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1 Introduction

Let G be a separable locally compact unimodular group of type I and Ĝ its unitary
dual, the set of equivalence classes of irreducible unitary representations, endowed with
the Mackey-Borel structure. Let dg be the Haar measure on G. The operator valued
Fourier transform on G maps each ϕ ∈ L1(G) to the field F(ϕ) = (π(ϕ))π∈ bG of bounded

operators on Ĝ, where π(ϕ) is defined by:

π(ϕ) =

∫

G

ϕ(g)π(g)dg.

Let µ be the Plancherel measure on Ĝ, which is uniquely determined by the abstract
Plancherel formula: for ϕ ∈ L1(G) ∩ L2(G),

∫

G

|ϕ(g)|2dg =

∫
bG
tr((π(ϕ)∗π(ϕ))dµ(π).

The Hausdorff-Young inequality (see [16]), proved for separable locally compact uni-
modular group of type I, is the assertion

( ∫
bG
‖π(ϕ)‖qCqdµ(π)

) 1
q ≤

( ∫

G

|ϕ(g)|pdg
) 1
p
, (1.1)

where ϕ ∈ L1(G) ∩ Lp(G), 1 < p ≤ 2, q is the conjugate of p, i.e., 1
p

+ 1
q

= 1, and

‖π(ϕ)‖qCq = tr
(
(π(ϕ)∗π(ϕ))

q
2

)
.
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For a µ−measurable field of bounded operators F on Ĝ, let

‖F‖q =
( ∫

bG
‖F (π)‖qCqdµ(π)

) 1
q .

Thus we can write (1.1) as
‖F(ϕ)‖q ≤ ‖ϕ‖p.

Hence the map ϕ 7→ Fϕ from L1(G)∩Lp(G) to Lq(Ĝ) extends to a continuous operator

Fp : Lp(G) → Lq(Ĝ) and its operator norm

‖Fp(G)‖ = sup
‖ϕ‖p≤1

‖F(ϕ)‖q ≤ 1.

It has been proved in [10], that ‖Fp(G)‖ = 1 if and only if G contains a compact open
subgroup. The aim of the present paper is to get an estimate of the norm ‖Fp(G)‖
for a certain class of solvable Lie groups. Beckner [3] treated the case of the abelian

group G = Rn and proved that ‖Fp(Rn)‖ = Anp , where Ap =
(
p

1
p

q
1
q

) 1
2
. Many results have

been obtained for several kinds of groups (see [1],[3],[10],[11],[13],[20]). Recently, the
following result concerning general nilpotent Lie groups has been shown in [2]:

Theorem 1.1. Let G be a connected and simply connected nilpotent Lie group and m
the maximal dimension of the coadjoint orbits. Then for 1 < p ≤ 2,

‖Fp(G)‖ ≤ A
2dimG−m

2
p . (1.2)

For the case of non-unimodular locally compact group of type I, there exists a field of
non-zero positive self-adjoint operators (Kπ)π∈ bG and a measure µ on Ĝ such that for

ϕ ∈ L1(G) ∩ L2(G) and for µ−almost all π ∈ Ĝ the operator π(ϕ)K
−1
2
π extends to a

Hilbert-Schmidt operator on the space Hπ of π and the operator K
−1
2
π π(ϕ∗ ∗ ϕ)K

−1
2
π is

trace class. Then the Plancherel formula reads (see [8]):

‖ϕ‖2
2 =

∫
bG
tr

(
K

−1
2
π π(ϕ∗ ∗ ϕ)K

−1
2
π

)
dµ(π).

By taking as a definition of the Fourier transform of ϕ, the operator field

F(ϕ) =
(
π(ϕ)K

−1
q
π

)
π∈ bG,

Terp [23] and Führ [12] extend the Hausdorff-Young theorem to this case. Eymard
and Terp [9] and Russo [21] obtained a more precise estimate of the norm ‖Fp(G)‖ for
the group of affine transformations of the real line, the so-called ”ax+b”-group. An
extension of these results to a certain class of completely solvable Lie groups was given
by Inoue. It concerns the class of connected and simply connected Lie groups G = exp g,
where g is a normal j−algebra which is characterized by the fact that G is an affine
automorphism group acting simply and transitively on a Siegel domain of type II (see
[13]). In this paper, we shall show that for Boidol’s group, a certain four dimensional
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exponential Lie group which is not ∗-regular, the known methods do not apply. In this
paper we look therefore at the class of the strong ∗-regular exponential Lie groups (see
definition 1 below), for which a sample of Boidol’s group does not appear during the
induction procedure. Our main result is the following:

Theorem 1.2. Let G be an arbitrary exponential solvable Lie group satisfying the strong
∗-regularity condition. Let m be the maximal dimension of coadjoint orbits.
Let 1 < p ≤ 2 and q the conjugate of p. Then for all ϕ ∈ L1(G) ∩ Lp(G) and µ-almost

all π ∈ Ĝ, the operator πp(ϕ) := π(ϕ)K
−1
q
π is bounded, its extension is of class Cq and

we have the following inequality:

( ∫
bG
‖πp(ϕ)‖qCqdµ(π)

) 1
q ≤ A

2 dimG−m
2

p ‖ϕ‖p.

2 Preliminaries

2.1 Some notations and basic facts

We recall first some basic notions and facts. For further details, see [4]. Let G be a
connected, simply connected exponential solvable Lie group with Lie algebra g, i.e., a
connected, simply connected Lie group such that the exponential mapping:

exp : g −→ G

is a diffeomorphism of g into G. We denote by log its inverse mapping. Let g∗ be the
vector dual space of g. The Lie algebra g acts on g by the adjoint representation adg,
i.e.,

adg(X)Y = ad(X)Y = [X,Y ], ∀ X, Y ∈ g.

The group G acts on g by the adjoint representation AdG, i.e.,

AdG(g)Y = Ad(g)Y = ead(X)Y, g = expX ∈ G, Y ∈ g,

and on g∗ by the coadjoint representation Ad∗G, i.e.,

< Ad∗G(g)l, X >=< g · l, X >=< l,Ad(g−1)X >, g ∈ G, l ∈ g∗, X ∈ g.

The set G · l = {g · l, g ∈ G} =: Ωl is called the G-orbit of l, we denote by g∗/G
the space of coadjoint orbits. Let g(l) = {X ∈ g, < l, [X, g] >= {0} } be the
stabilizer of l ∈ g∗ in g, it’s also the Lie algebra of Gl = {g ∈ G, g · l = l }.
For p ⊂ g, define p⊥ = {f ∈ g∗, f|p = 0}, the annihilator of p in g∗. A subspace
b(l) ⊂ g is called a polarization for l ∈ g∗, if b(l) is a maximal dimensional isotropic
subalgebra related to the skew-symmetric bilinear form Bl defined by:

Bl(X, Y ) =< l, [X,Y ] >, X, Y ∈ g.

Moreover, a polarization b(l) for l satisfies Pukanszky’s condition or is a Pukanszky
polarization, if

l + b(l)⊥ = Ad∗(B(l))l = B(l) · l
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where B(l) = exp b(l). So we can consider the unitary character χl = χ of B(l)
associated to l defined by:

χ(exp X) = e−2πi<l,X>, X ∈ b(l).

