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invariant differential operators.
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Abstract

Let G = exp(g) be a non-abelian, connected, simply connected, nilpotent Lie group. We
generate L2(G) by the eigenvectors of a finite number of families of left invariant differential
operators and their conjugates. The restriction of the left regular representation to each
one of these (left invariant) eigenspaces disintegrates into irreducible unitary representations
with multiplicities 0 and 1 only.!

Introduction

A fundamental problem raised in a lot of areas of mathematics is the question of how to generate
a given mathematical object by its ”elementary constituencies”. In representation theory, this
is the question of the decomposition of a given representation space into subspaces with special
properties. It is a problem of this type that we takle in this paper.

Let G = exp(g) be a non-abelian, connected, simply connected, nilpotent Lie group. By a
fixed algorithm we construct a finite number of families of left invariant differential operators.
These families of operators have nontrivial kernels in S(G) and L?(G). Moreover, there are
plenty of solutions to the corresponding left invariant differential equations. In fact, the kernels
of these families of left invariant operators, together with their conjugates, generate the whole
L?-space. On the other hand, these kernels are "small enough” in the following sense: They are
of course invariant subspaces for the left regular representation and the restriction of the left
regular representation to each one of them disintegrates into irreducible representations with
multiplicities 0 and 1 only. This shows again that there are ”sufficiently many” such families of
left invariant differential operators. Let us insist on the fact that such a result is not possible
in the abelian case, since nontrivial eigenfunctions of constant coefficient operators are never in
L?. Here are some details of this construction:

First we decompose a dense subset of the dual g* of the Lie algebra g. Let d be half the dimension
of a coadjoint orbit of maximal dimension. We then construct a Zariski open dense subset W
of g* and a collection of open subsets A., € € {—1,1}%, of W such that

W= LJae{—l,l}d'A6

(disjoint union).
To each one of these finitely many A.’s, such that A. # 0, we associate a closed, left invariant
subspace L2(G) of L?(G) in the following way: By a precise algorithm we construct differential
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operators Uy ¢, ..., Uq . € 4(g) (the enveloping algebra of g), which are independent if considered
as operators acting on the Schwartz algebra S(G) from the right. We then take

S(G)={feSG)| f+U;c=0,1<j<d}

and 26
LAG)=8.(G)" .

These subspaces are non-trivial and it may be shown that L?(G) coincides with the set of weak

solutions (in L?(G)) of the system of differential equations f x U;. = 0, 1 < j < d. Finally, for

any u € G, let’s note f“(g) = f(ugu™!) and Uj', for the element of £{(g) obtained by the action

of G on i(g). We put

Sue(G)={feS@Q) | f+U}.=0,1<j<d}

and e
Li,a(G) = Su,s(G) .

Then Su(G) = (8:(G))*, L7 .(G) = (LZ(G))" and the space L*(G) is given by

- 12(G)

o= @ (D)

ce{-1,1}4,A.£0 ueG

We have thus written the space L?(G) as a closure of a sum of left invariant subspaces. The
subspaces Li}s(G) of this sum coincide with the set of weak solutions of a system of left in-
variant partial differential equations. Different parameters ¢ give orthogonal subspaces. The
construction of the corresponding differential operators is given by a fixed algorithm.
Let us now consider the left regular representation p, which is the representation of L'(G) on
L?(G) defined by

p(f)(g) = f=g, VfeL'G)Vge L*Q).

It is known as a consequence of the Plancherel theorem that in the disintegration of p into
irreducible unitary representations, every class of irreducible representations appears with an
infinite multiplicity. So one may ask the question how these infinitely many copies of a same
irreducible representation may be realized within the left regular representation. One such
realization has been described in ([Ba-Lu]). This paper gives a new approach to the analysis of
the left regular representation. In fact, it is easily seen that every subspace LiE(G) is invariant
under the left regular representation. Moreover, the restriction of this left regular representation
p to thg(G) disintegrates into irreducible representations with multiplicities 0 and 1 only. This
shows of course that there are ”sufficiently many” subspaces of the form LiE(G).

