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1 Introduction

Let G be a separable locally compact unimodular group of type I and G its unitary
dual, the set of equivalence classes of irreducible unitary representations, endowed with
the Mackey-Borel structure. Let dg be the Haar measure on G. The operator valued
Fourier transform on G maps each ¢ € L'(G) to the field F(¢) = (7(p)), g of bounded

operators on G, where 7(p) is defined by:
() = [ elomto)ds.

Let p be the Plancherel measure on @, which is uniquely determined by the abstract
Plancherel formula: for p € LY(G) N L*(G),

/G o(g)Pdg = /G tr((n ()" () da ().

The Hausdorff-Young inequality (see [16]), proved for separable locally compact uni-
modular group of type I, is the assertion

([ix@ltdn)" < ([ 1e@ras)’, 1)

where ¢ € L'(G) N LP(G), 1 < p <2, ¢ is the conjugate of p, i.e.,

(@), = tr((x(0)x(0))?).

1 1 _
5+5—1,and
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For a y—measurable field of bounded operators F' on @, let

Q|

17, = ( / | P15, dpu(m) .

Thus we can write (1.1) as
1F(P)lg < llellp-

Hence the map ¢ — Fo from L' (G)NLP(G) to L9(G) extends to a continuous operator
F?P: LP(G) — L9(G) and its operator norm

[IFP(@)]l = sup [|[F(p)lly < 1.

llellp<1

It has been proved in [10], that ||F?(G)| = 1 if and only if G contains a compact open
subgroup. The aim of the present paper is to get an estimate of the norm || F?(G)||

for a certain class of solvable Lie groups. Beckner [3] treated the case of the abelian
1 1

group GG = R” and proved that [|[FP(R")|| = A}, where A, = <’%> 5. Many results have
q4

been obtained for several kinds of groups (see [1],[3],[10],[11],][13],[20]). Recently, the

following result concerning general nilpotent Lie groups has been shown in [2]:

Theorem 1.1. Let G be a connected and simply connected nilpotent Lie group and m

the mazximal dimension of the coadjoint orbits. Then for 1 < p < 2,

2dimG—m

[IFPE <4 * . (1.2)

For the case of non-unimodular locally compact group of type I, there exists a field of
non-zero positive self-adjoint operators (K) . and a measure p on G such that for

~ -1
¢ € L'(G) N L*(G) and for p—almost all 7 € G the operator m(¢)K,*> extends to a
1 1

Hilbert-Schmidt operator on the space H, of m and the operator Kﬁ%w(gp* * gp)K;T is
trace class. Then the Plancherel formula reads (see [8]):

-1 -1
loll2 = /G tr (K7 m(e" * @)K )du(r).

By taking as a definition of the Fourier transform of ¢, the operator field

F(p) = (n(0)Ex" ) o

Terp [23] and Fiihr [12] extend the Hausdorff-Young theorem to this case. Eymard
and Terp [9] and Russo [21] obtained a more precise estimate of the norm || F?(G)|| for
the group of affine transformations of the real line, the so-called ”ax+b”-group. An
extension of these results to a certain class of completely solvable Lie groups was given
by Inoue. It concerns the class of connected and simply connected Lie groups G = exp g,
where g is a normal j—algebra which is characterized by the fact that G is an affine
automorphism group acting simply and transitively on a Siegel domain of type II (see
[13]). In this paper, we shall show that for Boidol’s group, a certain four dimensional
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exponential Lie group which is not *-regular, the known methods do not apply. In this
paper we look therefore at the class of the strong *-regular exponential Lie groups (see
definition 1 below), for which a sample of Boidol’s group does not appear during the
induction procedure. Our main result is the following:

Theorem 1.2. Let G be an arbitrary exponential solvable Lie group satisfying the strong

x-reqularity condition. Let m be the mazximal dimension of coadjoint orbits.

Let 1 < p <2 and q the conjugate of p. Then for all p € L*(G) N LP(G) and p-almost
1

all 7 € G, the operator P (p) = 7T(g0)K7;T is bounded, its extension is of class Cy and
we have the following inequality:

2dim G—m

() du(m)* < A2 ol
([ )

2 Preliminaries

2.1 Some notations and basic facts

We recall first some basic notions and facts. For further details, see [4]. Let G be a
connected, simply connected exponential solvable Lie group with Lie algebra g, i.e., a
connected, simply connected Lie group such that the exponential mapping:

exp : g—G

is a diffeomorphism of g into G. We denote by log its inverse mapping. Let g* be the
vector dual space of g. The Lie algebra g acts on g by the adjoint representation adg,
ie.,

adg(X)Y =ad(X)Y =[X,Y], VX, YV €g.
The group G acts on g by the adjoint representation Adg, i.e.,

Adg(9)Y = Ad(g)Y =e™™Y, g=expX € G, Y € g,
and on g* by the coadjoint representation Adg, i.e.,
<AdL(g)l, X >=<g-,X >=<,Ad(g )X > g€G, leg’' Xeg.

The set G -1 ={g-1, g € G} =: € is called the G-orbit of [, we denote by g*/G
the space of coadjoint orbits. Let g(l) = {X € g, < [,[X,g] >= {0} } be the
stabilizer of [ € g* in g, it’s also the Lie algebra of G, = {g € G, ¢g-1l =1 }.
For p C g, define p* = {f € ¢*, f, = 0}, the annihilator of p in g*. A subspace
b(l) C g is called a polarization for [ € g*, if b(l) is a maximal dimensional isotropic
subalgebra related to the skew-symmetric bilinear form B; defined by:

Bi(X,Y)=<L[X,Y] > X, Y €g.