We say that the coadjoint orbit Ωl of l ∈ g∗ is saturated with respect to a one codimen-
sional ideal g0 = Lie G0 in g, if g(l) ⊂ g0. In such case, we have that G · l = G · l + g⊥0
and

dim(G0 · l0) = dim(G · l)− 2, l0 = l|g0 . (2.1)

Let dg be a left Haar measure on G and ∆G the modular function of G, which is defined,
for all x ∈ G and f in Cc(G), i.e., the set of continuous functions on G with compact
support, by the relation:

∫

G

f(gx−1) dg = ∆G(x)

∫

G

f(g) dg.

It’s well known that, for x ∈ G:

∆G(x) = |det Ad(x)|−1 = exp(−tr ad(log x)).

Let H be a closed subgroup with corresponding Lie algebra h. We denote by ∆H,G the
positive character of H defined by:

∆H,G(h) =
∆H(h)

∆G(h)
.

So, we have:
∆H,G(X) = exp(tr adg/hX), X ∈ h.

It’s clear that, if H is a normal subgroup of G, then ∆H,G(h) = 1, ∀h ∈ H.

2.2 Induced representations

Let K(G,H) be the space of continuous and compactly supported modulo H functions
F : G −→ C such that:

F (gh) = ∆
G,H

(h)−1F (g), g ∈ G, h ∈ H.

G acts on this space by left translation. It is shown in [4] that, up to a multiplicative
scalar, there exists a unique non-negative G-invariant linear form on K(G,H). It’s
usually denoted by νG,H or more simply ν and so we have:

νG,H(F ) =

∮

G/H

F (g) dνG,H(ġ), ∀F ∈ K(G,H).

It’s clear that if ∆G = ∆H onH, then νG,H is aG-invariant measure on the homogeneous
space G/H and K(G,H) = Cc(G/H).
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Let π be a unitary representation of H in the Hilbert space Hπ. We consider the space:

Kπ(G,H) =
{
F : G −→ Hπ, continuous and with compact support modulo H

such that : F (gb) = ∆G,H(h)−
1
2 ρ(h−1)

(
ξ(g)

)
, ∀(g, h) ∈ G×H

}
.

If F is in Kπ(G,H), the mapping g 7−→ ‖F (g)‖2
Hπ belongs to K(G,H). This relation

allows us to define an L2-norm on Kπ(G,H) in the following way:

‖F‖2 =
( ∮

G/H

‖F (g)‖2
Hπdν(ġ)

) 1
2
.

We define the induced representation IndGHπ of G as the left regular representation of
G on the completion L2(G/H, π) of Kπ(G,H) with respect to the norm ‖.‖2 defined
above, i.e.,

(IndGHπ)(x)(ξ)(y) = ξ(x−1y), ∀x, y ∈ G, ξ ∈ L2(G/H, π).

2.3 Orbit theory

The unitary dual Ĝ of G can be parametrized via the Kirillov-Bernat-Vergne orbit
method. Let l be in g∗. We take a polarization b for l satisfying Pukanszky’s condition.
For such a polarization, we define πl,b by:

πl = πl,b = IndGBχl, (B = exp b).

Then πl,b is an irreducible representation of G and its equivalence class [πl,b] depends
only on the coadjoint orbit of l. Every irreducible representation π is equivalent to an
induced representation πl,b from a character χl of a Pukanszky polarization. Moreover,
the following mapping, called the Kirillov-Bernat-Pukanszky-Vergne mapping

K : g∗/G −→ Ĝ
G · l 7−→ [πl,b] =: πG·l

is a homeomorphism. For details see [17].

2.4 Localized Plancherel formula

2.4.1 The Plancherel formula for exponential Lie groups was obtained by Duflo and
Rais in [8]. Let Z = exp z be the center of G. Let A = exp a be a closed connected
subgroup of Z and χψ be the unitary character of A associated to a fixed ψ ∈ a∗. Let

g∗ψ = {l ∈ g∗ : l|a = ψ} and (2.2)

Ĝχψ = {π ∈ Ĝ : π|A = χψ.Id}.
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It follows from [17] that the orbit space g∗ψ/G is homeomorphic to Ĝχψ via the Kirillov-
mapping. For 1 ≤ p < +∞, the space Lp(G/A, χψ) is defined as the set of all measurable

functions ϕ : G→ C such that ϕ(ga) = χψ(a)ϕ(g) for all g ∈ G and all a ∈ A and

‖ϕ‖pLp(G/A,χψ) =

∫

G/A

|ϕ(g)|pdg <∞.

For p = 1 we obtain a ∗-Banach algebra. The convolution here is defined for ϕ and ϕ′

in L1(G/A, χψ) by:

ϕ ∗ ϕ′(g) =

∫

G/A

ϕ(u)ϕ′(u−1g)du, g ∈ G/A

and the involution ∗ by:

f ∗(x) = ∆G(x−1)f(x−1), x ∈ G, f ∈ L1(G/A, χψ).

Of course, the space Ĝχψ is also the dual space of the algebra L1(G/A, χψ).

We denote by Ωψ ∈ g∗ψ/G a coadjoint orbit and by πΩψ ∈ Ĝχψ the corresponding
representation of G.
By [19], there exists a non zero rational function ξ on g∗ such that:

ξ(x · l) = ∆G(x−1)ξ(l), for all x ∈ G and l ∈ g∗. (2.3)

Fix one such function ξ. There is a unique measure µξ,ψ on g∗ψ/G such that, for all
Borel function φ on g∗, we have by [8]:

∫

g∗ψ

φ(l)|ξ(l)|dl =

∫

g∗ψ/G

∫

Ωψ

φ(l)dβΩψ(l)dµξ,ψ(Ωψ), (2.4)

where dβΩψ is the canonical measure on Ωψ. Then dµξ,ψ is called the localized Plancherel

measure on g∗ψ/G ' Ĝχψ .
We recall the fact that, if π is an irreducible representation of G in a Hilbert space Hπ,
then by [7], there exists a unique self-adjoint and positive operator Kπ in Hπ which is
semi-invariant with weight ∆−1

G , which means that

π(g)Kππ(g)−1 = ∆−1
G (g)Kπ, g ∈ G.

In the case where π = πl,b and ∆G|B ≡ 1, we have that Kπ is nothing else but the

operator of multiplication by the function ξ̃, where ξ̃ is defined by: ξ̃(x) = ξ(x · l), x ∈
G (see [8]). Then, for every φ ∈ C∞c (G), for almost all Ωψ ∈ g∗ψ/G, the operator

K
−1
2
π πΩψ(φ)K

−1
2
π is trace class and

tr(K
−1
2
π πΩψ(φ)K

−1
2
π ) =

∫

Ωψ

(Γ · (φ ◦ exp))∧(l)|ξ(l)|−1dβΩψ(l),

where Γ is a positive Ad(G)−invariant function on g, which does not depend on ξ.
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By [7] and [8] the localized Plancherel formula reads:

‖φ‖2
2 =

∫

g∗ψ/G
tr(K

−1
2
π πΩψ(φ∗ ∗ φ)K

−1
2
π )dµξ,ψ(Ωψ). (2.5)

On the other hand, we obtain a decomposition of the Plancherel measure: for a mea-
surable function F on Ĝ, we have:

∫

g∗/G
F (πΩ)dµ(Ω) =

∫

a∗

∫

g∗ψ/G
F (πΩψ)dµξ,ψ(Ωψ)dψ.