In the case of the Heisenberg group H,,, the sum in the decomposition of L?(H,,) may be replaced
by a direct sum if we restrict to carefully chosen conjugates of the L2(H,,)’s and these subspaces
may be characterized very precisely. This has already been done in ([Lu-Mo]).

A main point in the argument is the construction of the Uy.,...,Uq. € Y(g) and the charac-
terization of the solutions of f x U;. = 0, 1 < j < d. This is done on the Lie algebra level. In
fact, if we note the irreducible unitary representations by m;, [ € g* (given by the Kirillov orbit
method), then

fxUje=0 l<j<d
& dm(U;)m(f*) =0 1< j<d, for almost all | € g*
< Jmm(f*) C ﬂ;lzl Kerdm (U;,) for almost all [ € g*.



But it may be shown that ﬂ?leerdm(U 7) is one-dimensional if [ € A. and {0} otherwise. This
implies that m;(f*) = 0 if [ € A and that m;(f*) is a rank one operator or 0 if [ € A.. Finally
the solutions f are obtained by a Fourier inversion type result applied to the solutions £ = (&),
of dm(U; )& = 0 for almost all .

1 Parametrization of the coadjoint orbits

1.1

The following material is standard and is treated for instance in ([Co-Gr]). Let g be a nilpotent
Lie algebra and G = exp g the corresponding connected, simply connected nilpotent Lie group.
Let

{0}=goCgC---Con=g

be a fixed Jordan-Holder sequence. In particular, [g, gx] C gr—1, for all k. We get an associated
strong Malcev basis
{X1, Xo, .., X}

by choosing X; € g; \ gi—1. In g* we consider the dual basis { X}, X5, -, X}
For [ € g*, let’s denote by O; = Ad*(G)(l) = G - [ the orbit of [ under the coadjoint action and
let

g() ={X eg| <L[X g >={0}}

be the Lie algebra of the stabilizer of [.
An index j € {1,2,--- ,n} is called a jump indez for [ if

o) + g5 29() +gj-1-

Let’s denote
e(l) ={j | j is a jump index for [}

the set of jump indices for [. It may be shown that there exist two disjoint sets S,7 C
{1,2,...,n} such that SU7T = {1,2,...,n} and such that the following is true: The func-
tion P defined on g* by

P(l) = det(< 1, [ X5, Xj] >), e

is a G-invariant polynomial on g* and the subset U = {l € g* | e(l) = S} of g* is obtained by

U={leg"|P(1)# 0}

Hence U is a Zariski-open, G-invariant, dense subset of g* and its elements are said to be in
general position or generic in the sense of Pukanszky for the given Jordan-Ho6lder sequence. Let’s
write gp,,, = U. In fact, the sets i and S are defined by the following condition: Let’s note
Vi = gj‘ =R - span{X]’-kH, ..., X}, Then [ € U if and only if the dimension of the orbit of [
(mod V;) in g*/V; is maximal for each j. One may show that the elements of I/ all have the
same set of jump indices, called S and conversely that every [ having S as a jump index set is in
U (see [Co-Gr]). The sets gp,,, = U, S, T depend of course on the choice of the Jordan-Holder
sequence.



1.2

There exists a common parametrization of the orbits (which are always of even dimension) of
all the elements of g5, ,: Let S = {j1 < jo <+ < jag}, let’s write I = > | [; X and identify
with an element of R™. There are functions @1, Qa2, ..., Q, satisfying:

(i) The functions Q;(l,t) are rational nonsingular on g%, , x R?. For fixed [ in g%, , they are
polynomial in t € R2?,

(ii) For each | = Y | [; X} fixed in gh,,, the function Q(I,t) = Y., Q:(l,t)X; maps R??
diffeomorphically onto the orbit G - [, which is a closed sub-manifold of g*.

(iii) For fixed 1, the function Q;(l,t) depends only on those ¢; such that j; < j.

(iv) If ¢ S, then Q;(I,t) = l; + Rj(l1,...,lj—1,t1,...,t;) where 7 is the largest index such that
Ji < j and Rj is rational. Moreover, Q1(l,t) = 1.