Moreover, a polarization b(l) for [ satisfies Pukanszky’s condition or is a Pukanszky
polarization, if
I+b(D)*F =Ad"(B())l = B() -1
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where B(l) = expb(l). So we can consider the unitary character y; = x of B(I)
associated to [ defined by:

y(exp X) = e 2<bX> 1 X € p(l).

We say that the coadjoint orbit €2; of | € g* is saturated with respect to a one codimen-
sional ideal go = Lie Gy in g, if g(I) C go. In such case, we have that G -1 =G -1 + gt
and

dlm(GO . lo) = dlm(G : l) - 2, l(] = l|90' (21)

Let dg be a left Haar measure on G and Ag the modular function of GG, which is defined,
for all z € G and f in C.(G), i.e., the set of continuous functions on G with compact
support, by the relation:

[ #lx) dg = 2te) [ 5(0) do
G G
It’s well known that, for z € G:
Ag(z) = |det Ad(z)| ™ = exp(—tr ad(log z)).

Let H be a closed subgroup with corresponding Lie algebra h. We denote by Ay ¢ the
positive character of H defined by:

Apgg(h) =

So, we have:
Apa(X) = exp(tr adgpX), X €b.

It’s clear that, if H is a normal subgroup of G, then Ay s(h) =1, Vh € H.

2.2 Induced representations

Let K (G, H) be the space of continuous and compactly supported modulo H functions
F: G — C such that:

F(gh)= A, ,(h)"'F(g), g€ G,h e H.

G acts on this space by left translation. It is shown in [4] that, up to a multiplicative
scalar, there exists a unique non-negative G-invariant linear form on K(G, H). It’s
usually denoted by v g or more simply v and so we have:

ven(F) = qu ) F0) dren(i), VF < K (@1

It’s clear that if Aq = Ag on H, then vg g is a G-invariant measure on the homogeneous
space G/H and K (G, H) = C.(G/H).



Let m be a unitary representation of H in the Hilbert space H,. We consider the space:

K,.(G,H) = {F : G — H,, continuous and with compact support modulo H
such that : F(gb) = AGH(h)_% p(h)(&(9)).V(g,h) € G x H }

If Fis in K.(G, H), the mapping g — ||F(g)||7,. belongs to K (G, H). This relation
allows us to define an L*norm on K, (G, H) in the following way:

Pl = (f 1P )

We define the induced representation Ind§m of G' as the left regular representation of
G on the completion L*(G/H, ) of K,(G,H) with respect to the norm .||z defined
above, i.e.,

(IndG7)(2)(£)(y) = &(x'y), Va,y € G, £ € L*(G/H, 7).

2.3 Orbit theory

The unitary dual G of G can be parametrized via the Kirillov-Bernat-Vergne orbit
method. Let [ be in g*. We take a polarization b for [ satisfying Pukanszky’s condition.
For such a polarization, we define 7 by:

T = Tp = Indgxl, (B=expb).

Then m is an irreducible representation of G' and its equivalence class [m 5] depends
only on the coadjoint orbit of [. Every irreducible representation 7 is equivalent to an
induced representation 7 from a character y; of a Pukanszky polarization. Moreover,
the following mapping, called the Kirillov-Bernat-Pukanszky-Vergne mapping

K: ¢g/G —
Gl — [71';75]

I

LTG

is a homeomorphism. For details see [17].

2.4 Localized Plancherel formula

2.4.1 The Plancherel formula for exponential Lie groups was obtained by Duflo and
Rais in [8]. Let Z = expj be the center of G. Let A = expa be a closed connected
subgroup of Z and x, be the unitary character of A associated to a fixed ¢ € a*. Let

g, =1l€g" : la=1} and (2.2)

CA}’Xw —{red : T4 = Xy-1d}.



It follows from [17] that the orbit space g},/G is homeomorphic to CA}X ., via the Kirillov-
mapping. For 1 < p < +o0, the space LP(G /A, xy) is defined as the set of all measurable

functions ¢ : G — C such that ¢(ga) = xy(a)p(g) for all g € G and all a € A and

p _ p
IeWcian = |, L elo)rds < oo

For p = 1 we obtain a *-Banach algebra. The convolution here is defined for ¢ and ¢’
in L'(G/A, xy) by:

px(g) = / p(u)¢'(u™'g)du, g € G/A
G/A
and the involution * by:

fA(x) =Ag(x ) f(zY), z€G, feL'(G/A xy).

Of course, the space éxw is also the dual space of the algebra L'(G/A, xy)-

We denote by €, € gj;/G a coadjoint orbit and by mg, € G,, the corresponding
representation of G.
By [19], there exists a non zero rational function £ on g* such that:

E(x 1) = Ag(a1)E(l), for all z € G and | € g*. (2.3)

Fix one such function . There is a unique measure pgy on g;,/G such that, for all
Borel function ¢ on g*, we have by [8]:

/ CoW)lEW)dl = / ot d(1)dBa, (1)dpte,p (), (2.4)

where df3q L 18 the canonical measure on €2,,. Then dp 4 is called the localized Plancherel

measure on gy, /G ~ G .