Let a0 be the kernel of ψ and A0 = exp a0. Let P : G −→ G/A0, be the canonical
projection and χ̄ψ̄ the character of A/A0 associated to ψ̄ ∈ (a/a0)

∗, defined by the
formula: χ̄ψ̄ ◦ P|A = χψ. So we have for 1 ≤ p < +∞, that:

Lp(G/A,ψ) = Lp((G/A0)/(A/A0), ψ) (2.6)

and A′ = A/A0 is a central subgroup of G′ = exp g′ = G/A0. We remark that Lq(Ĝχψ)

is isometrically isomorphic to Lq(Ĝ′χψ̄) by means of the localized Plancherel formula
(2.5), where q is the conjugate of p.

2.4.2 Suppose now that G is not unimodular. Let G0 = exp g0 be the kernel of the
modular function ∆G. Then g0 is a codimension one ideal in g and there exists a dense
open subset g∗gen of g∗ such that the coadjoint orbit of an element in g∗gen is of maximal
dimension and saturated with respect to g0. We call the elements of g∗gen generic, or in
general position. Let X ∈ g such that g = g0 ⊕RX. Let µ0 be the Plancherel measure
of Ĝ0. The group G/G0 ' expRX acts by conjugation on Ĝ0. We need to compute

the Plancherel measure µ0 of Ĝ0 from µ and the action of G/G0 on Ĝ0.
Let p∗ : g∗ −→ g∗0 be the canonical projection and write l0 for the restriction to g0 of
an element l ∈ g∗. If l is generic, then g(l) is an ideal of codimension one in g0(l0) and
for its orbit Ωl we have that:

p∗(Ωl) =
⋃

t∈R
Ad∗(exp tX)Ω0

l0
,

where Ω0
l0

is the G0−orbit of l0.

For t ∈ R and (π0,Hπ0) ∈ Ĝ0, we define the representation exp(tX) · π0 on Hπ0 by:

exp(tX) · π0(g0) = π0(exp(−tX)g0 exp(tX)) =: πt0(g0), g0 ∈ G0.

For generic l ∈ g∗, the stabilizer g(l) is nilpotent. Hence for these forms l, we have that:

∆G(s) = ∆G(l)(s) = 1, for all s ∈ G(l) (2.7)

(see [4], chap. II). This shows that G(l) ⊂ G0 and so the co-adjoint orbits of all the l’s
are saturated with respect to g0. In particular every Pukanszky polarisation p for l0 is
also a Pukanszky polarization for l ∈ g∗gen.
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Let again l ∈ g∗gen and let a ∈ g⊥0 . There exists t ∈ G0(l0) ⊂ G0 such that l+a = Ad∗(t)l
and so by (2.7)

ξ(l + a) = ξ(Ad∗(t)l) = ∆G(t−1)ξ(l) = ξ(l). (2.8)

We can thus define a function ξ̌ on the generic elements in g∗0 by letting:

ξ̌(l0) := ξ(l), l ∈ g∗. (2.9)

This function ξ̌ is rational (since such is ξ) and by (2.3)

ξ̌(x · l0) = ∆G(x−1)ξ̌(l0), (2.10)

for all x ∈ G and l0 ∈ g∗0. In particular, the function ξ̌ is G0-invariant. Define a positive

Borel function ξ0 on Ĝ0 by:
ξ0(πl0) := ξ̌(l0)

and the Borel subset U of Ĝ0 by:

U := {π0 ∈ Ĝ0, ξ0(π0) = 1}.

Then we have for π0 ∈ U that:

ξ0(exp(tX) · π0) = ξ̌(exp(tX) · l0) = ∆−1
G (exp(tX)).

By Duflo and Moore (see [7], Theorem 6), the G-invariant Borel subset U of Ĝ0 has the

property that V = IndU = {π = IndGG0
π0, π0 ∈ U} is a measurable subset of Ĝ with

µ(Ĝ− V ) = 0 and for every measurable function φ on U we have that:

∫
bG0

φ(π0)dµ0(π0) =

∫

V

∫

Ωπ0

φ(exp(tX) · π0)ξ0(exp(tX) · π0)dtdµ(π) (2.11)

where for π0 ∈ U , Ωπ0 = exp(RX) · π0.

2.4.3 We suppose now that G is unimodular and g0 an ideal of codimension one of g

which contains the center z of g. We can now assume that the function ξ in (2.3) is
equal to 1 and we can omit it in the formulas. Let X ∈ g \ g0. The closed subgroup
G0 = exp g0 is unimodular and normal in G. By Mackey’s theory (see [15]), there exists

a Borel subset U ⊂ Ĝ0 such that W = IndU = {IndGG0
π0 : π0 ∈ U} is a Borel subset of

Ĝ and µ(Ĝ−W ) = 0. Moreover, we can suppose that U meets each orbit exp(RX) ·π0,
π0 ∈ U , only in the point π0 (see [18], Theorem 3.2).

We obtain in this way a decomposition of the localized Plancherel measure µ0
χ of (Ĝ0)χ:

for a subspace a of z, for every χ ∈ Â and every Borel function φ on (Ĝ0)χ:

∫

(cG0)χ

φ(π0)dµ
0
χ(π0) =

∫
bGχ

∫

R
φ(exp(tX) · π0)dtdµχ(π). (2.12)
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2.5 Hausdorff-Young type’s inequality for integral operators

This inequality is due to Fournier and Russo [11]. Let H be a complex Hilbert space,
let B(H) be the space of bounded operators on H, and X be a σ-finite measure space.
Let L2(X ,H) be the Hilbert space of square integrable H-valued functions on X and
K an integral operator on L2(X ,H) with an operator-valued kernel k defined as:

Kη(x) =

∫

X
k(x, y)η(y)dy,

for all η ∈ L2(X ,H), and almost all x ∈ X . Let k∗(x, y) = k(y, x), x, y ∈ X .
For p, q in [1,+∞[, let us define:

‖k‖p,q =
( ∫

X
(

∫

X
‖k(x, y)‖pCpdx)

q
pdy

) 1
q
.

If 1 < p ≤ 2, q is the conjugate of p and if ‖k‖p,q and ‖k∗‖p,q are finite, then the integral
operator K belongs to Cq(L

2(X ,H)) and

‖K‖Cq ≤ ‖k‖
1
2
p,q‖k∗‖

1
2
p,q. (2.13)

3 Estimate of the Lp-Fourier transform norm

3.1 Induction by an ideal of codimension one

The proof of the following lemma can be adapted from the proof of Theorem 3 in [2]
(page 517).