(v) Qi(L,1) =t

(Vi) gh, is G-invariant and if ¢t € R? is fixed, each Q;(I,t) is a rational non-singular function
on gp,;.» constant on G-orbits.

(vii) For sufficiently large N € N, the functions P(1)NQ;(l,t) and P(1)N R;(1,t), j € {1,2,...,n},
are polynomials. (see [Co-Gr])

1.3

In order to make all the induction steps properly in the proofs, we have to restrict the choice of
the elements [ € g* in the following way: Let Py,..., P, be the different polynomials such that
the set (gi)p, of generic elements (in the sense of Pukanszky) f of gj are given by Py(f) # 0
for every k. We then put I, = [|,, for all k and

V = {leg"|llg € (9k)pur Yk}
= {leg" | Pu(ly) #0,VEk}

= {teg"| [[Pelix) # 0}
k=1

C g}’uk

Hence V is a Zariski open, dense subset of g*. Because the ideals g; form a Jordan-Holder
sequence, the classical proof shows that each one of the polynomials Py is G-invariant, as well
as the Zariski open set V.

2 Different situations in an induction proof

2.1

Let G = exp(g) be a connected, simply connected nilpotent Lie group. Let g be a codimension
one ideal in g such that [g,g] C g and let X € g be such that g = RX @ g. For every [ € g*,
let’s denote [ = p(l) = | g the restriction of [ to g. Let’s assume that the Jordan-Holder basis is
chosen such that g =< Xq,..., X1 >.

Let’s recall that the generic elements of g* (with respect to the given basis) are given by the
condition

P(l) = det(< [, [X;, X;] >), g #0.

1,7€



As [g,g] C g, the polynomial P does not depend on the coordinate of [ in the direction of X*. Tt
may hence be regarded as a polynomial on g*, i. e. P(l) = P(l|3) = P(l). Hence, the projection
of gp, on g* .

p(8pur) = {ll | L € g" and P(1) # 0} = {l € §" | P(I) # 0}

is a non-void Zariski open set of g*. Similarly, the set g}, of generic elements of g* is given by
P(l) = det(< [, [X;, X} >)iies #0

where S is the set of indices of the generic elements of §. Hence P(Gpyr) N Gpy 15 @ Zariski open
dense subset of g*.

2.2

One has to distinguish the following two cases:

Case I: For every | € gp,,

g+9() &9
In that case, ~

g)cgl)cg
and, for [ = l|g, the projected image of the orbit p((O;) is a disjoint union | J,cp(Ad" exp(tX))O;
of distinct Ad*G-orbits in §*. The orbit O; in g* is p-saturated, i. e. O; = pHp(Oy)) = pil((’)i).
Case II: For all I € g,
g+al) =g
In that case,

g(l) Z g,

the projected image of the orbit p(Q;) is the single Ad* G-orbit Oj and p : Oy — Oy is a bijection.
(see [Co-Gr])
If we start with a fixed Jordan-Holder sequence as in section (1) and if g = g,—1 and X = X,,,

then case I means that n is a jump index for every I € gp,,;. and case II means that no [ € gp,;
has n as a jump index (as all the elements of g}, , have the same jump indices).

2.3

In case I, every polarization p({) for [ in g is also a polarization for [ in g, written as p(l) = p(l).
If we write P(1) = exp(p(l)) € G and P(I) = exp(p(l)) C G, P(l) = P(l) C G C G. Then x; and
xj defined by x;(z) = xj(z) = e *<bl8®> for every z € P(I) = P(l) are unitary characters on

P(l) C G, resp. P(I) C G. If we write m; = ind% payXt and m; = mdp(z)Xl for the corresponding
unitary representations, then 7; is unitary equivalent to 7; defined by

= indg (indg(z) XZ): indgﬂ'lz

This unitary equivalence is obtained in the following way: Let $r, and $); denote the representa-
tion spaces of m; and 77 respectively. The representation space of 7; may then be identified with
L?(R, 9r;) (endowed with the appropriate covariance condition) and the unitary equivalence of
m; and 77 is obtained by

U:ﬁﬂ'l - yjﬁ'l
£ = ¢



defined by

§@)(9) = £@,9) = ¢(exp@X) - §), VreRVjeG,

or, more generally,
é(exp(xX) ~§1)(§) = §(exp(xX) -glg), Vz € R,Vj1,7 € G.

