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weighted group algebras
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Abstract: Let G be a compactly generated, locally compact group with polynomial
growth and let w be a weight on G. We look for general conditions on the weight which
allow us to develop a functional calculus on a total part of L'(G,w). This functional
calculus is then used to study harmonic analysis properties of L!(G,w), such as the Wiener

property.
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0. Introduction

Weighted group algebras occur in a lot of situations. In the abelian case, their harmonic
analysis properties have been studied among others by Beurling ([Beu.], [Beu.1]), Domar
([Do.]), and Vretblad ([Vr.]). Domar proves the following results: Let G be a locally
compact abelian group and w a weight on GG. For every neighbourhood N of the identity 1
in G (the dual group of G), there exists fy € L*(G,w) such that suppfy C N, fa(1) # 0,
if and only if the weight w satisfies

R Inw(z™)
el L wea

2
n
n=1

In case this is true, the algebra L!'(G,w) has the Wiener property, i.e. for every proper
closed ideal I of L'(G,w), there exists x € G such that I C {f € L1(G,w) | f(x) = 0}.

*Supported by a Nato scholarship, Polish Grant from KBN, Foundation for Polish
Science (Subsidy 3/99); **Supported by the research grant CUL/01/014; ? supported by
European Commission via Harmonic Analysis and Related Problems network.
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For the group G = R, Vretblad even proves a partial converse of the Wiener property. He
shows the following: Let w be a symmetric weight on R such that

/ lnw(w)dx e

R 1+f132

Assume moreover that w(z) = exp(F|z|q(x)) with ¢ decreasing on R, and w increasing
on Ry. Then L}(R,w) does not have the Wiener property. Let’s write nx instead of z™,
as the group R is additive. Notice that under the assumptions on ¢ and w,

+oo
| |
an(fx <t+ooVreR <« /nw dr < +o0.

Hence Vretblad shows that if L!(R,w) has the Wiener property, then Z+OO lno.;# < 400,
for every x € R. The aim of the present paper consists in proving similar results for non
abelian groups. Let G be a locally compact group and G its dual, i.e. the space of
equivalence classes of unitary topologically irreducible representations of GG. The question
about Domar’s property is then the following: Let N be an arbitrary open set in G. Does
there exist fy in the weighted group algebra L!(G,w) such that 7(fy) = 0 for every
7w e G\ N and p(fn) # 0 for some given p € N? The question about Wiener’s property
reads: If I is a proper closed two-sided ideal in L'(G,w), does there exist 7 € G such that
I C kerr = {f € L'(G,w) | n(f) = 0}7? The answer to both questions depends of course
on the group G and on the growth of the weight w.

Before stating our results, let us recall some precise definitions. A weight w on a locally
compact group G is a Borel function that satisfies

w:G—[1,+00]

such that
w(zy) < w(@)w(y) Vo,y€qG.

All weights will be assumed to be symmetric in this paper, i. e.
wix™ =wx) Vred.

Moreover we shall always require the function w to be bounded on compact sets.
Recall also that the algebra L!(G,w) is then given by

LYG,w) = {f : G — C | f measurable and || f]|. :/ |f(z)] |w(x)] de < —|—oo}.
G

Except for the question of the symmetry of the algebra L!(G,w), studied in ([Fe.Gr.Lei.
Lu.Mo.]), nothing seems to be known for non-abelian groups and for weights growing
faster than sub-exponential ones. One may ask the question of what are the most general
weights w on a locally compact group G, such that the weighted group algebra L!(G, w) has
reasonable harmonic analysis properties such as Domar’s property or Wiener’s property.
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The results known for the constant weight w = 1 and the necessity to measure the growth
of the weight urge us to limit ourselves to locally compact, compactly generated groups
with polynomial growth. For such a group, let U be a generating neighbourhood of the
identity element e, with compact closure, i.e. such that

o e
n=1
and such that the Haar measure of U satisfies
U™ < K -n®
for some K > 0,Q € N. One may define the following quantities:
Tv(z) = |z| =inf{n e N* | z € U"}
where N* = N\ {0} (see 1.2.) and

s(n) = sup w(x).

zeUn
If G =R, y(-) = || is equivalent to the absolute value in the following sense: If
U = [-1,1], then 7y (z) — 1 < |z| < 7y(z) where |z| denotes the absolute value of z. This

justifies the use of the notation |- |.
A weight w is said to be sub-exponential of degree at most «, 0 < a < 1, if there exists
C > 0 such that

‘Dé

w(z) < efle Ve e G

(see 1.4.). The way to prove the Wiener property is to use functional calculus to con-
struct an approximate identity contained in the minimal ideal with empty hull, which
implies, together with the symmetry of the algebra L!(G,w), the Wiener property. In
([Fe.Gr.Lei.Lu.Mo.]) it is shown that if w is sub-exponential, then L!(G,w) has Wiener’s
property. In this paper we prove the Wiener property even for faster growing weights, as
well as other harmonic analysis properties of L'(G,w) (homeomorphism of Prim,L(G)
and Prim,L!(G,w), Domar’s property, existence of minimal ideals of a given hull). We
show that if the weight w satisfies the condition

g (nflnn) -In(s(n) (+)

5 < 400,
n

neN,n>e®

then L!(G,w) is symmetric and has Domar’s and Wiener’s properties. The condition ()
seems slightly stronger than Domar’s condition. Nevertheless, for fast growing weights, the
presence of the factor (In(Inn)) does not seem to affect the result as the following example

shows: Let w be defined by

w(z) = o TR



Condition (x) is satisfied for this weight if and only if v > 1. In this case, L'(G,w) has
Domar’s and Wiener’s properties. On the other hand, if G = R and w is as above, then the
results of Domar and Vretblad show that L!'(R,w) has Domar’s and Wiener’s properties
if and only if v > 1. This is the same condition on 7. Hence, for fast growing weights our
result seems to be almost optimal, as we get the same condition on v as in the abelian
case. Another weight studied in this paper is

w(z) = eZkeN ok |z[ ¥

where 0 < v <1, v 11, cp >0, Yoy cr < +00.

Our results are obtained thanks to the construction of a functional calculus on L'(G, w). In
general, functional (or symbolic) calculus in function algebras is a special case of functional
calculus in Banach x-algebras. Let’s recall the following definition and facts: Let B be
a Banach x-algebra. We say that a function ¢ operates on an element f of B, if the
Gelfand transform of f with respect to the smallest commutative Banach subalgebra A
of B, containing f, is real and if there exists g € A such that ¢ o f = ¢, where f and ¢
denote the Gelfand transforms of f and g (see for instance [Hu.1], [Katz.]). We then write
g = ¢{f}. The idea to realize this comes from the Fourier inversion theorem. Let f be a
self-adjoint element of B (if B is a symmetric *-algebra) and let’s define

u(nf) = Z Z'knkfk, n € 7.

k!
k=1
Here f* is the k-th power of f for the multiplication in the algebra B. In case of L!(G) or

L'(G,w) we write f** to indicate that it is a convolution product. A periodic function ¢
of period 27 and such that ¢(0) = 0 then operates on f through the formula

e{ft = unf)é(n)

nez
provided
> llulnf)llgn)
nez
converges, where || - || denotes the norm in the Banach algebra B (|| - || = || - ||, in case

of L'(G,w)) and where ¢ is the Fourier transform of ¢ on the interval [0,27]. Further
details about the functional calculus for function algebras and its properties will be given
in section 2. Let’s mention here among others the pioneer work of Dixmier (1960, [Di.]),
Kahane (1970, [Ka.]), Pytlik (1973 [Py.]; 1982, [Py.1]) and Hulanicki (1974, [Hu.]; 1984,
[Hu.1]).

To prove the convergence of

> llulnf)llgn)

nez

one needs of course a good bound for ||u(nf)| and a function ¢ whose Fourier coefficients
decrease rapidly enough. The existence of such functions ¢ # 0 will depend on the growth
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of ||lu(nf)||, and hence on the weight w (in case of a weighted group algebra). In fact, in
order to have ¢ # 0, the decrease of |(n)| must not be too rapid, especially as we also
need some control on the support of the function ¢ (in order to prove the desired harmonic
analysis properties).