Lemma 3.1. Let G be an exponential solvable unimodular Lie group. Let A = exp a be
a subgroup of the center Z of G and let χ = χψ, ψ ∈ a∗, be a unitary character of A.
Let g0 = Lie(G0) be an ideal of codimension one of g such that:

i) almost all G-orbits are saturated with respect to g0

ii) for 1 < p ≤ 2,

( ∫

(cG0)χ

‖π0(ϕ0)‖qCqdµ0
χ(π0)

) 1
q ≤ A

2 dim(G0/A)−m0
ψ

2
p ‖ϕ0‖Lp(G0/A,χ),

where ϕ0 ∈ Cc(G0/A) and m0
ψ = sup

{
dim(G0 · l0) ; l0 ∈ g∗0,ψ

}
. Then for 1 < p ≤ 2 ,

( ∫
bGχ
‖π(ϕ)‖qCqdµχ(π)

) 1
q ≤ A

2 dim(G/A)−mψ
2

p ‖ϕ‖Lp(G/A,χ),

where ϕ ∈ Cc(G/A) and mψ = sup
{

dim(G · l) ; l ∈ g∗ψ
}
.
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3.2 The unimodular case

We suppose now that G is unimodular. In this case we can take ξ ≡ 1. Thus Kπ = Id
and the localized Plancherel formula reduces to

‖φ‖2
2 =

∫

g∗ψ/G
tr(πΩψ(φ∗ ∗ φ))dµψ(Ωψ).

Definition 1. Let G be an exponential solvable Lie group and n the nil-radical of g

(which contains [g, g]). For l ∈ g∗, let

g(l|n) = {X ∈ g : l([X, n]) = {0}},
m(l) = g(l) + n ⊂ d(l) = g(l|n) + n

and
m(l)∞ =

⋂

k≥0

Ck(m(l)), d(l)∞ =
⋂

k≥0

Ck(d(l)),

where Ck(d(l)) = [d(l), Ck−1(d(l))] is the k-th term in the descending central series of
d(l) and similarly for m(l)∞.

∗-Regularity (see [5]): we say that an element l ∈ g∗ is ∗-regular if

< l,m(l)∞ >= {0}.
Strong ∗-Regularity : we say that an element in g∗ is strong ∗-regular if

< l, d(l)∞ >= {0}.
An exponential Lie group G = exp g is called strong ∗-regular, if there exists a Zariski
open subset in g∗ such that every element in this subset is strong ∗-regular.

Remarks.

(a) Every nilpotent Lie group is strong ∗-regular. All connected simply connected
exponential Lie groups G with dim G ≤ 4 are strong ∗-regular, except the group
G4,9(0), known as Boidol’s group (see [5]). This particular example will be studied
later in Section 4.2.

(b) We can find groups G = exp g such that every generic element in g∗ is ∗-regular,
but which are not strong ∗-regular. An example is given by the group G whose
corresponding Lie algebra g is given by the basis {Z1, Z2, Z3, Z4, Z5, Z6, Z7} and
the following brackets:

[Z1, Z3] = −Z3, [Z1, Z4] = Z4, [Z3, Z4] = Z7,

[Z2, Z5] = −Z5, [Z2, Z6] = Z6, [Z5, Z6] = Z7, [Z1, Z2] = Z7.

We have: n = span < Z3, Z4, Z5, Z6, Z7 > . Take l ∈ g? in general position,
then in particular l(Z1) 6= 0, l(Z2) 6= 0 and l(Z7) 6= 0. It follows that:

g(l) =< Z7 >, so (g(l) + n)∞ = {0}, which means that l is ∗-regular.

But d(l) = g so d(l)∞ = n, which means that G is not strong ∗-regular.
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(c) The set d(l)∞ is the smallest ideal in d(l) such that d(l)/d(l)∞ is nilpotent.

(d) Let n be the nil-radical of a Lie algebra g. Let b be an ideal of g. The nil-radical
m of b is characteristic, hence m is also a (nilpotent) ideal of g and so m ⊂ n.
On the other hand n ∩ b is a nilpotent ideal of b, and so is contained in m. This
shows that m = b ∩ n.

As our main theorem is localized, we need a localized version of the strong ∗-regularity.

Definition 2. Let A = exp a be a closed connected subgroup of the center Z of G and
ψ ∈ a∗. We define:

Strong ψ-∗-Regularity : we say that G is strong ψ-∗-regular if there exists a Zariski
open subset in g∗ψ such that:

< l, d(l)∞ >= {0}, for every l in this subset.

We are going to prove the following:

Proposition 3.1. Let G be a strong ψ-∗-regular exponential solvable unimodular Lie
group. Then, for 1 < p ≤ 2,

( ∫

g∗ψ/G
‖πΩψ(ϕ)‖qCqdµψ(Ωψ).

) 1
q ≤ A

2 dimG−mψ
2

p ‖ϕ‖Lp(G/A,χψ),

where ϕ ∈ Cc(G/A) and mψ = sup
{

dim(G · l) ; l ∈ g∗ψ
}
.

Proof. We proceed by induction on dimG+dim(G/A) =: δ(G,A). If δ(G,A) = 1, then
G = A = R and we have the result by W. Beckner [3], as we are in the abelian situation.
If δ(G,A) > 1, let z = z(g) be the center of g, a0 the kernel of ψ and A0 = exp a0. By
[17] page 34, we have to treat the following cases:

Case 1. dim z = 0.

Subcase 1.1. : there exists a non-zero Y ∈ g and a non-zero real linear form α
on g such that:

[X, Y ] = α(X)Y, ∀X ∈ g.

Subcase 1.2. : there exists a non-zero Y1, Y2 ∈ g, θ ∈ R \ {0} and a non-zero
real linear form α on g such that:

[X, Y1] = α(X)(Y1 − θY2),

[X, Y2] = α(X)(θY1 + Y2), ∀X ∈ g.

Case 2. dim z > 0.

Subcase 2.1. : dim a0 ≥ 1.

12



Subcase 2.2. : dim a0 = 0 and dim z ≥ 2.

Without loss of generality, we can assume that ψ|z 6= 0.

Subcase 2.3. : dim a0 ≥ 0 and dim z = 1, i.e., z = RZ.

We can suppose that: ψ(Z) = 1.

Subcase 2.3.1. : there exists a non-zero Y ∈ g and two real linear forms,
α, β, on g such that:

[X, Y ] = α(X)Y + β(X)Z, ∀X ∈ g.

Subcase 2.3.2. : there exists non-zero Y1, Y2 ∈ g, θ ∈ R \ {0} and three
non-zero real linearly independent linear forms, α, β1, β2, on g such that:

[X, Y1] = α(X)(Y1 − θY2) + β1(X)Z,

[X, Y2] = α(X)(θY1 + Y2) + β2(X)Z, ∀X ∈ g.

We can now begin the proof.

Case 1. dim z = 0.

Subcase 1.1. There exists a non zero vector Y ∈ g such that for all X ∈ g,

[X, Y ] = α(X)Y,

where α is a non-zero real linear form on g. Let

g0 = kerα = {X ∈ g : [X,Y ] = 0}.

Then g0 is an ideal of codimension one in g, which is strong ψ-∗-regular. In fact, n is
contained in g0, since for every element U of g, the number α(U) is in the spectrum of
ad(U). Let l0 ∈ (g∗0)ψ and l be an extension of l0 to g∗. So we have:

< l0, (g0(l|n) + n)∞ >=< l, (g0(l|n) + n)∞ > ⊂ < l, d(l)∞ > .

It follows that < l0, (g0(l|n) + n)∞ >= {0} for almost all l0 ∈ g∗0 as < l, d(l)∞ > does.
On the other hand, if l(Y ) 6= 0 then Ad∗(expRY )(l) = l+g⊥0 . This implies that almost
every G-orbit is saturated with respect to g0. Whence, we have the result in this case,
by Lemma 3.1.