Then 5 is well defined and satisfies the correct covariance condition. We shall very often identify
m; and 7. The following computation gives the expression of the representation dz; restricted
to the Lie algebra g and to the enveloping algebra $(g):

dm(U)E(t,g) = dm(U)&(exp(tX) - g)

= %g(exp(—sU) exp(tX) - g)|s=o
= %g(t, exp(—sAd(exp(—tX))U) - §)|s=o
— d’]T[(Ad(eXp(_tX))U)g(t7 )(9)

for every U € g. The formula

dm(U)E(t, ) = dm(Ad(exp(—tX))U)E(t,-)(9)

then remains true for every U € (g).

2.4

In case II we have, by ([Co-Gr]), for | € gp,:

gt+al)=g
a(l) € a())

By ([Co-Gr]) we also know that in this case, for every polarization p = p(l) of an element
l € gpyi, P =pNgis a polarization for lin g, p=p+g(l) and p = p(l) is of codimension one in
p(l). Finally
7 >~ T ‘é

where 77 = inng[ and m = indgxl. In fact, one may in that case choose the same complemen-
tary basis to p(l) in g and to p(l) in g. Hence the representation spaces $),, and $r; may both
be identified with an L?(R%) (with the appropriate covariance conditions respectively) with re-
spect to the same basis and, with this identification, the intertwining operator A is the identity.
Otherwise, 1. e. if A is considered as an operator from Hr, to Hr,, A =¢ &

3 Generalized Kirillov lemma

3.1

Let V C g* be as in (1.3). Let’s assume that n is a jump index (in the sense of Pukanszky), i.
e. that

g1 +9() Cant+ogll)=g+g(l)=9g, VieV.



Then obviously we are in case I for the step that goes from g,_1 to g, = g. Let’s use the
notations of section 2, i. e. let’s put § = gn—1 and | = [,,_1 = l|g- Let’s also write S for the set
of jump indices of g and V = p(V) = { { € §* | 3 € V such that | =1 }.
As the dimension of every orbit is even, the number of jump indices must also be even. As,
moreover, g(l) is of codimension one in Q(Z), there must be exactly one jump index j, for generic
elements in g* distinct from n, which is not a jump index for generic elements in g. This index
must be the same for all I € V. Hence § = S\ {j,,n} and

P(l) = det(< I, [X;, X}] >)i’jes\{jﬁn}.
Let’s recall that P(l) V = p(V) and §* are Ad*G-invariant. In particular, if [ is a generic element
of §* (resp. if [ € V), this is also the case for Ad*(exp(tX))(1), for every ¢ eR.

Details about the representations associated to the elements of V), resp. V have been given in
(2.3).

3.2 About invariant polynomials

We shall first prove that there exists on §* a polynomial function R that is Ad*G-invariant, but
not Ad*G-invariant. The orbits of the elements of V in g* are described as in (1.2) by

n—1
=> Qi t)X;.
=1

As j, is not a jump index for (I, g*),

Q]’T(Z, t) == er + R]’T(ll, e 7ijr—17t17 v ,tr—l)

where ]:Ejr is rational. Moreover, there exists N sufficiently large such that the function

PY(1)R;, (1,1)

is polynomial in [ and t. Here P is Ad*G-invariant and R;, is Ad*G-invariant. Henge PN(R;,(1,t)
is Ad*G-invariant. Let’s assume that for every t € R*4=2 the function PN(I)R;, (I,t) is also
Ad*G- invariant, in particular that

R; (Ad*(expsX)l,t) = R;.(I,t), Vs € R,VteR*¥2

Hence, for any [ € V such that p(l) = I, p(O;) = UserAd*(exp(s X))l cannot be saturated in the
direction of X7 . On the other hand, as j, is a jump index for (I,9), O; and p(O;) have to be

R24-2 gyuch

saturated in the direction of X ;.- This contradiction shows that there exists 0 e
that

R(D) = PN () By (1.1
is an Ad*G-invariant polynomial, that is not Ad*G-invariant. By construction, this polynomial
is defined on the dense open subset V of §*. But it may of course be extended to the whole of
g* and remains then Ad*G-invariant, by continuity.