In ([Fe.Gr.Lei.Lu.Mo.]) such a functional calculus was constructed for L!'(G,w) if the
weight w is sub-exponential. This proof cannot be extended to faster growing weights.
So a new approach to this problem will have to be developed in this paper. First the
evaluation of the bound for ||u(nf)||. (f = f* continuous with compact support) has to be
improved considerably. This will be done in section 3 by adapting and developing a method
introduced by Hulanicki in ([Hu.1]). Secondly, appropriate functions ¢ that operate on f
have to be constructed. To do this we shall use a result of Paley-Wiener ([P.W.]) and show
that such functions exist if the growth of the weight w is limited by the condition

In(lnn)) In(s(n
3 (In(Inn)) In(s(n))

14 n? < Foo,

neN,n>e®

(see section 4). Finally, there exist enough such functions ¢ to prove the harmonic analysis
results we are interested in (sections 5,6,7).

1. Examples of weights

1.1. In this chapter we recall some results of ([Fe.Gr.Lei.Lu.Mo.|) and give some examples
of weights. Part of these examples are already found in ([Fe.Gr.Lei.Lu.Mo.]), but their
presence in this paper is necessary for a better understanding of the abstract results that
will follow.

1.2. Let G be a compactly generated, locally compact group with polynomial growth. Let
U be an open, symmetric and relatively compact neighbourhood of the identity element e
of G with G = :{2 U™. Such a neighbourhood will be called a generating neighbourhood.
As G has polynomial growth, there exist constants @@ € N, and K > 0 such that the Haar
measure of U" satisfies

U™ < Kn©@.

Let 7y : G — [1, +o0o[ be defined by
y(x) =inf{n e N* |z € U"}.

Then
v (z - y) < v (T) + 70 (Y).

It is easy to check that wy : G — [1, +o0o[ defined by
wy(z) =1+ 1y(x)
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is a weight on G. The same is true for every wy(x)®, a € R4 (see [Hu.], [Hu.1], [Lu.1]).

1.3. Polynomial weights: A weight w : G — [1,+o0[ is said to be polynomial if and
only if there exists & > 0 and C > 0 such that

wx) <CA+m(x)*, Vred.

This definition is independent of the choice of the neighbourhood U. If GG is a connected,
simply connected, nilpotent Lie group, this is equivalent to the fact that w(z) is bounded
by a polynomial function in the coordinates of the first or second kind of z.

1.4. Sub-exponential weights: A weight w : G — [1, 400] is said to be sub-exponential
of degree at most o, 0 < o < 1, if there exists C' > 0 such that

w(z) < eCv@)” vreq.

This definition is independent of the choice of the neighbourhood U. Polynomial weights
are sub-exponential and the function

2 i Clu @)

0 < a < 1, itself is a sub-exponential weight.

1.5. Condition (5): a) The condition (S) on the weight w is defined in order to get the
symmetry of the algebra L'(G,w). A clue is given by what happens for L!(R,w), where
w(z) = e®U7) with ® : R, — R;. One knows that L'(R,w) is symmetric if and only if
L'(R,w) admits no non-unitary characters (i.e. no characters z — e“* where ¢ € C has a
non-zero real part), which is equivalent to the fact that

im M = lim M = 0.
This condition is what Beurling ([Beu.],[Beu.1]) and Vretblad ([Vr.]) called the non-
analytic case.
b) Let now G be an arbitrary compactly generated locally compact group with polynomial
growth. Let w be a weight on G and U a generating neighbourhood. If the weight w is
radial for U, i.e. if w(z) = w(ry(z)) = e®0 @) for some function ® : N — R, , then we
may again define condition (.S) by

im 2D _ o, 20

AALZVAN - —o.
Tu (z)—~+00 TU(.CE) k—+oco k

If the weight is not radial, we have to generalize the previous condition as follows.
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c) Definition: For the given generating neighbourhood U, let us define

s(0) =sg =1 and s(k) = s = sup w(z) for k € N*.
zeUF

We say that the weight w satisfies condition (.5) if

In s,

lilgn =0 or, equivalently, lién Ysp = 1.
d) As seen in ([Fe.Gr.Lei.Lu.Mo.]), the condition (S) is independent of the choice of the

generating neighbourhood U.
e) Assume that there exists a positive increasing function ® : Ry — R with

®
klirf % = 0 and such that w(z) < C- W@ vz e,

for some positive constant C. Then w satisfies condition (S). This is in particular the case
if w is sub-exponential.

f) The function
7 20U (@)

is itself a weight, if ® is sub-additive. This is for instance the case if ® is a positive,
increasing, concave function.
g) If w satisfies (S), then the algebra L'(G,w) is symmetric ([Fe.Gr.Lei.Lu.Mo.]).

1.6. Example: Let w(x) = eznZOC”(TU(w))%, with 0 < v, < 1, v, T 1, ¢, > 0O,
Y n < +00. Then ®(z) =) c,2" and w satisfies condition (5). The weight w is not
sub-exponential.

1.7. Examples: As previously, let U be a generating neighbourhood. In order to simplify
the notations, let us put |z| = 7y (x) for every x € G. Let ¢ : N — Ry be a decreasing
function such that

lim ¢(n)=0 and lim (ng(n)) = +oo.

n——4oo n—-+oo

Then the function ® : N — R defined by ®(n) = ng(n) is sub-additive and w : G — R,
given by
w(z) = e®(2) = ¢lzla(i=))
is a weight that satisfies condition (5). Examples of such weights are for instance given by
C
a) w(x) = eClel" = e =177 C>0,0<y <1 (2] =1v(x) >1)
c |z] T Cn
b) w(z) = eZ”ZO "I = 2. HelPn 0 < B, < 1, (Bn)n decreasing, 5, — 0,
Y Cn < +00



|z
c) w(x) = ecln(e+|x|)

C [z]
d) w(z) =e (ln(erl‘xmk, 0<k

e) w(z) = & muteFEy
The weights of examples b) to e) are not sub-exponential. By ([Fe.Gr.Lei.Lu.Mo.]),
L'(G,w) is symmetric for each one of these weights.

1.8. Example: The weight w(x) = e|*! does not satisfy condition (S). This implies that
the algebra L'(G,w) is not symmetric ([Fe.Gr.Lei.Lu.Mo.]).

2. Principles of functional calculus

2.1. Let G be a compactly generated, locally compact group with polynomial growth
and let w be a weight on G satisfying a certain growth condition (to be specified later).
The sub-exponential weights will be examples of such weights. One aim of this paper
is the construction of a functional calculus for all self-adjoint functions f = f* that are
continuous with compact support, where f* is defined by

f (z)=f(z=1), Vzegd,

the modular function of a group with polynomial growth being identically 1. This con-
struction will be inspired by the one given for L'(G) and S(G) in ([Di.]) and ([Hu.1]).
Let’s recall the main ideas of this construction. It is based on the Fourier inversion formula:
If ¢ € L'([0,27]) and if ¢ defined by

belongs to [1(Z), then

pla) =) " p(n).

nez

The idea of functional calculus consists in replacing the variable x by a function f in the
last formula. But as our function algebra L'(G,w) doesn’t have a unit, e/ doesn’t make
sense in L'(G,w) and has to be replaced by

—+ o0 -k
? *
u(nf)zzynkf FoneZ.
k=1 "

We then look for non zero functions ¢ : R — R, periodic with period 27, such that

o{f} = ulnf)e(n)

nez
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converges in L'(G,w). Because of the lack of a unit in L!(G,w) and because

> @(n) = ¢(0),

nez

we have to restrict ourselves to functions ¢ such that ¢(0) = 0. We also require the
convergence of

() D lumf)llem)].

nez

Let us note that u(nf) € L'(G,w) as
u(nf)]o < elnlliflle « 4~

But this bound will have to be improved quite a lot to allow the construction of functional
calculus. This will be done in section 3 and the results are stated in (3.12.).