We recall the fact that, if 7 is an irreducible representation of GG in a Hilbert space H,,
then by [7], there exists a unique self-adjoint and positive operator K, in H, which is
semi-invariant with weight Ag', which means that

(9)Kxm(9) " = A5 (9)Kx, g € G

In the case where m = m, and Agp = 1, we have that K, is nothing else but the
operator of multiplication by the function £, where £ is defined by: &(x) = €&(x-1), = €
G (see [8]). Then, for every ¢ € C(G), for almost all €, € g/G, the operator

-1 -1
K7* ma,(¢)Kz* is trace class and

-1 —1
2 2

(K o, (9K = [ (T (60 0xp)) (DI, 1),
2y
where I' is a positive Ad(G)—invariant function on g, which does not depend on ¢&.
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By [7] and [8] the localized Plancherel formula reads:

—1
2

ol = | e 0, (67 )1 a0, (2.5
9y

On the other hand, we obtain a decomposition of the Plancherel measure: for a mea-
surable function F' on G, we have:

/g*/G Fma)du($) = /a /g*/G F(ma, )dpug (S ) dy.

Let ag be the kernel of ¢ and Ay = expag. Let P : G — G /Ay, be the canonical
projection and X, the character of A/A, associated to ¥ € (a/ap)*, defined by the
formula: x; 0 Pa = xy. So we have for 1 < p < +oo, that:

LP(G/A ) = LP((G/Ay)/(A]Ao), ¥) (2.6)

~

and A" = A/A, is a central subgroup of G’ = expg’ = G/Ay. We remark that L(G,,)

is isometrically isomorphic to Lq(é\’x QZ) by means of the localized Plancherel formula
(2.5), where ¢ is the conjugate of p.

2.4.2 Suppose now that G is not unimodular. Let Gg = exp gy be the kernel of the
modular function Ag. Then gq is a codimension one ideal in g and there exists a dense
open subset gz, of g* such that the coadjoint orbit of an element in g3, is of maximal
dimension and saturated with respect to go. We call the elements of gz, generic, or in
general position. Let X € g such that g = go @ RX. Let uo be the Plancherel measure
of Gy. The group G/Gy ~ expRX acts by conjugation on Gy. We need to compute
the Plancherel measure p of Gy from p and the action of G/Gg on Go.

Let p* : g* — g{; be the canonical projection and write [, for the restriction to go of
an element [ € g*. If [ is generic, then g(I) is an ideal of codimension one in gy(ly) and
for its orbit €2; we have that:

pr(Y) = U Ad*(exp tX)Q),

teR

where Q?O is the Gy—orbit of ;.
For t € R and (mg, Hx,) € @0, we define the representation exp(tX) - mp on Hn, by:

exp(tX) - mo(go) = mo(exp(—tX)go exp(tX)) =: m5(g0), 9o € Go-
For generic [ € g*, the stabilizer g(() is nilpotent. Hence for these forms [, we have that:
Ac(s) = Aqpy(s) = 1, for all s € G(I) (2.7)

(see [4], chap. II). This shows that G(I) C Gy and so the co-adjoint orbits of all the {’s
are saturated with respect to gg. In particular every Pukanszky polarisation p for [ is
also a Pukanszky polarization for [ € g,



Let again | € g}, and let a € gg. There exists t € Go(lo) C Gy such that [+a = Ad™(t)l
and so by (2.7)

E(l+a) = E(Ad" (1)) = Ag(t™)8(1) = £(1). (2.8)
We can thus define a function € on the generic elements in g; by letting:
(o) =¢€(l), L e g". (2.9)
This function ¢ is rational (since such is &) and by (2.3)
E(x - lo) = Ag(a™hE(l), (2.10)

for all z € G and [y € gf. In particular, the function & is Gy-invariant. Define a positive
Borel function &, on G by:

and the Borel subset U of CAJO by:
U:={m € Gy, &lm)=1}.
Then we have for my € U that:
Eolexp(tX) - mo) = E(exp(EX) - Io) = AG (exp(X)).

By Duflo and Moore (see [7], Theorem 6), the G-invariant Borel subset U of Gy has the
property that V = IndU = {7 = Indgoﬂo, 7o € U} is a measurable subset of G with
,u(CAJ — V) =0 and for every measurable function ¢ on U we have that:

otmdatm) = [ [ olexpltX) - malexp(tX) - mdtdutr)  (211)

Go

where for my € U, 0, = exp(RX) - 7.

2.4.3 We suppose now that G is unimodular and gy an ideal of codimension one of g
which contains the center 3 of g. We can now assume that the function £ in (2.3) is
equal to 1 and we can omit it in the formulas. Let X € g\ go. The closed subgroup
Gy = exp go is unimodular and normal in G. By Mackey’s theory (see [15]), there exists
a Borel subset U C Gy such that W = IndU = {Indgoﬁg : mo € U} is a Borel subset of
G and u(CA} — W) = 0. Moreover, we can suppose that U meets each orbit exp(RX) - m,
7o € U, only in the point 7 (see [18], Theorem 3.2).

We obtain in this way a decomposition of the localized Plancherel measure ,u?( of (é\o)xi

for a subspace a of 3, for every x € A and every Borel function ¢ on ((/}\O)X:

/(  (mo)d (o) = /G X | oexp(ex) - ma)atd ). (2.12)

Go)x



2.5 Hausdorff-Young type’s inequality for integral operators

This inequality is due to Fournier and Russo [11]. Let H be a complex Hilbert space,
let B(H) be the space of bounded operators on ‘H, and X be a o-finite measure space.
Let L*(X,H) be the Hilbert space of square integrable H-valued functions on X and
K an integral operator on L?(X', H) with an operator-valued kernel k defined as:

Kn(z) = /X Bz, y)n(y)dy,

for all n € L?(X,’H), and almost all z € X. Let k*(z,y) = k(y,x), =,y € X.
For p,q in [1,+oc[, let us define:

b = ([ ([ Iz, o))

If 1 < p <2, qis the conjugate of p and if ||k, , and ||£*||,, are finite, then the integral
operator K belongs to C,(L*(X,H)) and

1K e, < [1El5qllk 5 (2.13)

3 Estimate of the LP-Fourier transform norm

3.1 Induction by an ideal of codimension one

The proof of the following lemma can be adapted from the proof of Theorem 3 in [2]
(page 517).