3.3 Center of the enveloping algebra
Let’s denote by 34(g) the center of the enveloping algebra 4(g), i. e.

34(g) = {A € U(g) | (adX)A = XA — AX = 0,¥X € g}.
Let C[g*]¢ be the set of G-invariant polynomials on g* i. e.

Clg*]% = {f € Clg"] | (Adg)f = f,Vg € G},

where the action of G on C[g*] is defined by (Adg)f(l) = f(Ad*(g~1)l), for all | € g* and
f € Clg*]. It is shown in ([Co-Gr]) that there exists an isomorphism

3U(g) — Clg°
W +— Py

such that (Adg)Pw = P Adgyw- Moreover, for every W € 34(g) and every m € G, dm(W) is

scalar on $77, as W is central, and

dm(W) = Pw(il)1s,, .

3.4

As g is an ideal of g, we may consider {(g) as a G-invariant subset of ${(g). Similarly for S(g)
and &(g). Moreover, polynomials on g* may be identified with polynomials on g* (that don’t
depend on the component [,, =< [, X,, >). In that sense, C[g*] C C[g*]. In particular, for
W e 34(g)N(g) C 3U(g) we write Py as well for the polynomial associated to W in C[g*] and
in C[g*]. This is justified by the following argument: Let Py be the G-invariant polynomial such
that dm (W) = Pw(il)1g,, and Py the G-invariant polynomial such that dm(W) = Py (il)1 -
As m and 7 are unitary equivalent, we also have d7; (W) = Py (il)1g, . Hence

(i (W)EEN@G) = [Pw(iDE®))(9)
= P, )(9)]

and, on the other hand,

[di(W)EE, (G = dm(W)Et,q)

as W is central. This proves that Py (il) = Py (il) for all [ and that Py (il) depends only on [.
As g is an ideal in g, the group G acts on C[g*] as it does on C[g*].



3.5

Let’s recall that there exists R € C[g*] C C[g*] that is Ad*G-invariant, but not Ad*G-invariant.
Hence there exists W € 344(g) such that R = Py and W ¢ 34(g). This implies in particular
that [X, W] # 0. It is easy to see that [X, W] € 3u(g). If [X, W] € 3U(g), we put Y = W and
0# Z = [X,W] € 34(g). Otherwise we replace W by [X, W] and repeat the previous argument.
Because of nilpotency, we find after a finite number of steps 0 # W=[X,...,[X,W]...] € 3U()
such that W ¢ 34(g) and 0 # [X, W] € 3U(g). We then put Y = W € 34(3), 0 £ Z = [X, W] €
34(g) NiU(g) and we have
X,Y] = Z.

Because of this relation we speak about the generalized Kirillov lemma. As [X,Y] € 34(g),
[X,Ad(exp(sX))Y] =[X, Y +sZ] = [X,Y] =2, VseR,

Ad(exp(sX))Y =Y + sZ € 3U(g) and we may replace Y by Ad(exp(sX))Y =Y + sZ with
an appropriate s in the following arguments. Moreover, dr;(Y) = Py(il)lgﬁ[ and drj(Z) =
Py(il)Lg, , where Py € C[§*]¢ and Py € C[a*]¢ C C[g*]% by (3.4), as Z € 384(g) N$L(§). Hence,
according to (2.3), we have for [ € g* and [ = U5

i (Y)E(t,g) = dmp(Ad(exp(—tX))Y)E(t,)(9)
= dm(Y —t2)&(t, )(9)

= [Py (il) + (—t) Pz (iD)E(t, -)(3)

forallt e R, all g€ G.