We then look for the non-zero functions ¢ : R — R, periodic with period 2w, such that
©(0) = 0 and such that (x) converges. Moreover, in order to establish harmonic analysis
properties, we need to have a control on the support of the function ¢. For instance, we
want to be able to choose ¢ such that suppy N[0, 27] is contained in a previously fixed
compact set of ]0,27w[. Of course a too strong decrease of the Fourier transform of ¢ will
then imply that this function will be identically zero, what we do not want. This will put
some restrictions on the possible growth of ||u(nf)||,, and hence on the weight w. The
functions ¢ suitable for our purposes will be constructed in section 4, thanks to a result

of Paley-Wiener ([P.W.]).

2.2. Functional calculus, if it exists (see section 4), has the following properties:
For any continuous self-adjoint function f = f* with compact support, for any appropriate
functions ¢ and v,

(A1 + ) f} = Ml f} + 0{f}, VA, eR

If x is any character of the abelian Banach x-algebra generated by f, then x is continuous,
X(f) is real as f is self-adjoint and

x(p{f}) = o(x(f))-

If 7 is any *-representation of L!(G,w) on a Hilbert space H, then

m(e{f}) = o(n(f))

where o(7(f)) is the operator obtained by the functional calculus of hermitian operators.
If ¢ and 1 are functions such that (¢ - 1) = ¢ * 1 still has appropriate decrease, then

(- oS} = {1+ d{f}
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To see this, one may apply the left regular representation, which is simple, to (¢ - ¥){f}.
In particular, if ¢ is such that suppy N[0, 27| C]0, 27[ and such that ¢ has an appropriate
decrease, then, there exists a function 1 with the same properties and such that ¢» =1 on
suppy. Hence

{1+ P{f} = o{f} = o{f} = (- O} = o{f}

Similar results are for instance already found in ([Di.]).

2.3. Instead of the "discrete” definition p{f} = > ., u(nf)d(n), one may also use a
” continuous” definition given by p{f} = 5= [ u(Af)@(A)dA for a real-valued C*°-function
© with compact support, such that ¢(0) = 0 and such that ¢ has an appropriate decrease.
The properties of functional calculus remain of course the same. Moreover, one may also
use results of Mandelbrojt ([Ma.], [Ma.1]) to construct such functions ¢.

3. Computation of the bound used in functional calculus

3.1. Let w be an arbitrary weight on G (bounded on compact sets). Then there exists a
constant C' > 0 such that
w(z) < el vz eq,

because every weight is exponentially bounded. For further purposes, let’s fix this constant
C > 1, which is always possible. We define three other weights that will be useful in the
computation of the bound. First, let’s put

wi(z) = s(|z]) = sup w(y),
yeUle=l

wo(z) = eIl vz e .

Let’s also choose a constant C’ > 0 such that

Nla)

(1+ |z]) T wi (z)wa(z) < el

This is possible because the left hand side is again a weight (bounded on compact sets).
Let’s define the weight /
ws(z) =e 1l vreq

and let’s put

sa(n) = sup wa(x) = eC”,
xeUn
s3(n) = sup ws(z) =™, VneN*
xeUn
Let
r:N— N

be an arbitrary increasing function, that will only be specified later.
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For any complex valued function f defined on G, let’s recall that

[f@) =A@ f@ )= fa"), VzeG,

as A = 1. This defines an involution in the weighted group algebra L'(G,w). For the rest
of this section f = f* will be a self-adjoint continuous function with compact support.

Finally, for any subset A of G, let’s note A° = G\ A. We are now in the position to
start the computation of the bound of ||u(nf)||. for all n € Z. To do this we shall adapt
the methods introduced by ([Hu.1]) to our situation.

3.2. Let us use the following decomposition of u(f):

u(f) =g+k

with g = u(f) - Xyrow, k= u(f) - X(@rm)e, where x4 stands for the characteristic function
of the set A. For further purposes we compute

1 1 1
[w( )l < WIIU(f)IIW < S0

k|1 < -

il < [ k(s)lto)ds

[[w(f)lleos -

Similarly,

/ 5()](1 + |s]) Fwr (s)ds
—/ k()] (1 + Js]) Fewr (s)ds
CARIt
S inf e(UT:“L))C CUZ(.T) /(Ur(n))c ’k(8)|( + |SD% ( )wz(S)dS
< ().

s2(r(n))

3.3. Consider the unitary map (u(f) + d.) : L*(G) — L?*(G)
Fr— (u(f)+6)x F=e x F=u(f)« F+ F,

where J. is the Dirac measure. Obviously |[(u(nf) + 6.) * Flla = ||/ * F|lo < ||[F||2 for
n € Z. By (3.2.)

1(g + de) * Fll2 = [[(u(f) + de — k) * Fl2
<1+ ||/<fH )||FH2
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3.4. For n € N, let us make the following estimations (using the methods of [Hu.1]):

10 +ulf) ™ o = 1((Ge + 9) + k)"l

< (0 + g)** * kP 5 - % (60 4 g)* % EP7|w,

where a = (a1,...,a,) € {0,1}",b = (b1,...,b,
if b;

a; +b; =1, (0, -I-g)“ﬂ—c? if a; =0 and k% = 4,
that a;éO Then

€ {0,1}", |a] = m,|b|] = n —m,
= (. Fix a and b as above. Assume

160 + 9)% % K2 5o 5 (8, + g)% kb,
S/ / (8 + )™ % 820 % - % (8 + g)% % 62,
G G

. |k(31)b1 .- -k(sn)b"\dsl - dsy,,

where the convention is such that there is no integral with respect to ds; if by = 0. One
may check that

(0 4 g)@* 5 6% 5 -+ % (8 + g)@ * 62|,

< Z (8 4+ g)™* # 621 -+ % (6 + g) *5;);:1 * g *5S§ oo w00 || + H w(s;).
a;=1 bi=1

Similarly,

le™ s Fll = [l (Je + u(f))™ * FlL

< ST ST+ g kP k(B g) ™ k% F
m=0 a,b
and
(e + g)™* # K" s - % (0 4 g) " % K™ 5 F|,
/ /||5+g‘“>x<5ls’i*---*(5e+g)“"*5gZ*F||w
k(s1)" - k(sn)" |dsy -
Finally,

|(6e + g)** *52’1 ko (0 +g)'" *522 x Fl|,
< Z ||(68+g)a1*621*-~~*(6e+g)“j—1*62?:1*g*éi’;*-u*égz*FHw

a; =1

+ H w(53)|| F |l
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3.5. Let us denote B(n) = U™. Then, for a # 0, the function
a b a;_ bi_ b by
(Ge +g)* #0575 (e + g) " %0771 % gx 07 % k0

is supported by B(nr(n)+[s1]% +- - +|s,|’") with the convention that |s;|* = 0 if b, = 0.
Moreover, by (1.2.),
|B(nr(n) + [s1[" 4+ [sp|")| < K- 1+ nr(n )@ H (1+ |s5)%
bi=1
Similarly, the function (Jc + g)** * 05! % -+ % (8 + g)™ =1 * (SSj 1k gk (52; -k 00k F s
supported by B(q + nr(n) + |s1|% + -+ +|s,|"), if suppF C U9, and

[Blg+nr(n) + i+ +[sul")| < K- (14+ )% (1L +nr(n ‘9f11+bz

3.6. If h is any function with compact support in B(r), then

17| :/U |h(z)|w(z)de < s(r)[|h]l2|B(r)]=.
Obviously ||gll2 < ||u(f)]|2. Hence, by (3.3.)-(3.5.), we obtain

(8 4 g)@* 5 6% 5 -+ 5 (8 + g)@ * 62|,

() llws \ @2 Fai-1 . .
< <1+W> Nu(F) 2 - | Br(n) + [s1]? + - + |sn]'))|

aj=1

cs(nr(n) + |s1]® 4 -+ |sa]P) + H w(s;)
bi=1

" ()l o+
gK|rqu§;0+-2@m») (L+nr(n)

cs(nr(n) 4 [s1 P 4+ 4 sl TT @+ 1si® + T w(s)

b;=1 b;=1

3| -n nr(n %-snrn : —Hu(f)ng ! S 7. Si
< K ()l n(1+nr()® - sor(n)) - (140 ) L+ 1h? -ae0)