Lemma 3.1. Let G be an exponential solvable unimodular Lie group. Let A = expa be
a subgroup of the center Z of G and let x = xy, ¥ € a*, be a unitary character of A.
Let go = Lie(Go) be an ideal of codimension one of g such that:

i) almost all G-orbits are saturated with respect to gg

ii) for 1 < p <2,

1 2dim(G0/A)7'm2)
(- Imelddm)’ <4 el
0)x
where g € C.(Go/A) and m?b = sup { dim(Go - lo) 5 lo € g5y } Then for1 <p<2,
2dim(G/A)—m

</@ \IW(@O)I\chd#x(”))q <4 7 el

where ¢ € C.(G/A) and m,, = sup { dim(G-1); l € gi;}
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3.2 The unimodular case

We suppose now that G is unimodular. In this case we can take ¢ = 1. Thus K, = Id
and the localized Plancherel formula reduces to

o1 = [ e, (6" 9)dms(©2).
By

Definition 1. Let G be an exponential solvable Lie group and n the nil-radical of g
(which contains [g, g]). For [ € g*, let

gln) ={X € g : U([X,n]) = {0}},
m(l) = g(l) +n Co(l) = g(ln) +n

and

m(D)* =) C*m(D), o(1)* = (") "),

k>0 k>0

where C*(0(1)) = [0(1),C*1(d(1))] is the k-th term in the descending central series of
0(l) and similarly for m({).

x-Regularity (see [5]): we say that an element [ € g* is x-regular if
< l,m(l)>* >= {0}.

Strong x-Regularity : we say that an element in g* is strong *-regular if
< L,o())* >= {0}.

An exponential Lie group G = exp g is called strong x-regular, if there exists a Zariski
open subset in g* such that every element in this subset is strong x-regular.

Remarks.

(a) Every nilpotent Lie group is strong -regular. All connected simply connected
exponential Lie groups G with dim G < 4 are strong *-regular, except the group
(G49(0), known as Boidol’s group (see [5]). This particular example will be studied
later in Section 4.2.

(b) We can find groups G' = exp g such that every generic element in g* is *-regular,
but which are not strong x-regular. An example is given by the group G whose
corresponding Lie algebra g is given by the basis {Z1, Zs, Z3, Z4, Z5, Zs, Z7} and
the following brackets:

(21, Z3) = —Z3, [Z1,Z4) = Za, |23, Z4) = Zn,

(Zy, Zs| = —Zs, [Za, Zs| = Zs, |Zs, Zs) = Z1, |21, Za] = Z7.

We have: n = span < Z3, Zy, Zs, Zg, Z7 > . Take [ € g* in general position,
then in particular {(Z;) # 0, [(Z2) # 0 and I(Z7) # 0. It follows that:

g9(l) =< Z7 >, s0 (g(I) +n)> = {0}, which means that [ is *-regular.
But 9(l) = g so 9(1)* = n, which means that G is not strong *-regular.

11



(c) The set 9(1)* is the smallest ideal in 9(/) such that d(1)/0({)* is nilpotent.

(d) Let n be the nil-radical of a Lie algebra g. Let b be an ideal of g. The nil-radical
m of b is characteristic, hence m is also a (nilpotent) ideal of g and so m C n.
On the other hand n N b is a nilpotent ideal of b, and so is contained in m. This
shows that m = b Nn.

As our main theorem is localized, we need a localized version of the strong x-regularity.

Definition 2. Let A = expa be a closed connected subgroup of the center Z of G and
Y € a*. We define:

Strong i-x-Regularity : we say that G is strong ¥-*-regular if there exists a Zariski
open subset in gy such that:

< 1,0(1)* >= {0}, for every [ in this subset.

We are going to prove the following:

Proposition 3.1. Let G be a strong Y-+-reqular exponential solvable unimodular Lie
group. Then, for 1 <p <2,

2dim G—m

1
([ ol dns(@)" < 47 el
8y

where ¢ € C.(G/A) and m,, = Sup{ dim(G-1); l € g;}

Proof. We proceed by induction on dim G +dim(G/A) =: §(G, A). If 6(G, A) = 1, then
G = A = R and we have the result by W. Beckner [3], as we are in the abelian situation.
If 0(G,A) > 1, let 3 = 3(g) be the center of g, ay the kernel of ) and Ay = expay. By
[17] page 34, we have to treat the following cases:

Case 1. dim3 = 0.

Subcase 1.1. : there exists a non-zero Y € g and a non-zero real linear form «
on g such that:
[X,Y] =a(X)Y, VX € g.

Subcase 1.2. : there exists a non-zero Y1, Ys € g, # € R\ {0} and a non-zero
real linear form o on g such that:

(X, V1] = a(X)(V1 — 0Y3),
X, Y] = a(X)(6Y; + Y2), VX € g.
Case 2. dimj > 0.

Subcase 2.1. : dimag > 1.

12



Subcase 2.2. : dimay =0 and dim3 > 2.
Without loss of generality, we can assume that i; # 0.

Subcase 2.3. : dimag > 0 and dim3 =1, ie., 3 = RZ.
We can suppose that: ¢(Z) = 1.

Subcase 2.3.1. : there exists a non-zero Y € g and two real linear forms,
a, 3, on g such that:

[X,Y] = a(X)Y + B(X)Z, VX € g.