We may consider the polynomials Py and Py as being defined on g* (and depending only on
a*). Let’s put Qo(l) = Py (il), Qi(l) = —Pz(il) and Q(t,1) = Qo(l) + tQ1(l). Then Qp is a
G-invariant polynomial and @1 is a G-invariant polynomial (for the action of G on g*). They
both depend only on [ = I+

The polynomial Qo cannot be G-invariant, because otherwise Py would also be G-invariant,
which is not the case.

The polynomial Q1 (1) is not identically zero. Otherwise

Q(t,1) = Q1) = Py—1z(il) = Pp gy (i) = Py (IAd (exp(tX)) (1)

would be independent of ¢ and Py would be G-invariant, which is not the case. Let’s notice
that we shall have to restrict ourselves to the Zariski open set of all for [ € V such that Ql(l~) =
Q1(1) # 0. This will automatically be the case if [ belongs to the Zariski open set W to be
defined in (5.3).

3.6

The elements Y and Z of i(g) may be chosen to be anti-hermitian, such that the polynomial
Q1(1) = Q1(1) is non-zero and purely imaginary. In fact, let’s recall that

X*=-X (as X €g)
([U, V) =-[U"V*], VUV eg)



and hence
(X,Y*] = Z*
1 * 1 *
1 1
X, =Y -Y)]==(Z-2").
X (Y ¥ = (2 2)
Then 1(Z + Z*) and 4 (Z — Z*) are self-adjoint elements of 3l(g). One of them at least is

non-zero, as Z # 0. If 1(Z 4+ Z*) # 0, then (Y +Y*) # 0 and P%(YJFY*) # 0 as, for every
I € p(V), dense subset, of §*,

1 N ~ =

As, in general, Py (il) = Py (il) for all U € 384(g), for all [ € §*, and as $(Y+Y*) is a self-adjoint
element of 34(g), P%(YJFY*)(Z'ZN) has to be real. In this case, replace Y by £(Y +Y*) and Z by

%(Z + Z*) and call them again Y and Z. This proves that in this case we may assume Y, Z
anti-hermitian and Py (il) = Py (il) purely imaginary for all [, as Py = i Py for all W € 34(g).
If &-(Z — Z*) # 0, we proceed similarly. o

So, in the future, let’s assume that Y has been chosen anti-hermitian so that Py (il) is purely
imaginary. Hence

Q(t.1) = Q(t,1) = Py (iAd* (exp tX)(I)) = Qo(I) + Q1 (1)t = Qo(l) + Q1 (1)t

is purely imaginary for all ¢ and all I. So Qo(!) (if non-zero) and Q1(l) are purely imaginary.
Let’s just mention that if Y, Z € g (as in the case of the Heisenberg group), then they are
anti-hermitian and Py (il), Qo(l) (if non zero), Q1(1) are in effect purely imaginary. Let’s put
R = iQ:. Then R is a non-zero, G-invariant, real valued polynomial that depends only on
I =1l;.

4 Polarizations and bases

4.1
Let’s come back to the situation described in section 1. Let’s recall that
gy =< X1,..., X >
is an ideal in g for all £ € {1,...,n}. We write i, = [|g, and
g9:(lx) ={U € g | <U,[U,gr] >=0}.
Then .
p() = g;(1)
j=1

is the Vergne polarization for [ in g and

k

pe(le) = a5(l5)

Jj=1

is the Vergne polarization for [, =I|g, in g, given the fixed Jordan-Holder sequence.
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4.2

Assume that k is not a jump index, i. e. that

gk—1+9(1) = g + 8(0).

It is then easy to check that also

k-1 + 9x(lk) = gk + gr(lk) = g

To go from gi_1 to g we are in case II. The corresponding Vergne polarizations satisfy px(lx) =
pr—1(lk—1) + gx(kx), their dimension increases by one and we may take the same complementary
basis to pr_1(lx—1) in gr—1 and to pg(lg) in gg.