D=

O

) g () sy \ 2N 73
< K2 |u(f)]l2 - n(l 4+ nr(n))2 - s(nr(n)) - <<1 + 3 > > r(n))

sa(r(n

b;=1

+ H w(s;).

b;=1
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Similarly, if supp F' C U9,
|(0e + g)** *521 ook (O +g)a" *(52" * F |
< K2 u()1 | Fll2(1 4+ q) % s(g) - n(1 + nr(n)? - s(nr(n)) - el™Dles (Gommy)

] (a+ i) % - wi(si) + ||l [T w(so)

bi=1 bi=1
as [|g * 52; -k 00k Fllg < lgll1[|Fll2 < [w(f)][1]|F]l2- Therefore for a # 0 we have
||(5 —|—g)a1 *kbl **(6 +g)an*kbn||w
< K3 u(f)]l2 - n(1 + nr(n)? - s(nr(n)) - el Dlles (o)

/]k —|—|sz)2w1 ds —|—H/\k )|w(s;)ds;
bi=1

b;=1

Q
2

< K3 fu(f) 2 (1 + nr(n)) % - s(r(m)) - D i)

w(f)llws \or+bn
|k(s:)](1 4+ |si]) 2 wl(sl)dsz + (—== :
11 AL )+ Gty

Similarly,
(0 + g)** % k% 5 - (8 + g) " % k" % F |,

< K2 |[u(f)ll - (1+a) % s(g)| Fll2 - n(1+ nr(n))
Hl(/ [k(si) (1 + |si]) Z wi(si)dsi) + HFHwb!__[l/GIk(si)lw(sv:)dé’i

(9

Nls)

- s(nr(n)) - el les - (Sremy)

< K3 u(H)r - 1+ q)Ts(@)|[Flla - n(1 +nr(n)? - s(nr(n)) - ell"Hlls (Gatm)
/|k’ +|Sl)2w1(8i)d8i)+”FH (H“( llews )b1—|—--~bn.
bi=1 2(r(n)
3.7. As
/'k oI+ s Furtsdsi = [ k(|1 + fsi) Fen(s0)ds
(Ur(n))e
Sm/(m(n))a k(s )|(1+|81D% 1(8:)wa(s;)ds;
Il

we have by (3.2.) and (3.6.), for a # 0,
e +9)™ % kP 5 (5, + g) K

< (K%Hu(f)Hz ‘n(l+ nr(n))%s(m’(n)) cellvWDlles (amy) 4 1) : <_|LZE1{()£‘)*’;

>b1+---+bn

< (14 n)(1 + nr(n) Fs(nr(n)) - e Dlles (o) <\L22f()7!;))
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where C; = (K2 |lu(f)||2 + 1). Analogously, for F' supported by U9, we have

(6 + g)** = kbt sk (6e +9)* % kbn x |,

Q P Pl \ brtb
<ol . 4 D g (i) . ( ul
< Co(1+n)(1+nr(n))? s(nr(n)) - e (52(T(n))) :
. 1 Q
with Cy = K2 [lu(f)[l1 - (1 +q) 2 s(q)||Fll2 + [ F]|.-
3.8. For a =0, we have by +---+ b, =n and
TSP 17, TS
G5+ 91 Ko B g k0 = e < i < (LD

Similarly

Hu(f)st)n
sa(r(n)) ~

This shows that the bounds of (3.7.) remain valid even for a = 0 with the same constants
Ch,Cs.

(0 +g)® k" 5 - (Se +g) " k" % F |l = K" 5 Fllo < [|F [l [IEIIEG < 1F o (

3.9. Using (3.4.), (3.7.), and (3.8.), we get the following bounds:

10e +u(f))™ |l

< Ci(1+ )1 + nr(n) F s(nr(n)) - M Olles (uem) | mioa’ L <%>bl+..+bn
— C1(1+ 1) (1 + nr(n) F s(nr(n)) - P les Griam) <1+ ||?:Ef()7|l))>

Nis)

< C1(1+n)(1+nr(n) ? s(nr(n)) - 214D les (o),

Likely,

(e + u(f))™ * Fllo = [le™ * Fll.,

< Co(1+n)(1+nr(n)?

s(nr(n)) - 2Ne(Pllws (S3mmy)
The constants Cy, Co are the same as in (3.8.). Finally,

[u(nf)lle < 11(0e +u(f)" o +1
<2C1(1+n)(1+nr(n))

NSla)

s(nr(n)) - 2Nl (S5

3.10. The previous bounds have been proven for n € N. If we want a bound valid for n € Z,
we first put nf = (—n)(—f) if n < 0. We replace ||u(f)||2 by max(||u(f)|l2, |[|[u(—f)]2) in

15



the constant C7 and ||u(f)|1 by max(||u(f)|1,||u(—f)|]1) in the constant Co. We then
have

nlQ

/ [n]
lu(nf)llw < C1(L+|n)) (1 + |nlr(In)  s(|nlr(n])) - eS0T nez,

and

/ |n|
s(|njr(n))) - e momm) | n ez,

Nl

le™™f % Flly < CH(1+ [n)(1 + [nfr(n]))
where the constants C7, C}, C4 are obtained in the following way:
C) =2Kzelfll2 41
> 2K max(|[u(f)]l2, u(—£)ll2) + 1
Cy = K2l (1 4 )% 5(q)| Fll2 + | Fl
> K5 max([lu(f)l|y, [Ju(=£)]1)(1 +q)

where ¢ € N* is such that suppF C U?. As f has compact support, there exists p € N*
such that suppf C UP. Hence

N}

SN F 2 + [[F]]w,

1Fllws < €“Plfll < 7P flle

and ,
Cy = 2e(" DIl > 2l les > 2 ma([fulf)llus (=)o )-

So the constants depend essentially only on the original weight w and on the functions f
and F.

3.11. Choice of the radius r(n): Motivated by the techniques of functional calculus
exposed later on in this paper, let’s put

r(n) = [In(lnn) 4+ 1], Vn > e°,

where [z] denotes the integer part of z. Then

In(In|n|) < r(jn]) <ln(In|n|) +1 < 2In(ln |n|), for |n| > €
and
sa(r(jnl)) = @@ = (ln|n)“.
Hence ol o
G350 ay < ¢“3Mminno
and

s(Infr(Inl)) < s(lnl)™") < s(lnf)?0 D for [n] > e,

With this choice of the radius we get the following bounds:

16



3.12. Theorem: Let G be a locally compact, compactly generated group with polynomial
growth. Let w be an arbitrary weight on G. Let f = f* : G — C be continuous with compact
support. Let F' : G — C be an arbitrary continuous function with compact support. We
have the following bounds: There exist strictly positive constants Ky, Ko, K3 such that

[n]
lu(n o < K (1 + [n])(1+ [nf?) % s(jn]) 20 D G

. ||
e % Flly < Ka(1+ [n])(1+ [n|2) % s(|n])2m0n D 5 Gaiane),

for |n| > e°. If U is a generating neighbourhood of G and p,q € N* such that suppf C UP
and suppF C U1, then

K, =23 +1K3lfll2 4 q

Koy = Q%K%ellflll(l + q)%

s(IF 2 + [|Fle
Ky = 2" Ml

where the constants C, K and C' just depend on the growth of the weight w and where
C>1.

Proof: By (3.10.) and (3.11.).

4. Functional calculus

4.1. In this section we shall first construct functions ¢ whose Fourier transform have
a strong decrease and may hence operate, under certain conditions, on the self-adjoint
functions of C2°. This will be done using a result of Paley-Wiener. The use of these
functions in connection with the bound of ||u(nf)||., obtained in (3.), will give us a condition
on the growth of the weight w. This condition will ensure the existence of functional
calculus on a total part of L!(G,w) and will be called the non-abelian Beurling-Domar
condition, because of its similarity with the results of Beurling and Domar.

4.2. A result of Paley-Wiener: For any function f € L*(R) the following two
propositions are equivalent:
(i) There is a function g € L*(R) such that |g| = |f| and § vanishes on a half line.
(ii)
| In|f ()]

————dz <
1+ 22 T < +00

See ([P.W.]) or ([Rei.]).