Subcase 2.3.2. : there exists non-zero Y;, Y2 € g, 6 € R\ {0} and three
non-zero real linearly independent linear forms, «, 3, 3, on g such that:

(X, Y] = a(X)(Yi — 0%3) + B (X)Z,

X, V3] = a(X)(0V: + Y3) + Bo(X)Z, VX € g.

We can now begin the proof.
Case 1. dim3 = 0.
Subcase 1.1. There exists a non zero vector Y € g such that for all X € g,
(X, Y] = a(X)Y,
where « is a non-zero real linear form on g. Let
go=kera= {X eg : [X,Y] =0}

Then gq is an ideal of codimension one in g, which is strong i-x-regular. In fact, n is
contained in gy, since for every element U of g, the number «(U) is in the spectrum of
ad(U). Let ly € (g§)y and [ be an extension of [y to g*. So we have:

<o, (go(ljn) + 1)* >=<1,(go(l]n) + 1)* > C < Lo()™ > .

It follows that < lo, (go(ljn) + n)> >= {0} for almost all [y € gj as < [,0(1)> > does.
On the other hand, if {(Y") # 0 then Ad*(expRY)(I) = [ +gg. This implies that almost

every G-orbit is saturated with respect to go. Whence, we have the result in this case,
by Lemma 3.1.

Subcase 1.2. There exists non-zero Y7,Y, € g, # € R\ {0} and a non-zero real
linear form « on g such that for all X € g,

(X, V1] = a(X)(Y1 — 0Y3),

(X, Ya] = a(X)(0Y1 + Ya).
So, [X,Y) 4+ iYs] = a(X)(1 +i0) (Y] + iYs) = o/(X) (Y] + iY3) with o/ = (1 + if) a

non-zero complex valued linear form.
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Let go = kera = kero/ and Gy = expgg. Then gy is an ideal of codimension one of
g and so G is a unimodular normal subgroup of G. Moreover g, satisfies the strong
Y-*-regularity since, as in the case 1.1, n C gg. To settle this case, we have to prove the
saturation of generic orbits with respect to go. Let m = RY; @ RY5. If [, # 0, then

Ad*(exp(m))l =1 + g7
In fact, let X € g such that: g = go & RX and uY; + vYs € m. Thus we have:
[X,uY1 +0Ys] = u[X, V1] + v[X, Ya] = a(X)((u+ v0)Y: + (v — ub)Y>).
We can choose u,v € R such that [X,uY; 4+ vY3] # 0. Hence

Ad*(exp(uYy +vY2)) (1)(X) = I(e* T 12)X)
= (X + [-uY] — vYsy, X))
=1(X) 4+ a(X)l((u+v0)Yy + (v — ub)Y3).

As Iy # 0, it follows that Ad*(exp(RY; + RY3))l = [ + gy Finally, we have the result
using Lemma 3.1.

Case 2. suppose that dimz > 1.
Let as before ag be the kernel of v and Ay = exp ag. The following two subcases can
be treated as in [2]:

Subcase 2.1. dimag > 1
and

Subcase 2.2. We suppose that dimayg = 0 and dim 3 > 2.
The next subcase is

Subcase 2.3. We suppose that dimay = 0 and dimz = 1. Let 3 = RZ. We can
assume that ¢(Z) = 1.

Subcase 2.3.1. there exists a non zero Y € g and two real linear forms,
a, 3, on g such that for all X € g,

(X, Y] =a(X)Y + 5(X)Z.
We have the following subcases:

A. o and ( are linearly independent.

Let
go =kera= {Xeg : [X,Y]= B(X)Z}.

The subspace g, is an ideal of codimension one of g and the associated subgroup
G, = expg, is a unimodular normal subgroup of GG. It also satisfies the strong /-
x-regularity. Indeed, it is clear that n C g.. So, as ga(lln) C g(/|n), we have that
(galjn) + 1) C (). Hence

< l‘ga, (ga(l|n) + 11)00 >= {O}
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On the other hand, the generic G—orbits are saturated with respect to g, i.e., g({) C ga-
In fact, let T € g(l). Put

gg=kerf={Xeg : [X,Y]= a(X)Y}
As « and (3 are linearly independent, we have the following decomposition of g:
g=(go.Ngp) PRX; ®RX, with X; € g, \gsand X5 € gg\ ga-

As [X1,Y] = B(X1)Z and [X,,Y] = a(X5)Y, we can suppose a(X3) = 3(X;) = 1. If
T € g, there exists v, 6 € R and Uy € g, N gg such that T' = vX; + 06Xy + Uy. We
have [T,Y] = vZ + 0Y and we have to show that 6 = 0. Otherwise, we can show that
Z € o(l)>. We have first that Z € [g,g] C n+ g(lj,) = C°(0(1)). As T € g(I) C g(}n),
we have that [T,Y] € C'(0(l)). This implies that [Xy,[T,Y]] = 6Z € C*(0o(l)) and
then Z € C'(0(1)). Since [T,Y] = vZ 4+ §Y € C'(0(])) and Z € C*(0(l)), we obtain
Y € C'((1)). Let k be a positive integer. As ad®(T)(Y) € C*(d(1)), we have that

(X1, ad®(T)(Y)] = 6" Z € C*(d(1)).

Hence Z € C*(0(1)) for all k > 0, and so Z € 0(I)>*. The strong *regularity implies
that {(Z) = 0, which contradicts the fact that [ is generic. Hence § = 0, T is in gg and
G - | is saturated with respect to g,. Lemma 3.1 allows us to settle this case.