Subcase 1.2. There exists non-zero Y1, Y2 ∈ g, θ ∈ R \ {0} and a non-zero real
linear form α on g such that for all X ∈ g,

[X, Y1] = α(X)(Y1 − θY2),

[X,Y2] = α(X)(θY1 + Y2).

So, [X, Y1 + iY2] = α(X)(1 + iθ)(Y1 + iY2) = α′(X)(Y1 + iY2) with α′ = (1 + iθ)α a
non-zero complex valued linear form.
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Let g0 = kerα = kerα′ and G0 = exp g0. Then g0 is an ideal of codimension one of
g and so G0 is a unimodular normal subgroup of G. Moreover g0 satisfies the strong
ψ-∗-regularity since, as in the case 1.1, n ⊂ g0. To settle this case, we have to prove the
saturation of generic orbits with respect to g0. Let m = RY1 ⊕ RY2. If l|m 6= 0, then

Ad∗(exp(m))l = l + g⊥0 .

In fact, let X ∈ g such that: g = g0 ⊕ RX and uY1 + vY2 ∈ m. Thus we have:

[X, uY1 + vY2] = u[X, Y1] + v[X,Y2] = α(X)((u+ vθ)Y1 + (v − uθ)Y2).

We can choose u, v ∈ R such that [X, uY1 + vY2] 6= 0. Hence

Ad∗(exp(uY1 + vY2))(l)(X) = l(ead(−uY1−vY2)X)

= l(X + [−uY1 − vY2, X])

= l(X) + α(X)l((u+ vθ)Y1 + (v − uθ)Y2).

As l|m 6= 0, it follows that Ad∗(exp(RY1 + RY2))l = l + g⊥0 . Finally, we have the result
using Lemma 3.1.

Case 2. suppose that dim z ≥ 1.
Let as before a0 be the kernel of ψ and A0 = exp a0. The following two subcases can
be treated as in [2]:

Subcase 2.1. dim a0 ≥ 1

and

Subcase 2.2. We suppose that dim a0 = 0 and dim z ≥ 2.

The next subcase is

Subcase 2.3. We suppose that dim a0 = 0 and dim z = 1. Let z = RZ. We can
assume that ψ(Z) = 1.

Subcase 2.3.1. there exists a non zero Y ∈ g and two real linear forms,
α, β, on g such that for all X ∈ g,

[X, Y ] = α(X)Y + β(X)Z.

We have the following subcases:

A. α and β are linearly independent.

Let
gα = kerα = {X ∈ g : [X,Y ] = β(X)Z}.

The subspace gα is an ideal of codimension one of g and the associated subgroup
Gα = exp gα is a unimodular normal subgroup of G. It also satisfies the strong ψ-
∗-regularity. Indeed, it is clear that n ⊂ gα. So, as gα(l|n) ⊂ g(l|n), we have that
(gα(l|n) + n)∞ ⊂ d(l)∞. Hence

< l|gα , (gα(l|n) + n)∞ >= {0}.
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On the other hand, the genericG−orbits are saturated with respect to gα, i.e., g(l) ⊂ gα.
In fact, let T ∈ g(l). Put

gβ = ker β = {X ∈ g : [X,Y ] = α(X)Y }.

As α and β are linearly independent, we have the following decomposition of g:

g = (gα ∩ gβ)⊕ RX1 ⊕ RX2 with X1 ∈ gα \ gβ and X2 ∈ gβ \ gα.

As [X1, Y ] = β(X1)Z and [X2, Y ] = α(X2)Y , we can suppose α(X2) = β(X1) = 1. If
T ∈ g, there exists γ, δ ∈ R and U0 ∈ gα ∩ gβ such that T = γX1 + δX2 + U0. We
have [T, Y ] = γZ + δY and we have to show that δ = 0. Otherwise, we can show that
Z ∈ d(l)∞. We have first that Z ∈ [g, g] ⊂ n + g(l|n) = C0(d(l)). As T ∈ g(l) ⊂ g(l|n),
we have that [T, Y ] ∈ C1(d(l)). This implies that [X1, [T, Y ]] = δZ ∈ C1(d(l)) and
then Z ∈ C1(d(l)). Since [T, Y ] = γZ + δY ∈ C1(d(l)) and Z ∈ C1(d(l)), we obtain
Y ∈ C1(d(l)). Let k be a positive integer. As adk(T )(Y ) ∈ Ck(d(l)), we have that

[X1, adk(T )(Y )] = δk+1Z ∈ Ck(d(l)).

Hence Z ∈ Ck(d(l)) for all k > 0, and so Z ∈ d(l)∞. The strong ∗-regularity implies
that l(Z) = 0, which contradicts the fact that l is generic. Hence δ = 0, T is in gβ and
G · l is saturated with respect to gα. Lemma 3.1 allows us to settle this case.

B. We suppose that α = 0 and β 6= 0.
For all X ∈ g, we can write that

[X,Y ] = β(X)Z.

The subspace gβ = {X ∈ g : [X, Y ] = 0} = C(Y ) is an ideal of codimension one in g,
where C(Y ) denotes the centralizer of Y in g and Gβ = exp gβ is a unimodular normal
subgroup of G. Let nβ be the nil-radical of gβ and, by Remark(d) in 3.2, we have that
nβ = n ∩ gβ.

B1. Suppose that n ⊂ gβ, which means that nβ = n ∩ gβ = n . Take l̃ ∈ g∗β and l any

extension of l̃ to g∗, then

gβ(l̃|nβ) + nβ ⊂ g(l|n) + n,

so (
gβ(l̃|nβ) + nβ

)∞ ⊂ d(l)∞.

This proves that gβ has the strong ψ-∗-regularity and it is not hard to see that the
generic orbits are saturated with respect to gβ, since Ad∗(expRY )(l) = l+ g⊥β . We can
apply again the Lemma 3.1.

B2. Suppose that n 6⊂ gβ. We have that nβ = n ∩ gβ. Let l̃ ∈ g∗β and l any extension

of l̃ to g∗. So we have
gβ(l̃|nβ) ⊂ g(l|n) + RY.

15



In fact, since β 6= 0, there is an element X of n such that [Y,X] = Z. Let U be an
element of gβ(l|nβ). If l([U,X]) = 0, then U ∈ g(l|n). Otherwise, let l([U,X]) = δ 6= 0.
For λ ∈ R,

l([U + λY,X]) = l([U,X]) + λl([Y,X]) = δ + λl(Z).

So we can choose λ such that l([U +λY,X]) = 0. Since Y is an element of gβ, it follows
that U + λY ∈ g(l|n) + RY , hence

U ∈ g(l|n) + RY.

This implies that, for U,U ′ ∈ gβ(l̃|nβ) and N,N ′ ∈ nβ, we can choose λ and λ′ in R such
that:

[U +N,U ′+N ′] = [U +λY +N,U ′+λ′Y +N ′] ∈ [g(l|n)+n, g(l|n)+n] = C1(g(l|n)+n).

It follows immediately that:

(
gβ(l|nβ) + nβ

)∞ ⊂ d(l)∞.

