¥(cB+7T)*
k=0
%) k
_ Z(_l)k Z Cikaz'Mik
k=0 1=0
= > (=1)HrIM
4,j=0

If we plug this identity into relation 4.26, we get the identity

(4.27)  trB = Z(— Y it (BM) 4 Z 1) iy (M), e, 7 € R,

i,j=0 i,j=0

Hence,

(4.28) tr(BTY) = 0,5 € N*,

and

(4.29) tr(BMI) = tr(TMF), k> i > 0.

Let ¥ be the group of bijections of the set Ej generated by the cyclic permutation
o(i) =i+ 1 modulo k(i € E}). This group has k elements and it acts on the space S; in
a natural way. Let for S € SF, ¥ be the stabilizer of S in 3. Denote by dg the number
of elements of X5, S € S*. Let also 2 be the orbit space S;/%. We choose for every Y-
orbit O in S; a representative Sp and we denote by |O| the number of its elements. For
any S € §;, we have that

M,s = BOs(eHO)p1-0s(c=1(0)) | gds(c™! (k—1))pl—bs(c~" (k—1))
B(Ss(k—l)rl—ﬁs(k—l) . Bﬁs(O)Fl—(ss(O) . Bés(k—2)rl—55(k—2)
Hence
tr(Mg) = tr(M,s) = tr(Mug), 1 € N.
This allows us to write
(4.30) tr(Mf) = |O|tr(Msg,) = k:z —tr (Ms,).
0eN OEQ
Consider the mapping I : Sl-k_1 — SF T = (t1 <ty <tiog) e (B+H1l < --- <t +1).
This mapping is a bijection of the set SF~* onto the subset Sk ={Se&80¢S}.

Lemma 4.5. We have the formula

kw@Mﬁwzf
—1 (4

(4.31) tr(MF) = tr(BMM ), 1 <i <k
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Proof. Indeed, we have that
r(CMFY) = Y r(CMy) = Y tr(Myry) = Y tr(Ms).
Tesk! Tesk ! Sesk,
If i < k, then we can take every Sp € Sf; and we write
(4.32) r(CMFY) =" 0N Sk [tr(Ms,).
0e

Now it is clear that for 7 € X, necessarily 75 € S;‘jl if and only if 7 = o~¢, for some
t € Er1\S. On the other hand the subset Xg; := {7 € X,75 € SF, } is invariant under
multiplication by elements of g, since S is X g-invariant. Hence |Oﬂ 1| =

Comparing 4.30 with 4.32, we obtain the desired formula.
The case i = k — 1 is easy and the formula for tr(BM}) can be proved in a similar
way. ]

We apply now the preceding identities. Since tr(BI'*) = 0 for every k > 1 by 4.28, it
follows from 4.29 and 4.31 that
(4.33)

k—20+1 k—2041
tr(BMy) = tr(TMy) = %w( k)= kl + 2zli 1tr(BM2kl:12), k> 2141,
and so
(4.34) 0 = tr(BT%) = tr(BMy™) = - . = tr(BMY) = ... = tr(BB?).
Hence

(4.35) trB =tr(B(L, +*B* +*'B*+--+)) = tr(B(L,, — ¢*B*)™"), ¢ small enough.
Since the mapping R — M,,(R),c — (I,, — *B*)~! = (I, — ¢B)*(I,, + ¢B)™!
analytic, it follows that
trB = tr(B(L, + ¢’B*+ ¢'B* +--+)) = tr(B(L,, — *B*) "), c € R.
Since
A
2 2\ -1y _
t?"(B(]Im—CB) )— Z 1_—C2>\2,C€R,
A€o (B)

we see that either trB = 0, if B is nilpotent, or that tr(B) = limc—cc D_yco(p) s =0.

g

1— 02)\

Let us continue with the proof of Proposition 4.2. In the case we are just considering
we have that p1 MNpy = p,l NP2 and [Xg,pl N pg] C [pl,pg]. Let £ .= RX, @ p1 M ps and
K := exp(). This allows us to identify the space P,/K with Py/P, N P,. Hence using
again 2.3 and 2.14 and the preceding lemma, we obtain for p € C°(G/Py, x¢),9 € G
and I(g) = Is1:011/ 10(g) that

I(g) = 7{3 - (11/,190)(9P2)A1_>21,/(§(pQ)Xf(pz)dV(pQ)