We shall apply the previous result in the following situation:
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4.3.a) Let t : R — R be such that

t>1
t(—z)=t(x) VxeR
t(x +y) < Ct*(x)t*(y) for some k > 1,C > 0,Vz,y € R
/ Mdz < +o0.
R

14 22
If moreover, there exists [ € N such that

t~l e L*(R)
t==F ¢ LY(R),

then there is a function g € L'(R,t*) such that suppg € [0, +ool.
In fact, this results from Paley-Wiener if we take f =t~

b) By translating the function § we may construct a function g; such that |g1| = |g| = | f|
and suppg; C [—¢, +oo[ for any given € > 0.

By taking g = g1, where §1(x) = g1(—x), we get a function g» € L'(R,t*) such that
suppgs C| — oo, €].

Finally the function h = g; * g5 is in L'(R,t) as g1,92 € L'(R,t*) and as t(z + y) <
Ct*(2)t* (y). Moreover supph C [—e¢, €].

c) Let now ¢ be the inverse Fourier transform of h. Then ¢; € C.(R) such that suppy; C
[—¢,€] and such that ¢ = h € LY(R,t). If, moreover, |2"| < K,t(x) for all x € R, for
all » € N, for some constant K, (depending on r), then ¢; € LY(R,|z"|) for all » € N
and 1 € C°(R). Moreover, translating the function ¢; doesn’t change the growth of its
Fourier transform, so the Fourier transform of the translated function stays in L(RR,¢).

d) Assume now that ¢; € C.(R) such that ¢; € L*(R,t) and suppy; C [¢,d]. Let I = [a, b]
and consider ¢ = @7 * x; where X7 is the characteristic function of the interval I. It is easy
to check that supp ¢ C [a+¢,b+d] and that ¢ =1 on [a+d, c+b] (provided a+d < c+Db).
Moreover,

. . ) b
[P < X lloo - [P2 (V)] <

and ¢ € L'(R,t). As a matter of fact,

[P(AN)] <




Let now be two intervals [q,r] C [q —¢&,r +¢]. It is then possible to construct a continuous
function ¢, supp ¢ C [¢ —&,7 +¢], ¢ = 1 on [g,7] and () € L1(R,t). We just have to
check that it is possible to find a,b,c,d, a < b, c < d, a+d < ¢+ b, such that

a+d=gq
ct+b=r
at+c=q—¢
b+d=r+e.

As a matter of fact, solving this system givesusc=k, b=r—k,d=c+k,a=q—c—k
with k£ € R arbitrary. If |27 < K, t(x) for all x € R, for all r € N, for constants K., then
v € CX(R).
Next we shall show that there are similar results for R/27Z, resp. Z.
4.4. Let w : Z — Z be such that
(1) w>1, w increasing on N
(2) w(-n)=w(n) YneZzZ
(3) w(n+m) < CwFn)w*(m) for some k>1,C > 1,Vn,m € N
(4)

4

Assume moreover that there exists [; € N such that

(5) Z w1 (n) < 400

neN

(6) Z w_(ll_kz)(n) < +o00.

neN

This has the following consequences for the function w:
(i) First of all one has

w(n +m) < CwF(n)w*(m) Vn,m € Z.

For n,m € Z_ this follows from the symmetry of the function w. If n > 0, m < 0,
n+m > 0, then
w(n +m) < w(n) < Cwk(n) < Cwk(n)w®(m)

as C' > 1, w increasing on N and k& > 1. The other cases are treated similarly.
(ii) As k < k2, one also has
Z w™ 117 (n) < 400.

neN
(iii) If we put l =1y - k, then [y <[ and

Z w_(l_kQ)(n) < 400.
neN
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(iv) Thanks to the symmetry of the function w, all the sums in this section may be taken
over Z instead of N.
We may now prove the following result:

4.5. Proposition:  Let w be as in (4.4.). Then, given p,q,e such that 0 <p < p+e <
q—¢e < q<2m, there exists 1 € C.(R/27Z) such that

suppy N [0, 27| C [p, q|
Y =1on [p+z—: q—¢€j

ZWJ ) < +o0,

nez

i.e. J} € 11(Z,w), where 1,& denotes here the Fourier transform of a periodic function of
period 2w. Moreover 1» may be chosen to be C*, if In"| < K,w(n) for all n € N, for all
r € N*, for some K, > 0.

Proof: The proof of (4.5.) has to be done in several steps:

(i) First we define ¢t : R — R by t(z) = w([|z|]) where [z] denotes the integer part of
z. Then the function ¢ satisfies the conditions stated in (2.2.) with k2 instead of k and
[ = lik. In fact, if z,y > 0, let’s put x = [z] + a,y = [y] + b with 0 < a,b < 1. Hence
r+y=[z]+[y]+(a+b) with0<a+b<2and[a+b =0or 1. Thus

2

t(z +y) = w(lz +y)) < w(lz] + [y) + 1) < CPuP (V)" (2w ([y]) = Crt* (@)tF (),
where C; = C?w*(1). We may of course assume that C; > 1. If 2,y <0,
tHx +y) = t(—z —y) < Cot* (—a)t* (—y) = Cot* (2)t*" ().
Ifx>0,y<0,z+y >0, then
t(z +y) = w(lz +y)) < w(lz]) = t(x) < Cit* (@)% (y).

The other cases are treated similarly. Moreover,

+oo “+o0
/ t7 2 (x)dx = 2/ t72(z)dx = 2/ w™?([z])dx = 2 Z w™ ' (n) < 400,
R 0 0

—+o0

/t_(l_kQ)(:E)d:L' = 2/ w (= )([])dx = QZw_(l K )(n) < +o0
R

0

and
Jr

/Rlnt _22/"“ Inw(n Z
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(ii) Let now ¢ be the function obtained in (4.3.) and let’s extend it to a periodic function
of period 27 called . It remains to show that then

> d(n)w(n) < +oo.

nez

Let’s first evaluate, with the notations of (4.3.) and because in this case b — a < 27,

[b(n)] = |p(n)]
< |g1 * g2(n)]|
< [g[ = [g[(n)

= / t™H(n —y)t ™ (y)dy
R

— / w ([l =yl (yl]) d.
R

Gl < [ ot ey + [ o= o oy
+oo
) AR ()

m=—oo . m=0
+ 30wl m = myw(m)
0 n—1
= 3 wltn—mpuwm) + Y wl(n—m— 1w (m)
m=—o00 m=0

+oo
+ Z w=(n —m)w(m).

But
w(n —m) =wn—m—1+1) < Cw*(n—m—Dw"(1) = CLw*(n —m —1)

and

wl(n—-—m—1) < ng*%(n —m)
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for some positive constants C7; and Cs. Finally, as — < —% = —l,

for some new positive constant C'3. Similarly, for n € Z_. This implies that

> [d(n)w(n

=
<C, Eejz(gejzwhm —m)w ™" (m) Jw(n — m -+ m)
<@g§;2%w (n — m)w* (n — m)w ™" (m)w* (m)
:(130@: w—(h—k)(j))Q

<+ o0 -

4.6. Remarks: a) In order to get the existence of the function ¥ it is of course sufficient
that the conditions of w being increasing and w(n + m) < Cw®(n)w”(m) are satisfied for
n,m > Ny for some Ny € N. In fact, one may change the function w to be constant for
|n| < Np. Then this new function satisfies the hypotheses for all n € N and may be used

to get 1.
b) Assume for instance that w(n) > C(1 + |n|)®, for some a > 0, for some C > 0, for all
n. Then the existence of [,[; such as in (4.4.) is obvious.

The previous results are now used to construct functional calculus.

4.7. Let f = f* : G — C be continuous with compact support. Recall (3.12.) that we
have the following bound:

Q
2

la(nf)llo < K1 (14 ) (1 + [n[2) % s(n))2 0 D E GG with ¢ > 1.