So the strong ψ-∗-regularity of gβ is satisfied. As the saturation of the generic orbits is
clear, Lemma 3.1 gives us the result.

C. α, β are linearly dependent and α 6= 0.

There exists δ ∈ R such that β = δα. Then, for all X ∈ g, [X,Y ] = α(X)(Y + δZ),
whence [X, Y + δZ] = α(X)(Y + δZ). Let

g0 = {A ∈ g : [A, Y + δZ] = 0} = kerα.

And we are in the same situation as in subcase (1.1).

Subcase 2.3.2. There exists non zero Y1, Y2 ∈ g, θ ∈ R \ {0} and three
non-zero real linearly independent linear forms α, β1, β2, on g such that: for all X ∈ g,

[X, Y1] = α(X)(Y1 − θY2) + β1(X)Z,

[X,Y2] = α(X)(θY1 + Y2) + β2(X)Z.

Let β = β1 + iβ2 and α′ = (1 + iθ)α. Then we have:

[X, Y1 + iY2] = α′(X)(Y1 + iY2) + β(X)Z.

On the other hand, we can easily constructX1, X2, S ∈ g such that: α(S) = 1, β(S) = 0,
i.e.

[S, Y1] = Y1 − θY2,

[S, Y2] = θY1 + Y2.

Hence, [S, Y1 + iY2] = Y1 + iY2 and

α(X1) = α(X2) = 0, β(X1) = β(X2) = 1,
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[Xj, Yk] = δjkZ, 1 ≤ j, k ≤ 2.

Let
gα = Ker α = {X ∈ g : [X, Y1 + iY2] = β(X)Z}

and Gα = exp gα. The subspace gα is an ideal of codimension one in g and Gα is a
unimodular normal subgroup of G. As n ⊂ gα, the strong ψ-∗-regularity is satisfied.
Moreover, the generic orbits are saturated with respect to gα. Indeed, let T ∈ g(l), we
must show that T ∈ gα. Since l(Z) 6= 0, we can assume that l(Y1) = l(Y2) = 0. Let

gβ = Ker β = {X ∈ g : [X,Y1 + iY2] = α′(X)(Y1 + iY2)}.
It follows that

g = (gα ∩ gβ)⊕ RX1 ⊕ RX2 ⊕ RS.
Then there exists γ1, γ2, γ3 ∈ R and U0 ∈ gα∩gβ such that T = γ1X1 +γ2X2 +γ3S+U0.
As T ∈ g(l), we have:

l([T, Y1]) = l([γ1X1 + γ2X2 + γ3S + U0, Y1]) = γ1l(Z) + γ3l(Y1 − θY2) = 0

and

l([T, Y2]) = l([γ1X1 + γ2X2 + γ3S + U0, Y2]) = γ2l(Z) + γ3l(θY1 + Y2) = 0.

Recall that l(Y1) = l(Y2) = 0 and l(Z) 6= 0, so γ1 = γ2 = 0. Hence, T = U0 + γ3S. We
claim now that γ3 = 0. Otherwise, we show that Z ∈ d(l)∞ which is a contradiction. We
have first that Y1, Y2 ∈ [g, g] ⊂ C0(d(l)), since [S, Y1] = Y1 − θY2 and [S, Y2] = θY1 + Y2.
Now, suppose that Y1, Y2 ∈ Ck(d(l)). Thus,

[T, Y1] = [U0 + γ3S, Y1] = γ3(Y1 − θY2) ∈ Ck+1(d(l))

and
[T, Y2] = [U0 + γ3S, Y2] = γ3(θY1 + Y2) ∈ Ck+1(d(l)),

This implies that Y1, Y2 ∈ Ck+1(d(l)). We obtain inductively that:

Y1, Y2 ∈ Ck(d(l)), for all k ≥ 0.

Hence, one deduces that:

[X1, Y1] = Z ∈ Ck(d(l)), for all k ≥ 0

and that Z ∈ d(l)∞. Finally, by Lemma 3.1, we have the result.

Taking A = {e} in proposition 3.1, we obtain the following corollary:

Corollary 3.1. Let G be a strong ∗-regular exponential solvable unimodular Lie group.
Then, for 1 < p ≤ 2,

( ∫
bG
‖π(ϕ)‖qCqdµ(π)

) 1
q ≤ A

2 dimG−m
2

p ‖ϕ‖p,

where ϕ ∈ Cc(G) and m is the maximal dimension of coadjoint orbits.
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3.3 The main theorem

Theorem 3.1. Let G be an exponential solvable Lie group satisfying the strong ∗-
regularity condition. Let m be the maximal dimension of coadjoint orbits. Let 1 < p ≤ 2
and q the conjugate of p. Then, for all ϕ ∈ L1(G) ∩ Lp(G) and µ-almost all π ∈ Ĝ,

the operator πp(ϕ) := π(ϕ)K
−1
q
π is bounded, its extension is of class Cq and satisfies the

following inequality:

( ∫
bG
‖πp(ϕ)‖qCqdµ(π)

) 1
q ≤ A

2 dimG−m
2

p ‖ϕ‖p.

Proof. Let G be a strong ∗-regular exponential solvable non-unimodular Lie group,
with Lie algebra g. Let G0 be the kernel of the modular function. Then G0 is a closed
unimodular subgroup of G. As generically, g(l) is nilpotent, we can assume that for all
π ∈ V , we can write π = indGG0

π0 for some π0 ∈ U (see section 2.4 for notations).
We are going to prove an elementary lemma which will be of interest in the sequel of
the proof.

Lemma 3.2. Let π ∈ V and π = IndGG0
π0. Then for ϕ ∈ L1(G) ∩ Lp(G), the integral

operator π(ϕ)K
−1
q
π is realized on L2(R,Hπ0) with operator valued kernel kπ(ϕ) defined

by:

π(ϕ)K
−1
q
π η(s) =

∫

R
kπ(ϕ)(s, t)η(t)dt,

where kπ(ϕ)(s, t) = πt0(ϕ
s−t)∆

1
q

G(exp tX) and ϕs−t(g0) = ϕ(exp(s− t)Xg0).

Proof. We use the notations of section 2.4.2. Let g = exp(tX)g0, η ∈ L2(R,Hπ0), t ∈ R
and g0 ∈ G0. We have that:

π(exp(tX)g0)K
−1
q
π η(s) = K

−1
q
π η(g−1

0 exp(s− t)X)

= ∆
1
q

G(exp(s− t)X)η(g−1
0 exp(s− t)X)

= ∆
1
q

G(exp(s− t)X)η(exp(s− t)X exp(t− s)Xg−1
0 exp(s− t)X)

= ∆
1
q

G(exp(s− t)X)π0(exp((t− s)X)g0 exp((s− t)X))η(s− t)

= ∆
1
q

G(exp(s− t)X)πs−t0 (g0)η(s− t).

On the other hand, we get:

π(ϕ)K
−1
q
π η(s) =

∫

G

ϕ(g)π(g)K
−1
q
π η(s)dg

=

∫

R

∫

G0

ϕ(exp(tX)g0)π(exp(tX)g0)K
−1
q
π η(s)dg0dt

(using the computation above)

=

∫

R

∫

G0

ϕ(exp(tX)g0)π
s−t
0 (g0)η(s− t)∆

1
q

G(exp(s− t)X)dg0dt
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=

∫

R

∫

G0

ϕ(exp(s− t)Xg0)π
t
0(g0)η(t)∆

1
q

G(exp tX)dg0dt

=

∫

R
πt0(ϕ

s−t)∆
1
q

G(exp tX)η(t)dt.