B. We suppose that o = 0 and g # 0.
For all X € g, we can write that

X,Y] = B(X)Z.

The subspace gg={X €g : [X,Y] =0} = C(Y) is an ideal of codimension one in g,
where C'(Y') denotes the centralizer of Y in g and G = exp g is a unimodular normal
subgroup of G. Let ng be the nil-radical of gz and, by Remark(d) in 3.2, we have that
ng=n N 93

B1. Suppose that n C gg, which means that ng =nnNgg =n . Take [ e g5 and [ any
extension of [ to g*, then

gﬁ(ih‘lﬁ) + ng C g(h“) +n,
SO B
(85(lns) +15) ™ CO(D)™.

This proves that gz has the strong 1-*-regularity and it is not hard to see that the
generic orbits are saturated with respect to gg, since Ad*(expRY')() = [+ g5. We can
apply again the Lemma 3.1.

B2. Suppose that n ¢ gg. We have that ng = nnNgg. Let [ e g5 and [ any extension

of I to g*. So we have )
95(ln;) C 9(ljn) + RY.
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In fact, since 3 # 0, there is an element X of n such that [V, X] = Z. Let U be an
element of gs(ljn,). If [([U, X]) = 0, then U € g(l},). Otherwise, let I([U, X]) = d # 0.
For A € R,

WU+ Y, X)) = U([U, X]) + A([Y, X]) = 6 + Nl(2).

So we can choose A such that [([U + \Y, X]) = 0. Since Y is an element of g, it follows
that U + Y € g(lj.) + RY’, hence

U € g(lla) +RY.

This implies that, for U, U’ € gg(i‘nﬁ) and N, N' € ng, we can choose A and X" in R such
that:

[U+N,U+N]=[U+AY +N,U+NY +N'] € [g(ljx) + 1, (ljn) + 1] = C(g(l}n) +1).
It follows immediately that:
(gﬁ(l‘nﬁ) + ‘(‘lﬁ)oo C D(l)oo.

So the strong 1-*-regularity of gg is satisfied. As the saturation of the generic orbits is
clear, Lemma 3.1 gives us the result.

C. «a, (§ are linearly dependent and « # 0.

There exists § € R such that § = da. Then, for all X € g, [X,Y] = a(X)(Y +2),
whence [X,Y +07Z] = a(X)(Y + 7). Let

go={Acg : [AY+0Z] = 0} =kera.
And we are in the same situation as in subcase (1.1).

Subcase 2.3.2. There exists non zero Yj, Y, € g, 6 € R\ {0} and three
non-zero real linearly independent linear forms «, 31, 82, on g such that: for all X € g,

(X, V1] = a(X) (Y1 — 0Y2) + 51(X) Z,
XY = a(X)(6%; 1 Vi) + Bo(X)Z.
Let B = 1 +i0 and o = (1 + if)a. Then we have:
(X, Y1 +1iYs] = o/ (X)(Y1 +4Y2) + B(X)Z.

On the other hand, we can easily construct X, X5,.S € gsuch that: «(S) =1, 5(S) = 0,
ie.

(S, V1] =Y, — 0Ys,
[S, Y] = 0Y1 + Ya.
Hence, [S, Y] + Y] = Y] + Y5 and

a(X1) = a(Xy) =0, B(X1) = B(Xe) =1,
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X, V] =62, 1<j k<2

Let
go= Kera={Xeg : [X,Y]+iY3) =3(X)Z}

and G, = expg,. The subspace g, is an ideal of codimension one in g and G, is a
unimodular normal subgroup of G. As n C g,, the strong i-*-regularity is satisfied.
Moreover, the generic orbits are saturated with respect to g,. Indeed, let T € g(1), we
must show that 7' € g,. Since [(Z) # 0, we can assume that {(Y;) = [(Y2) = 0. Let

gs= Ker ={X eg : [X,V] +iY5] =/ (X)(Y1 +iY2)}.

It follows that
g=(g.Ngp) ©RX; BRX, ®RS.

Then there exists 71, 72,73 € R and Uy € g, Nggp such that T' = v Xy + 72 Xo +735 + Up.
As T € g(l), we have:

[T, Y1]) = U(nXy 4+ 72Xo + 73S + Up, Y1]) = 1l(Z) 4+ v3l(Y1 — 0Y3) =0
and
I([T,Y2]) = l([n X1 + 72X + 938 + Uy, Ya]) = 72l(Z) + 13l (0Y1 + Ya) = 0.

Recall that I(Y1) = 1(Ya) =0 and I[(Z) # 0, so 71 = 2 = 0. Hence, T = Uy + 735. We
claim now that 3 = 0. Otherwise, we show that Z € 9(1)> which is a contradiction. We
have first that 3,5 € [g, g] C C°(0(1)), since [S, Y]] = Y] — 0Y; and [S, V3] = Y] + V5.
Now, suppose that Y}, Y, € C¥(d(1)). Thus,

[7.Y1] = [Uo + 758, Y] = 75(Y1 — Y2) € C*F1(d(0))

and
[T.Ys) = [Uy + 135, Yo] = 73(6Y1 + Y2) € C*1((1)),

This implies that Y7, Y, € C¥*1(0(1)). We obtain inductively that:
Y1, Y, € CF(0(1)), for all k> 0.
Hence, one deduces that:
[(X1,Y1] = Z € C*(d(l)), forall k>0
and that Z € 9(1)*. Finally, by Lemma 3.1, we have the result.