Let’s call the right hand side of the previous inequality w(n) for |n| > e® and let’s see
wether the hypotheses of (4.4.) are satisfied. We have

I+n+m)<A+n)1+m)<(A+n) A1 +m)* VE>1,¥n,meN,
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n—+m n m
(i +m)C = mn)C |~ Inm)°

( n+m )
3\ Mn(ntm)C <

K n K e
3(<1n<n>>0)e Sensied)
k k
Kao(—2 K m
< (e 3(<1n(n>>c)> (e 3(<1n<m>>c)> ., Vk>1,Yn,m > e,

and, if n > m > e,

In(In(n +m))

In(In(n(1 + )))
(

<In lnn—|—1n2)

ln( Inn)(1+ 1n_2)>

In(Inn) +1n2
n(lnn) 4+ In(lnm) + In 2

IA I/\

IA

2(111(111 n) + In(Iln m)), n,m > e°.
Similarly if m > n > e®. Hence, if n > m > e°,

S(n+m)21n(ln(n+m)) < S(n)4ln(ln(n+m))
< S(n)16ln(lnn)

< 8(7’1,)16 In(Inn) s(m) 16 In(In m)

_ (S(n)zln(ln n)>8 (S(m)an(ln m)>8'

Similarly for m > n. Hence the third condition of (4.4.) is satisfied for w and for k = 8.
As w(n) > C(1 4 n), the fifth and sixth conditions of (4.4.) are satisfied for the function
w. The fourth condition of (4.4.) admits the following equivalent formulations:

Z In(w(n)) < 1o

2
neN,n>e® 1+n
In Cy In(1+n) Q In(1 +n?)
neN,n>e® neN,n>e® neNn>e®
(In(Inn))In(s(n)) n
2 K
+ Z 1+ n2 T A2 Z (Inn)C (1 + n2) < 0

neN,n>e® neN,n>e®

In(Inn))In(s(n
3 (In(Inn)) In(s(n))

=
1+ n?

< +00
neN,n>e®
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as the other sums converge for C' > 1.

This leads us to the main theorem:

4.8. Theorem: Let G be a compactly generated locally compact group with polynomaial
growth. Let U be a generating neighbourhood of G. For any weight w on G, let’s define
s(n) = sup,cyn w(z). Assume that

< +o00.

() Z (In(Inn))In(s(n))

1+4+n?
neN,n>e® +

Let f = f* : G — C continuous with compact support be arbitrary. Then, given any p,q,e
such that 0 < p < p+e < q—e < q < 2m, there exists ¢ continuous of period 21 such that
suppy N [0,27] C [p,ql, v =1 on [p+e,q — €] and

S u(nf)lloldb(n)] < +oc.

nez

Hence this defines a function

W{f} =) d(npu(nf) € L'(G,w)

nez

and the properties of functional calculus are satisfied. The condition (x) is independent of
the choice of the generating neighbourhood U .

Proof: The only thing that remains to be proven is the independence of (x) of the choice
of U. Let U and V be two generating neighbourhoods of G. Then there exist p,q € N*
such that U C VP and V C U?. Hence, if we write sy(n) = sup,cp» w(x) and sy (z) =
SUp,cyn w(z), then

su(n) < sy(n)? and sy (n) < sy(n).

This implies that

Z (In(Inn))In(sy(n)) < Z (In(Inn)) In(sy(n))

2 — 2
neN,n>e® 1+n neN,n>e® 1+n
(In(Inn))In(sy(n))
<
<pg Y lnllnn)inte(n)
neN,n>e®

which proves the independence.
|

4.9. Definition: Under the hypotheses of the previous theorem, let’s call the condition

< 400

In(Inn)) In(s(n
3 (In(Inn)) In(s(n))

1+n2
neN,n>e¢ +
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the non-abelian Beurling-Domar condition and let’s denote it (BDna). Hence (BDna)
implies the existence of functional calculus in the weighted group algebra L(G,w).

4.10. Examples: a) Let w(z) < e¢I*I” with C > 0,0 < a < 1 be a sub-exponential
weight. Then
Z C(ln(lnn))na

1+ n2 < +00

neN,n>ee
as 0 < a < 1 and (BDna) is satisfied.
b) Let
w(z) = eC TR

with C' > 0, > 0. Then (BDna) is equivalent to

Z o (In(Inn)) - n < too o Z In(Inn) < 4oo

e T ) (1)

This condition is satisfied exactly when v > 1.

c) Ifw;, i € {1,...,n} are a finite number of weights that satisfy all the condition (BDna),
then the same is true for their product H _,w;. For an infinite product of weights a
supplementary convergence condition will of course be necessary as shown by the following
examples.

d) Let
w(iL“) = GZiEN cilz| ™

with ¢; > 0,) ",y < +00,0 <y; < 1,7 T 1. Then (BDna) means

(In(1 i In(1
Z Z nlj_n 27’L < 400 & Zcz( Z n2—fytl((1nf31_2>> < +00

neN,n>e® ieN €N neN,n>e®
<~ chdz < +00,
1EN
where, for all 7,
In(Inn)
di = Z n2=7 (1 + n—2) < oo

neN,n>e®

Given the sequence (7;), the numbers d; are determined, and (BDna) then gives the con-
dition ZiGN c;d; < +0o on the growth of the coefficients ¢;.

e) Let

|z

w(x) = ezieN “ M@+ [=D))7 |
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where ¢; > 0, . ¢ < +00,1 <~;,7 | 1. Then (BDna) means

In(Inn)) - n
Z Z 1—|—n2 Y(In(1 + n)) < oo

neNn>e¢ ieN
C; - — o
e n(In(1+n))7i(1+n=2)

& Z cie; < +00,
ieN

ieN

where, for all 7,

In(1

nEN’nZee n<1n(1 + n))’%‘ (1 —|— n_2>

Given the sequence (v;), the numbers e; are determined, and (BDna) then gives the con-
dition ZieN c;e; < 400 on the growth of the coefficients c;.

f) Let

w(z) = el

with C' > 0. Then
Z C(ln(ln n))n

2
neN,n>e® 1+n
diverges and (BDna) is not satisfied.
4.11. Remarks: a) Let’s recall that for abelian groups G a lot of work has been done

by Beurling ([Beu.], [Beu.1]) and Domar ([Do.]). See also ([Rei.]). They use the following
condition to get harmonic harmonic analysis properties:

Zlnu;#<+oo Vr e .

n>1

In case G = R and w increasing on R, this is equivalent to

Inw(s)
ds
/ 11 &2 < 400.

It is then also equivalent to

In s(n)
E 1 5 < +00,
n>1 +n

as, in that case, s(n) = w(n), provided we take U = [—1,1]|. This last condition may again
be defined for an arbitrary locally compact, compactly generated group G with polynomial

26



growth and an arbitrary weight w on G: We then say that w satisfies the abelian Beurling-
Domar condition and we write (BDa) if

g

2
=t 14+n

Obviously (BDna) implies (BDa). But for rapidly growing weights, the presence of In(lnn)
in (BDna) doesn’t seem to affect the convergence very much. Hence for the weight

w(z) = T

both (BDna) and (BDa) are satisfied if and only if v > 1. So our result is almost the
best possible result we may expect. For more comments on this question, see also the
introduction and the chapter on the Wiener property.

b) Instead of using the result of Paley-Wiener in the construction of functional calculus,
one may also use results of Mandelbrojt ([Ma.]), ([Ma.1]).

5. The algebra L}(G,w)

5.1. We first mention some properties of the Banach *-algebra L!(G,w) which hold for
arbitrary locally compact groups and arbitrary weights w and which are obtained by stan-
dard arguments. The left translations a — of, where ,f(z) = f(a='z), are strongly
continuous from G to L'(G,w). The same is true for right translations.

The algebra L'(G,w) admits bounded approximate identities. This property ensures that
the closed left, right and two-sided ideals in L!'(G,w) are just the closed left, right and
two-sided translation invariant subspaces.

Let 7 be a strongly continuous representation of G on a Banach space such that for all
z € G, ||1(z)|lop < C-w(zx) for some positive constant C. Then 7 defines a representation
of LY(G,w) by

" (f) = /G f()m(x)de.