We shall use the inequality (2.13) to get an estimate of the norm ‖π(ϕ)K
−1
q
π ‖Cq . We

start by computing the norm ‖kπ(ϕ)‖p,q:

‖kπ(ϕ)‖p,q =
( ∫

R

( ∫

R
‖kπ(ϕ)(s, t)‖pCqds

) q
p
dt

) 1
q

=
( ∫

R

( ∫

R
‖πt0(ϕs−t)∆

1
q

G(exp tX)‖pCqds
) q
p
dt

) 1
q

=
( ∫

R

( ∫

R
‖πt0(ϕs)‖pCqds

) q
p
∆G(exp tX)dt

) 1
q
.

It follows that:
∫

bG
‖kπ(ϕ)‖qp,q dµ(π) =

∫
bG

∫

R

( ∫

R
‖πt0(ϕs)‖pCqds

) q
p
∆G(exp tX)dtdµ(π)

(we use the generalized Minkowski inequality for the measures ∆G(exp tX)dtdµ and ds)

≤
( ∫

R

( ∫
bG

∫

R
‖πt0(ϕs)‖qCq∆G(exp tX)dtdµ(π)

) p
q
ds

) q
p

≤
( ∫

R

( ∫
bG

∫

R
‖πt0(ϕs)‖qCqξ0(exp tX · π0)dtdµ(π)

) p
q
ds

) q
p

=
( ∫

R

( ∫
bG0

‖π0(ϕ
s)‖qCqdµ0(π0)

) p
q
ds

) q
p

(by the measure disintegration formula (2.11))

≤
( ∫

R
A
p

2 dimG0−(m−2)
2

p ‖ϕs‖ppds
) q
p

(by using Proposition 3.1 for G0).
Hence, ∫

bG
‖kπ(ϕ)‖qp,q dµ(π) ≤ A

q 2 dimG−m
2

p ‖ϕ‖qp.

Since the norm ‖kπ(ϕ)‖p,q is finite for µ-almost all π, it follows from [11], that for µ-

almost all π ∈ Ĝ, π(ϕ)K
−1
q
π is bounded and has a Cq-class extension on Hπ.

Finally, by Remark 2.3.2 in [13], we have that (π(ϕ)K
−1
q
π )∗ = π(ϕ∗(p))K

−1
q
π , where

ϕ∗(p)(g) = ∆
−1
p

G (g)ϕ(g−1). Hence, using (2.13) we obtain:

∫
bG
‖π(ϕ)‖qCq dµ(π) ≤

∫
bG
‖kπ(ϕ)‖

q
2
p,q‖kπ(ϕ∗(p))‖

q
2
p,qdµ(π)
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≤
( ∫

bG
‖kπ(ϕ)‖qp,qdµ(π)

) 1
2
( ∫

bG
‖kπ(ϕ∗(p))‖qp,qdµ(π)

) 1
2

≤ A
q 2 dimG−m

2
p ‖ϕ‖

q
2
p ‖ϕ∗(p)‖

q
2
p

= A
q 2 dimG−m

2
p ‖ϕ‖qp.

Remark. The previous theorem asserts that the mapping ϕ 7→ π(ϕ)K
−1
q
π extends to a

continuous operator Fp : Lp(G) → Lq(Ĝ) and its norm satisfies ‖Fp(G)‖ ≤ A
2 dimG−m

2
p .

4 Examples

4.1 A strong ∗-regular example

Let consider the following Lie algebra g = span < A,X, Y, Z,B, V > with non-vanishing
brackets:

[A,B] = V, [A,X] = −X, [A, Y ] = Y, [X,Y ] = Z

and with dual basis {A∗, X∗, Y ∗, Z∗, B∗, V ∗}.
We identify the exponential group associated to g with R6 equipped with the multipli-
cation:

(a, x, y, z, b, v)·(t′, x′, y′, z′, b′, v′) = (a+a′, x′+xea
′
, y′+ye−a

′
, z+z′−x′ye−a′ , b+b′, v+v′−ba′)

(a, x, y, z, b, v)−1 = (−a, −xe−a,−yea,−z − xy,−b,−v − ba).

The Haar measure on G is given by dadxdydzdbdv and G is unimodular. The group G
is strong ∗-regular. Let l ∈ g∗ in general position, i.e., l(V ) 6= 0 and l(Z) 6= 0. Then
the coadjoint orbit of l contains an element l′ of the form l′ = λZ∗ + µV ∗ with (λ, µ) ∈
R∗ × R∗. The nil-radical n of g is generated by {X,Y, Z,B, V } and we have that
g(l) = span < V,Z >, g(l|n) = span < B, V, Z >, g(l|n) + n = n and then d(l)∞ = {0}.
It follows that < l, d(l)∞ >= {0}.
The subalgebra b(l) = span < Y,Z,B, V > is a Pukanszky polarization of l = λZ∗ +
µV ∗, (λ, µ) ∈ R∗×R∗ and B(l) = exp b(l). Then B(l) is unimodular and so ∆B(l),G ≡ 1.
Let χl be the unitary character of B(l) defined by: for all A ∈ b(l),

χl(expA) = e−2πil(A).

The induced representation πl = πλ,µ = IndGB(l)χl of G is irreducible. The Plancherel

measure on Ĝ is identified to the measure |λ||µ|dλdµ on R∗ × R∗.
So, for ϕ ∈ L1(G) ∩ L2(G), the Plancherel formula reads:

∫

R∗

∫

R∗
‖πλ,µ(ϕ)‖2

C2
|λ||µ|dλdµ = ‖ϕ‖2

L2(R6).
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We have, for ξ ∈ Hπλ,µ and ϕ ∈ Cc(G), that:

πλ,µ(ϕ)ξ(g) =

∫

R6

ϕ(a, x, y, z, b, v)πλ,µ(a, x, y, z, b, v)ξ(g)dtdxdydz

If we identify G/B(l) with R2, then the kernel kϕ of the operator πλ,µ(ϕ) is given by
the expression:

kϕ((a, x), (a
′, x′)) = e−a

′
ϕ̂ (a−a′, (x−x′)e−a′ , ·, ·, ·, ·)(−x′e−a′λ, λ, a′µ, µ ), (a, x), (a′, x′) ∈ R2,

where ϕ̂ is the partial Fourier transform in the last four variables. By Proposition 3.1,
we have that:

∫

R2

‖kϕ‖qp,q|λ||µ|dλdµ ≤ A4q
p ‖ϕ‖qp.

4.2 Boidol’s group

In this example we have a group which is not strong ∗-regular. We shall see that the
methods used in this paper cannot give an estimate of the Lp-Fourier transform norm.
Let g = span < T,X, Y, Z > with the brackets:

[X,Y ] = Z, [T, Y ] = Y, [T,X] = −X.