7{ 74 (T 19) (gp2k) A2 (02k) At ()X 5 (p2) () ()
PQ/K K/PlﬁPQ
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~1/2
= R DISNSIZISE
Py/K
% /(II’,190> (gerXp(a:Xg))e*%tr adg/p2X2€7mtr asz/?XQd;(;
R
~1/2
— b AT i) x
Py/K
X / / o (gpaexp(2Xs)exp(yY ) )dye ™ 2" ado/paX2omatr adpy e Xa g
R JR

= f X7 (P2) Ay (p2)dv (p2) / e~ 3t adg/py X2 pmatr adyy e Xa gy
P /K ' R

1
< [ lgpaex((o -+ o) XaJexp(~ayXs)exp(~ 3ay”2)da
R

= ]{ Xf(p2)A;21g<p2)dV(p2) / e~ 2tr adgp, X2 o —atr adp, /e X2 7.
Py /K ’ R

% / e%a@ﬂe—%aytr adg/legp(gpzeXp((fﬁ + ay)Xg)dy
R

]_ — —Ztr a —xtr a
S Xf(pz)APQIQ(pg)dz/(pg) / e~ 2t adg/py Xa o —tr adyy e X 70,
|al Py/K R

x/eziz(yx)%%(y“”f)“ oo gpaexp(yXz))dy
R

1 _
=10 L X5 (02) A5 (p2) dv(pa) X

« / da / e =) =30 2da o X1 o gpoexcp (y X)) dy
R R

2 ES nla -
— [ =T )j[ X5 (P2) Ay G (p2)dv(p2) %
P/K

_1 _
X/e thradg/pQXze aCtradP?/EXQQO(gpzeXp(ZL’XQ))dQT
R

_ o Foenl@) 74 Xr (D) ARG (p)e(gp)dv(p)
Py/PiNP>
= ¢'i%n(@) (I219)(9),

which achieves the proof in this case.
As for the cases where dim(a) = 3, they are treated in a similar way. It suffices to adopt
the calculations made in [1]. O

In combining Proposition 3.4 and Proposition 4.2, we obtain the main upshot:

Theorem 4.6. Let G = exp(g) be an exponential solvable Lie group. Let f € g* and
let p1,p2 be two Puk-polarizations at f. Let my := 7gp,, Mo i= Ty p,. The mapping Iy, p,
extends to a unitary intertwining operator for the representations w, and .
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5. THE COMPOSITION FORMULA AND THE MASLOV INDEX

We still deal in this section with the case of an exponential Lie group G = exp(g) and
let as before f € g*. Consider three Lagrangian subspaces W, (1 < j < 3) of g for the
bilinear form By and define, following Kashiwara, a quadratic form ) on Wy x Wy x W3
by the formula

Q(X1, X2, X3) = f([X1, Xa]) + f([Xo, X]) + f([ X5, Xu]).

The index of this quadratic form is called the Maslov index of the spaces W; and is
denoted by 7(W;, W, Ws3). We begin by recording some the main properties of this
index.

Lemma 5.1. ([10], [11]) Let us write for simplicity ,j;, instead of T(W;, W;, Wy,). Then
we have

(1) Ti23 = —To13 = —Tiz2;
(2) To34 — T34 + Ti2a — T123 = 0;
(3) If p is an isotropic subspace of g containing g(f) and if W is a Lagrangian
subspace of g, then WP = (W N pf) +p s also Lagrangian. Furthermore, if p is
contained in Wi N Wy + Wo N W3 + W3 N Wy, then we have
Ti23 = T(WfaW;7W§)-
The spaces W}, i = 1,2, 3 will be replaced by Puk-polarizations p;,i = 1,2,3 at f € g*
in g. In Théoreme 6.1 of [1], the formula
[p%pl — e(ifr/4)r(p2,pom1)[p27p0 o [p — Tp

was obtained in the general case for a special construction of the intertwining operators,
making use of any polarization pj at f of Vergne type. Therefore we have by Théoreme
5.3 in [1] that

0,P1 2,P1

Theorem 5.2. Let p;(1 < ¢ < 3) be three Puk-polarizations at f € g* in g. If the
operators I, are isometric (which requires their normalization if necessary), then

_ (im/4)7(p3,p2,p1)
IP1P30 P3P20 pap1 — € I
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