Taking A = {e} in proposition 3.1, we obtain the following corollary:

Corollary 3.1. Let G be a strong x-reqular exponential solvable unimodular Lie group.
Then, for 1 <p < 2,

2dimG—m

(LIx@ltdnm)* < 42" el

where ¢ € C.(G) and m is the mazimal dimension of coadjoint orbits.
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3.3 The main theorem

Theorem 3.1. Let G be an exponential solvable Lie group satisfying the strong -

reqularity condition. Let m be the mazimal dimension of coadjoint orbits. Let1 < p < 2

and q the conjugate of p. Then, for all ¢ € L*(G) N LP(G) and p-almost all m € G,
-1

the operator w(¢) := ()K" is bounded, its extension is of class C, and satisfies the
following inequality:

2dim G—m

() du(m)* < A2 ol
([ )

Proof. Let G be a strong x-regular exponential solvable non-unimodular Lie group,

with Lie algebra g. Let GGy be the kernel of the modular function. Then G is a closed

unimodular subgroup of G. As generically, g(!) is nilpotent, we can assume that for all

m eV, we can write m = indgowo for some my € U (see section 2.4 for notations).

We are going to prove an elementary lemma which will be of interest in the sequel of

the proof.

Lemma 3.2. Let 7 € V and 7 = Indg, . Then for ¢ € LY(G) N LP(G), the integral
—1

operator () Kx" is realized on L*(R,Hr,) with operator valued kernel kg defined

by:

-1

() Kt 1(s) = / Fao (5. D (),

1
where k() (s,t) = mj(p* ") Al(exptX) and ¢*~*(go) = p(exp(s — )X go).

Proof. We use the notations of section 2.4.2. Let g = exp(tX)go, n € L*(R,H,,),t € R
and gg € Gy. We have that:

—1 -1

m(exp(tX)go) K« n(s) = Kx* n(gy ' exp(s — 1) X)
— Alexp(s — )X)n(g5 " exp(s — £)X)
— Ab(exp(s — )X )(exp(s — )X exp(t — 5)X g5 exp(s — ) X)
— A(exp(s — ) X)mo(exp((t — $)X)go exp((s — )X))(s — 1)
— Adfexpls — ) X)73 " (go)n(s — 1).
On the other hand, we get:

r() Kot (s) = /G o(g)m(9)Kx" 7(s)dg

—/R/G @(exp(tX)go)W(eXp(tX)go)Kﬂ%ms)dgodt

(using the computation above)
— [ [ etexp(tX)ga)ms (aohn(s — 1aL(exp(s )X dgut
R JGo
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:/R/G gp(exp(s—t)Xgo)Wé(go)n(t)Aé(exptX)dgodt

_ /R ()AL (exp EX ) (t)dt.
]

-1
We shall use the inequality (2.13) to get an estimate of the norm ||7(p) K" ||¢,. We
start by computing the norm ||k ||p.q:

Voo = </ </ ”"/’w(w(s,t)ll’équ)Zdt);
= (L ([ Imiter1abtexpex) i) )
- (/R </R HTFS(S&S)HZEJqd‘S)pAG(eXth)dt>‘17.

It follows that:

J Mol dutm) = [ [ ([ 1m0, d5)* Ac(exp X dtdutr)

(we use the generalized Minkowski inequality for the measures Ag(exp tX)dtdu and ds)

< ([ ([ [ 1 sctemmixiarautn) “as)’
< ([ ([, [t sewes mo)dtd(m)) ' ds)’

([ (] 1ot duotm) “ds)’

(by the measure disintegration formula (2.11))

p2d1n)G0 (m—2) %
s||p
<([a lo*llds)

(by using Proposition 3.1 for Gy).
Hence,

q q2dim2G—m q
; o) lI3.q dpa(m) < Ap el

Since the norm ||kz(y) Hpq is finite for p-almost all , it follows from [11], that for u-
almost all 7 € @, (o) Kx ) is bounded and has a Cj-class extensmn on H,.

Finally, by Remark 2.3.2 in [13], we have that (W((p)KF)* = 7(¢* )K ", where
0P (g) = AZ (9)p(g1). Hence, using (2.13) we obtain:

JmNE, ) < [ Moo i)
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1 1
< ([ Mol dum)* ([ Wi ()
G G

2dim

—-_m q g
<A 7 el le* @l

2dimG—m

=4 7 el

;1
Remark. The previous theorem asserts that the mapping ¢ — m(¢)K;? extends to a
~ G—m

2dim
continuous operator F? : LP(G) — L9(G) and its norm satisfies ||FP(G)|| < A, 2
[

4 Examples

4.1 A strong x-regular example

Let consider the following Lie algebra g = span < A, X, Y, Z, B,V > with non-vanishing
brackets:
[A,B| =V, [A,X]=-X, [AY]=Y, [X,)Y]=7

and with dual basis {A*, X*, Y* Z* B* V*}.
We identify the exponential group associated to g with R® equipped with the multipli-
cation:

(a,z,y, 2,b,0)-(t', 2",y , 2/, 0, 0) = (a+d, 2’ +xe® i +ye™ @, 242 —a'ye™ | b+, v+0'—ba')

(a,2,y,2,b,v)"" = (—a, —ve™ —ye, —z — xy, —b, —v — ba).

The Haar measure on G is given by dadxrdydzdbdv and G is unimodular. The group G
is strong x-regular. Let [ € g* in general position, i.e., [(V) # 0 and [(Z) # 0. Then
the coadjoint orbit of [ contains an element I’ of the form I’ = AZ* 4+ pV* with (\, p) €
R* x R*. The nil-radical n of g is generated by {X,Y,Z B,V} and we have that
g(l) =span < V,Z >, g(ljn) =span < B,V,Z >, g(lja) + n =n and then o({)>* = {0}.
It follows that < [,9(1)> >= {0}.