Let {T ∗, X∗, Y ∗, Z∗} be the dual basis of g. We identify the group G = exp g with R4

and we have the multiplication:

(t, x, y, z) · (t′, x′, y′, z′) = (t+ t′, x′ + xet
′
, y′ + ye−t

′
, z + z′ − yx′e−t

′
)

and the inverse:
(t, x, y, z)−1 = (−t,−xe−t,−yet,−xy − z).

The Haar measure in G is given by dtdxdydz and the modular function ∆G is equal
to one. The G-orbits in general position are parametrized by the λZ∗ + µT ∗, (λ, µ) ∈
R∗×R. The Plancherel measure on Ĝ is identified with the measure |λ|dλdµ on R∗×R.
So, for ϕ ∈ L1(G) ∩ L2(G), the Plancherel formula reads:

∫

R

∫

R∗
‖πλZ∗+µT ∗(ϕ)‖2

C2
|λ|dλdµ = ‖ϕ‖2

L2(R4).

The group G fails to be strong ∗-regular. In fact, if we take l = λZ∗ + µT ∗ (λ 6= 0),
then

g(l|n) = span < Z, T >, g(l|n) + n = g and (g(l|n) + n)∞ = n.

This implies that < l, (g(l|n) + n)∞ >6= {0}. The subalgebra b(l) = span < T, Y, Z >
is a Pukanszky polarization for l = λZ∗ + µT ∗, (λ, µ) ∈ R∗ × R and B(l) = exp b(l) is
non-unimodular:

∆B(l)(t, y, z) = ∆B(l),G(t, y, z) = e−t, for all t, y, z ∈ R.
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Let χl be the character of B(l) defined by:

χl( exp A) = e−2iπl(A), A ∈ b(l).

The induced representation πl = πλ,µ = IndGB(l)χl, of G is irreducible and acts on L2(R)
by: for all ξ ∈ L2(R) and a ∈ R,

πλ,µ(t, x, y, z)ξ(a) = e2iπ(λ(xy+z−ayet)+µt)e
t
2 ξ(aet − x).

For ϕ ∈ Cc(G), the kernel kϕ of the operator πλ,µ(ϕ) is given by:

kϕ(x, a) =

∫

R3

ϕ(t, aet − x, y, z)e
t
2 e2iπ(λ(z−xy)+µt)dtdydz, x, a ∈ R.

As (kϕ)
∗ = kϕ∗ , we have:

∫

R2

‖πλ,µ(ϕ)‖qCq |λ|dλdµ ≤
∫

R2

‖kϕ‖
q
2
p,q ‖kϕ∗‖

q
2
p,q|λ|dλdµ

≤
( ∫

R2

‖kϕ‖qp,q|λ|dλdµ
) 1

2
( ∫

R2

‖kϕ∗‖qp,q|λ|dλdµ
) 1

2
.

Since the dimension of the generic orbits is equal to two, then we like to get that:
∫

R2

‖kϕ‖qp,q|λ|dλdµ ≤ A3q
p ‖ϕ‖qp.

But ∫

R2

‖kϕ‖qp,q|λ|dλdµ =

∫

R2

∫

R

( ∫

R
|kϕ(a, x)|pda

) q
p
dx|λ|dλdµ

=

∫

R3

( ∫

R
|
∫

R3

ϕ(t, aet − x, y, z)e
t
2 e2iπ(λ(z−xy)+µt)dtdydz|pda

) q
p
dx|λ|dλdµ

=

∫

R3

( ∫

R
|
∫

R
ϕ̂(t, aet − x, ·, ·)(λ,−λx)e t2 e2iπµtdt|pda

) q
p
dx|λ|dλdµ

(we consider the function ζa,x(t) = e
t
2 ϕ̂(t, aet − x, ·, ·)(λ,−λx))

=

∫

R3

( ∫

R
|ζ̂a,x(µ)|pda

) q
p
dx|λ|dλdµ

≤
∫

R2

( ∫

R

( ∫

R
|ζ̂a,x(µ)|qdµ

) p
q
da

) q
p
dx|λ|dλ

(by the generalized Minkowski’s inequality)

≤ Aqp

∫

R2

( ∫

R2

|ζa,x(t)|pdtda
) q
p
dx|λ|dλ

(by Beckner’s result for R)

= Aqp

∫

R2

( ∫

R2

|ϕ̂(t, aet − x, ·, ·)(λ,−λx)|pe pt2 dtda
) q
p
dx|λ|dλ
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= Aqp

∫

R2

( ∫

R2

|ϕ̂(t, a, ·, ·)(λ,−λx)|pe( p
2
−1)tdtda

) q
p
dx|λ|dλ

≤ Aqp

( ∫

R2

( ∫

R2

|ϕ̂(t, a, ·, ·)(λ,−λx)|qdx|λ|dλ
) p
q
e( p

2
−1)tdtda

) q
p

using the generalized Minkowski’s inequality.
This shows that

∫

R2

‖kϕ‖qp,q|λ|dλdµ ≤ A3q
p

( ∫

R4

|ϕ(t, a, y, z)|pe( p
2
−1)tdtdadydz

) q
p

by Beckner’s result for R2. But the right hand of this inequality is clearly different from
A3q
p ‖ϕ‖qp.

Remark. If we view the Boidol group as a semi-direct product of the Heisenberg group
H = exp(span < X, Y, Z >) and the abelian group exp(RT ), then by Theorem 2 in

[14], we have for the particular case when p =
2k

2k − 1
, k an integer ≥ 2,

‖Fp(G)‖ ≤ ‖Fp(H)‖‖Fp(R)‖ = A3
p.
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[12] Führ, H.: Hausdorff-Young inequalities for non-unimodular groups, preprint

[13] Inoue, J.: Lp-Fourier transforms on nilpotent Lie groups and solvable Lie
groups acting on Siegel domains, Pacific J. Math., 155, 2, 295-318(1992)

[14] Klein, A. and Russo, B.: Sharp inequalities for Weyl operators and Heisen-
berg groups, Math. Ann. Springer, 235, 175-194(1978)

[15] Kleppner, A. and Lipsman, R.L.: The Plancherel formula for group ex-
tensions, I and II, Ann. Sci. Ecole Norm. Sup., 5, 459-516(1972); ibid. 6,
103-132(1973)

[16] Kunze, R.A.: Lp-Fourier transforms on locally compact unimodular groups,
Trans. Amer. Math. Soc., 89, 519-540(1958)

[17] Leptin, H. and Ludwig, J.: Unitary representation theory of exponential Lie
groups, de Gruyter Expositions in Mathematics, vol. 18, Walter de Gruyter
& Co., Berlin, 1994

[18] Mackey, G.: Borel structure in groups and their duals, Trans. Amer. Math.
Soc., 85, 134-165(1957)

[19] Pukanszky, L.: Unitary representations of solvable Lie groups, Ann. Scient.
Ec. Norm. Sup., 4, 457-608(1971)

[20] Russo, B.: The norm of the Lp-Fourier transform, II, Canad. J. Math, 28,
1121-1131(1976)

[21] Russo, B.: On the Hausdorff-Young theorem for integral operators, Pacific
J. Math., 68, 241-253(1977)

[22] Russo, B.: The norm of the Lp-Fourier transform on unimodular groups,
Trans. Amer. Math. Soc., 192, 293-305(1974)

[23] Terp, M.: Lp-Fourier transformation on non-unimodular locally compact
groups, preprint

24