If the representation 7w of G is irreducible, then the same is true for the corresponding
representation of L1(G,w). Conversely, let ' be a continuous representation of L!(G,w)
on a Banach space V. Suppose that 7’ is non-degenerate, i.e., that 7/(L'(G,w))V is dense
in V. Because of the existence of bounded approximate identities, the classical proof shows
that there exists a representation 7 of G satisfying ||7(x)||op < C - w(x) and such that

'(f) = /Gf(x)w(x)da:, for all f € LY(G,w).

We are only interested in *-representations on Hilbert spaces. In this case we have:
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If ' is a *-representation of L!(G,w) on a Hilbert space H, then the corresponding rep-
resentation 7 of G is unitary and 7’ is the restriction to L!(G,w) of a *-representation of
LY(G).

The previous remarks apply in particular to 7 € G (the set of equivalence classes of
topologically irreducible unitary representations of G). There is a bijection between G and
the set of equivalence classes of topologically irreducible, continuous *-representations of
LY(G,w).

For m € G, let’s write kerm N L' (G, w) (resp. kerr) for the kernel of 7 in L' (G, w) (resp. in
LY(@)). Let Prim,L'(G,w) (resp. Prim,L'(G)) be the space of the kernels of the topo-
logically irreducible x-representations of L!(G,w) (resp. L'(G)). This space is endowed
with the hull-kernel topology, i. e. the closed sets are of the form h(k(A)), where A is
an arbitrary subset of Prim,L'(G,w), where k(A4) = Mkerrnrt (G wyea kerm N LY(G,w) and
where h(I) = {kerm N L}(G,w) | I C kerr N L(G,w)}. Similarly for Prim, L} (G).

Let now GG be a compactly generated, locally compact group with polynomial growth and
let w be a weight on G that satisfies (BDna). Hence functional calculus exists on a total
part of L}(G,w).

Notations: Let’s note C.(G) for the set of continuous functions with compact support on
G. Let’s denote by @ the set of continuous functions ¢ from R to R, periodic of period 2,
with ¢(0) = 0, with suppy compact, that operate by functional calculus on the set of the
continuous, self-adjoint functions with compact support on G, given by (4.5.) and (4.8.).

We may then prove the following proposition:
5.2. Proposition: Let G and w be as explained in (5.1.). Let C ¢ G, C, C Prim,L'(G,w)

and Cy C Prim,L*(G) given by C1 = {kerr N L'(G,w) | m € C}, resp. Cy = {kerm | 7 €
C}. Let p € G. Then the following are equivalent:

——Prim., 1 W
(i) kerpN LY (G, w) € Ty ™7 (G

(1) Nypec kerm N LY (G, w) C kerp N LY (G, w)

(1) [[o(H)llop < subrec m(Hllop  VF € Ce(G)
(i) [lp(H)llop < suprec |7(f)llop Vf € LNG, w)
(v) |p(H)llop < suprec IT(Hllop Vf € LYHG)

(vi) N,ec kerm C kerp

——Prim.. 1
(vit) kerp € C’gP L@

(viii) p e O

Proof: The equivalence of (vii) and (viii) is due to the fact that every locally compact
group of polynomial growth is s-regular ([Boi.]). The equivalences of (i) and (ii), resp.
of (vi) and (vii) result from the definition of the hull-kernel topology. The implication

(vi) = (1) is trivial. Recall moreover that C.(G) C L'(G,w) C LY(G), that C.(G) is
dense in L'(G) and in L'(G,w) and that ||7(f)|lop < ||fl1 for every f € L*(G). This
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proves the equivalence of (iii), (iv) and (v). The implication (v) = (vi) is trivial. The last
implication that has to be proven is (ii) = (¢ii). Its proof uses standard arguments on

functional calculus (see for instance ([Lu.]). Let’s assume that (i) is false. There exists
g € C.(G) such that

sup [|7(g)llop < [[2(9)llop-
wel

We may of course assume that g = ¢g* (by replacing g by g * ¢*) and that ||g|s < 1 (by
dividing g through ||g|l1). Let’s now take ¢ € ® such that ¢ = 0 on a neighbourhood

of [=sup cc [I7(9)llop, suPrec [I7(9)llop] and such that o([lp(g)]lop) = 1. Let f = w{g}.
Then, for every m € C, w(f) = m(p{g}) = ¢(m(g9)) = 0 as ¢ = 0 on the spectrum of w(g),

and p(f) = p(e{g}) = ¢(p(9)) # 0 as ¢(||p(9)llop) = 1 and as |[p(g)]|op is in the spectrum
of p(g). Hence f & kerp N L' (G,w), but f € (), oo kerm N L' (G,w), which contradicts (7).

This proposition has several consequences:
5.3. Proposition: For all m,p € é,

kermr N L' (G, w) = kerp N L' (G, w) = kerr = kerp.

If G is a connected, simply connected, nilpotent Lie group, this implies moreover that ™ = p.

Proof: Take C = {7} in (5.2.) to show that Kerr N L}(G,w) C KerpN L'(G,w) implies
Kerm C Kerp.

|
5.4. Proposition: The map
U : Prim, L} (G) — Prim, L} (G,w)
kerm — kerr N LY (G, w)
1S @ homeomorphism.
Proof: By (5.2.) and (5.3.).
|

5.5. Corollary: If G is a connected, simply connected, nilpotent Lie group, then the sets
{kerm N L' (G,w)} are closed in Prim,L'(G,w), in particular

kermr N L' (G, w) C kerp N LY (G,w) = 7 = p.

Proof: In this case, the same result is true for L'(G), as G is a type I group. Apply
(5.4.).
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5.6. We then have Domar’s property for the algebra L!(G,w):

Theorem: Let G be a locally compact, compactly generated group with polynomial growth.
Let w be a weight on G that satisfies (BDna). Then, given any p € G and any open
neighbourhood N of p, resp. given any open neighbourhood Ny of kerp N LY(G,w) in
Prim, L' (G, w), there exists f € L'(G,w) such that p(f) # 0 and w(f) = 0 for allm € G\N,
resp. for all w such that kerr N LY(G,w) € Prim,L'(G,w) \ N;.

Proof: Put C =G\ N, C; = Prim, L' (G,w) \ Ny and apply (5.2.).

The symmetry of the weighted group algebra is given by the following result:

5.7. Theorem: Let G be a compactly generated, locally compact group with polynomaial
growth. Let w be a weight on G. If w satisfies condition (S), then the algebra L'(G,w) is
symmetric. This is in particular the case if w satisfies (BDna).

Proof: See ([Fe.Gr.Lei.Lu.Mo.]) for the fact that (S) implies the symmetry of the algebra.
Let’s show that (BDa), and hence (BDna), implies property (S), i.e. the symmetry of the

algebra. In fact, as the function n — s(|n|) is a weight on Z, A = lim,, W > 0 exists.
Let’s assume that A > 0. Then

In(s(n)) In(s(n)) n
DT T2 T

n>1 n>1

1
2= 2 i

TLZN()

for some € > 0 such that A —e > 0 and for some Ny € N. As the last sum diverges, (BDa)
cannot be satisfied.

The symmetry of the algebra and the previous results imply the following theorem:

5.8. Theorem: Let G be a compactly generated, locally compact group with polynomaial
growth. Let w be a weight on G satisfying (BDna). Then the spaces PrimG, Prim,L'(G),
Prim, L' (G,w) are homeomorphic. The spaces PrimL'(G) and PrimL(G,w) are homeo-
morphic to subspaces of Prim,L'(G), resp. Prim,L'(G,w).

6. Minimal ideals

6.1. In this chapter we are going to study the existence of minimal ideals of L!(G,w) of
a given hull in Prim,L'(G,w). This study relies mainly on the work of ([Lu.]). Moreover
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it is connected to the problem of the Wiener property which we shall consider in chapter
7. The hypotheses on the group G and the weight w will be the same as in 5. For a
given closed subset C of Prim,L'(G,w) (identified with G), let’s introduce the following
notations:

[flle = sup 17 (f)llop
el
m(C)={{f} 1 f=f", fFEC(G), |fli =1, €,
¢ = 0 on a neighbourhood of [—||f|lc, || fllc] }-

Let j(C) be the closed two-sided ideal of L!(G,w) generated by m(C). For C = () we get

m@) ={e{f} [ =1 FEC(G), Ifl1 <1, p€?,
© = 0 on a neighbourhood of 0 }.