The subalgebra b(l) = span < Y, Z, B,V > is a Pukanszky polarization of [ = \Z* +
pV*, (A p) € R*xR* and B(I) = exp b(l). Then B(l) is unimodular and so Apy) ¢ = 1.
Let x; be the unitary character of B(l) defined by: for all A € b(l),

xi(exp A) = e 2l

The induced representation m = ), = Indg(l) x; of G is irreducible. The Plancherel

measure on G is identified to the measure |\||u|dAdp on R* x R*.
So, for p € LY(G) N L*(G), the Plancherel formula reads:

/Iwmwm&wwwwzwmmq
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We have, for § € Hr, , and ¢ € C.(G), that:

WA,#(@)&(Q) = / C)O(av ZL’, y7 Za b7 U)ﬂ-)\,#(au I, y? Z7 b7 U)é(g)dtdxdydz
R6

If we identify G/B(l) with R?, then the kernel k, of the operator m, ,(p) is given by
the expression:

ko((a, ), (d,2))) = e ¥ (a—d, (x—2')e™ -, - -, ) (=2 N\ dp, 1), (a,2),(d,2') € R,

where @ is the partial Fourier transform in the last four variables. By Proposition 3.1,
we have that:

U A lkdady < A3 ol

4.2 Boidol’s group

In this example we have a group which is not strong *-regular. We shall see that the
methods used in this paper cannot give an estimate of the LP-Fourier transform norm.
Let g =span < T, X, Y, Z > with the brackets:

(X,Y]=2 [T,Y]=Y, [T,X] = —X.

Let {T*, X*,Y*, Z*} be the dual basis of g. We identify the group G' = exp g with R*
and we have the multiplication:

(t,z,y,2)- (', 2y, 2") = (t+t, 2 +ze’ oy +ye 242 —ya'e™)

and the inverse:
t

) _yet7 —TY — Z)

The Haar measure in G is given by dtdrdydz and the modular function Ag is equal
to one. The G-orbits in general position are parametrized by the AZ* + uT*, (A, 1) €
R* xR. The Plancherel measure on G is identified with the measure |A|[dAdp on R* x R.
So, for p € LY (G) N L*(G), the Plancherel formula reads:

(t7 z,y, Z>_1 = (_t7 —xe

/R / Iz sur= ()12 Mgt = [[0]2a(s.

The group G fails to be strong x-regular. In fact, if we take [ = \Z* + uT* (XA # 0),
then
g(ljn) =span < Z,T >, g(ljn) +n=g and (g(lja) +n)> =n.

This implies that < I, (g(/j.) + n)>® >7# {0}. The subalgebra b(l) = span < T,Y, Z >
is a Pukanszky polarization for [ = AZ* + uT*, (A, u) € R* x R and B(l) = exp b(l) is
non-unimodular:

Apwy(t,y,2) = Apuya(t,y, 2) = e ! forallt,y, zeR.
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Let x; be the character of B(l) defined by:
xi(exp A) = e 2 4 € p(l).

The induced representation m = m , = Indg(l) X1, of G is irreducible and acts on L?(R)
by: for all £ € L*(R) and a € R,

Tty 2,y, 2)€(a) = 2mAevtzmae) oz e (qe! — ),
For ¢ € C.(G), the kernel k, of the operator 7y ,(¢) is given by:
ky(z,a) = / o(t,ae’ — x,y, z)e%e2”(>‘(z’“y)+“t)dtdydz, x,a € R.
R3

As (k,)* = kg, we have:

I Naxd < [ 1k 11

< ([ kel ada) ([ e

Since the dimension of the generic orbits is equal to two, then we like to get that:

3
Y

U AN < Al

[ el Nadn = [ ([ frola,n)pda) dolniands
R2 R2 JR R

:/ </|/ o(t, aet—a:,y,z)e%ezm(A(z_xyH“t)dtdydz|pda>;d:B|)\|d)\d,u
RS \JR JRS

=/ (/|/@(t,aet—x,-,')()\,—)\x)eée%”tdﬂpda)pdm\A]dAdp
R3

(we consider the function (. (t) = e23(t, ae’ — x, -, -)(\, =)

/ /R !@,x(u)!pda)gdx\A\dAdu
/ (/(/R|@,x(ﬂ)’qdu>zda)gdx|/\|d)\

(by the generalized Minkowski’s inequality)

But

< Ag/ ( |Ca,x(t)|pdtda>5d$|)\|d)\
R2 \ JR?
(by Beckner’s result for R)
= Al %) L _ p 2 »
_AP/RQ< 2 |t ae” =, -, ) (A, —Az)| e2dtda> dz|\|d\
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P

— A1 / ([ 18t 0., ) A =Ax) et dtda)” dal Alax
R2 R2

< AZ(/ ( ’(ﬁ(t’ a, -, )(>\7 _)‘x)|qd$|>\‘d)\) Ee(gil)tdtda) v
R2 R2

using the generalized Minkowski’s inequality.
This shows that

g

kg < A% ( [ fotta.p.2)pett - dtdadyaz)”

by Beckner’s result for R2. But the right hand of this inequality is clearly different from
Al
P P

Remark. If we view the Boidol group as a semi-direct product of the Heisenberg group
H = exp(span < X,Y,Z >) and the abelian group exp(RT'), then by Theorem 2 in

[14], we have for the particular case when p = k an integer > 2,

2k — 1’
[F(@G)| < [|[FPH)||FPR)] = A,
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