An argument similar to the one in ([Lu.]) gives the following result:

6.2. Lemma: The hull of j(C) is C.

Proof: If C = 0, C C h(j(C)). Otherwise, take m € C and @{f} € m(C). Then,
N7 (f)llop < IIfllc and 7w(e{f}) = ¢(n(f)) =0, as ¢ = 0 on the spectrum of 7(f). Hence
m(C) C kerm, kerm € h(j§(C)) and C C h(j(C)).

Conversely, let p € G\ C. By (5.2.) there exists f € C.(G) such that

Iflle = sup [|[7(f)llop < [l2()llop-
mel

We may of course assume that f = f* (by replacing f by f * f*) and that ||f|s <1 (by
dividing by || f]|1). If C = 0, replace || f||c by 0. Hence there exists ¢ € ® such that ¢ =0
on a neighbourhood of [—|f||c, || fllc] and such that ¢(||p(f)]lep) # 0. By construction,
e{f} € m(C) and p(e{f}) = @(p(f)) # 0 (as ||p(f)|lop is in the spectrum of p(f) and as
(1190 lp) £ 0). Hence kerp ¢ h(j(C).

|

6.3. Because the algebra L!(G,w) is also symmetric, a result of Ludwig ([Lu.]) gives us
the existence of minimal ideals of a given hull, as stated in the following theorem:

Theorem: Let G be a compactly generated, locally compact group with polynomial growth.
Let w be a weight on G that satisfies condition (BDna). Let C be a closed subset of
G. There exists a closed two-sided ideal j(C) of L'(G,w), with h(j(C)) = C, which is
contained in every two-sided closed ideal I with h(I) C C.

Proof: Take p{f} € m(C) arbitrary. By (2.2.) and (4.8.) there exists ¢ € ® such

that ¢ -9 = 1 - ¢ = . Hence Y{f} * o{f} = o{f} and ¥{f} € m(C). Moreover
h({{f}}) D h(m(C)) = C. We then apply lemma 2 of ([Lu.]) to conclude.
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7. Wiener property

Let us recall the following definition (see [Fe.Gr.Lei.Lu.Mo.]):

7.1. Definition: Let A be a Banach x-algebra. We say that A has the Wiener property
(W) if for every proper closed two-sided ideal I of A, there exists a topologically irreducible
x-representation 7 of A such that I C kerm. If A is of the form L'(G) for some locally
compact group G, we also say that the group G has the Wiener property.

7.2. Examples: a) In ([Mi.Mo.]) it is shown that if G is a connected, simply connected,
nilpotent Lie group and if w is a polynomial weight on G, then L'(G,w) has the Wiener
property.
b) In ([Fe.Gr.Lei.Lu.Mo.]) it is shown that if G is a compactly generated, locally compact
group with polynomial growth and if w is a weight on G that is at most sub-exponential,
then the algebra L!(G,w) has the Wiener property.
c) For abelian groups, Domar ([Do.]) has shown that L'(G,w) has the Wiener property if
:Oci M < +oo for all z € G. This is in particular the case if Z+OO M < +o00.
For G = R, Vretblad ([Vr.]) even shows the converse, for a certain type of weights: If
w(x) = exp(%\x!q(w)) with ¢ decreasing on R, and w increasing on R, and if L}(R,w)
has the Wiener property, then :ii 1““;52” 2) « 4o (we write nx instead of 2" as G = R)
for every x € R (see the introduction for more details).

In this section we shall study the Wiener property for algebras of the form L!(G,w),
where G is a compactly generated, locally compact group with polynomial growth and w
is a weight on G satisfying condition (BDna), and hence such that L!(G,w) is a symmetric
x-algebra that admits functional calculus. We shall first prove that in this situation the
set m() contains functions p{fs} satisfying

lp{fs} * F = Fllo — 0

in L'(G,w), for all F € C.(G). The techniques of the proof will be the same as those used
n ([Fe.Gr.Lei.Lu.Mo.|) for the Wiener property, adapted to the new method of functional
calculus.

7.3. Let (f5)s be a bounded approximate identity in L'(G,w) such that, for all s,

fs:f;7 HfSHwSC7 Hfs”lZL suppfs C Vs C K,

where C' is a positive constant, V; a compact symmetric neighbourhood of ¢ in G and K
a fixed compact set. We shall show that there exists a periodic function ¢ € ® of period
27 with (1) =1, ¢ = 0 in a neighbourhood of 0, such that

o{fs} =D emu(nfs)

nez
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is converging for all s and such that

lp{fs} * F = Fllo — 0

for all continuous functions F' with compact support in G. Moreover the functions ¢{ fs}
are contained in m()) by construction.
In fact, let’s choose ¢ € ® such that ¢(1) = 1. Then

l{f} * F = Fllo =1 Y _ @)™ « F — & F|.
nez

As the functions f, are uniformly bounded in L'(G,w), it is easy to check that for every
fixed n, ‘ ‘
eznfs « F — ¢"F

in L'(G,w) as s — co. So, for any fixed N € N, we have

Z o(n)[e™s x F — e™F] — 0

In|<N

in L'(G,w). Next we have to show that we may choose ¢ such that, for any ¢ > 0, there
exists N € N such that

IS em)e™e « F—emFlll, < S gl « Flo+1 > ¢(n)e™ |||l

|n|>N |n|>N |n|>N
<eg,

independently of s. Suppose that we had already determined ¢ and Nj such that

~ infs €
> lgm)llle™s *Fllo <5, (%)

|n|>N1

for all s, then (as ), ., @(n)e’™ = (1) =1 converges) we can choose N > N; such that
~ in €
[ D eme™|IF]l. < 5.

In|>N

Thus it suffices to show (x). According to (3.12.)

[n]

le™ 5 Fllo < Ka(1+ [n])(1+ [n[?) % s(jn])> ™02 D™ Gaine)

with constants K5 and K3 given by

Q. 1 Q
Ky =22 K2(1+q)? s()|Fll2 + [|F]l
Ky = 267 lfslls
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where the constants C, K, C’ just depend on the growth of the weight and where ¢ € N*
is such that suppF C U?. Moreover, as the support of the functions f, is contained in
a fixed compact set, there exists p € N* such that suppfs C UP and hence ||fs|lo <
sup,epr W() || fsl|1 = supgep» w(z) = s(p), for all s. Hence the constants K> and K3 may
in fact be chosen independently of s. Moreover, up to a constant, the bound is exactly the
same as the one obtained for ||u(nfs)||.. Hence, if the weight w satisfies (BDna), there
exist functions ¢ € ® satisfying the required conditions such that (%) holds. This proves
the following result:

7.4. Theorem: Let G be a compactly generated, locally compact group with polynomial
growth. Let w be a weight on G that satisfies condition (BDna). Then L'(G,w) has the
Wiener property.

Proof: By (7.3.), j(0) contains all of C.(G) and hence equals L'(G,w), as all the p{fs}
are in m(()) C j(0). Finally, if I is a closed two-sided ideal of L!(G,w) such that h(I) = 0,
then L!'(G,w) = j(0) C I by (6.3.).

7.5. Examples: a) In (4.10.a), ¢)) we have examples of weights that satisfy (BDna) and
hence give a group algebra L!(G,w) that has the Wiener property.

b) Examples (4.10. d), e)) give certain growth conditions on the coefficients ¢; for the
corresponding weight w to satisfy (BDna). Under these conditions L (G, w) has the Wiener
property.

c) Let w(z) = ¢C TR | Then w satisfies (BDna) if and only if v > 1. Hence, for v > 1,
L'(G,w) has the Wiener property. This is the best possible result. In fact, if G = R, the
result of Vretblad ([Vr.]) shows that if L!'(R,w) has the Wiener property, then v > 1. So
even if G = R, we get the same condition on v that we had already in this paper for the
non abelian case.
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