4.3

If k£ is a jump index, i. e. if
gr—1+08() & gr +a(l),
two situations are possible:
(i) Either we have
ge-1 + 8k(le) = gk + 9 (lk) = 9
We may then draw exactly the same conclusions as in the previous section.
(ii) The other possibility is that

gr—1 + 0c(lk) & ok + gu(lk) = gr-

Definition: We say that & is a local jump index for [ if

g1+ 0k(lk) & ok + gr(lk) = gk

This means that k is a Pukanszky jump index for I, in gi. Let’s recall that for l € V, I, € (g}) puk,
by definition of V' (1.3). Moreover, we know that all the elements of (g})py, have the same
Pukanszky jump indices in g;. This implies that the elements of V have the same local jump
indices. We may hence put:

R :={k € N | kis alocal jump index VI € V} = {i1,i2,...,94}-

Then R C S (where S denotes the set of Pukanszky jump indices).

4.4

Let’s assume that k is a local jump index. To go from g1 to gx we are in case I. We have
0k (k) C gk—1(lg—1) and the Vergne polarizations satisfy pr—1(lg—1) = pr(lx). We may add Xj
to the complementary basis to py_1(lx—1) in gr—1 to get a complementary basis to pg(lx) in gg.
Let’s finally notice that in this case Xy & p-(l;) = > i_; g;(l;) for every 7 > k and that hence
X may be put into the complementary basis to p,(l,) in g,. In particular, X; may be put
into the complementary basis to p(l) in g. In fact, as pr_1(lg—1) = pr(lk), Xk & pr(l). Then
< 1, [ Xk, pe(le)] ># 0. Otherwise p), = p(lx) + RX) would also satisfy < [,[p},p)] >= 0
and pg(lx) would not be a polarization. Hence, there exists Yy € pr(lx) C pr(l) such that
< 1,[Xg, Y] ># 0. So Xi ¢ p.(l,), as p,(l,) is a polarization of I, in p,.
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For the elements of the Zariski open set V (see 1.3), we shall make the following choices: Given
the fixed basis {X71,..., X, } as in section 1, given [ € V, we associate to [ its Vergne polarization
p(l) = >25_1 p;(lj). We then take

{Xi | k€ R} = {Xiy, Xis, ..., Xy}
as complementary basis to p(l) in g. This basis does not depend on the choice of [ € V. We
may hence identify the representation spaces r, = L*(G/P(l),x;) with L*(R%) and 9 =
S(G/P(1), x;) with S(R?) with respect to the same basis for every I € V, but of course with a

covariance condition depending on /. Let’s finally notice that the index d is well chosen, as the
dimension of g/p(l) is half the dimension of the orbit of [.

5 A decomposition of a dense subset of the dual of the Lie
algebra

5.1

Let’s now consider the generalized Kirillov situation studied in section 3. For any k € R =
{i1,...,1q}, there exists Y} € 3(gr_1) such that

0# Z1 = [ Xk, Ya] € 3U(gr)-
We shall show that we may in fact choose Y; € 38(gr—1) such that
0 75 = [Xk,Yk] € 321(9)

To do this, let’s first point out the following facts:

(i) As g is nilpotent and as we start with a Jordan-Hélder sequence, [g, gx] C gr—1.

(ii) If g is any ideal of g, then (U(g),[-,-]) is an ideal in ((g),[-,-]). In particular, all the
(U(gk), [-,-])’s are ideals in (LU(g), [, ]).

(iii) If g is an ideal in g, then (34(g), [-,]) is an ideal in ($4(g), [, -]). In particular, (3U(gx), [, ])
is an ideal in ($4(g), [-,-]) for all k.

In fact, let Z € 34(g), X € U(g) and U € 4(g). Then

x.20] = ~[1ZU].X] - [U.x].2]
= 0,

as Z € 34(g) and as U, [U, X] € 1(g), because 4(g) is an ideal in (L(g),[-,-]). This shows that
34(g) is an ideal in (LU(g), [+, ])-

Let’s now assume that Yy € 34(gx_1) such that 0 # [ Xy, Yi] = Zr € 3U(gx) and let’s show that
we may in fact choose Yy such that 0 # [ Xy, Yi] € 3U(g). In fact, if Z = [Xj, Yi] ¢ 34U(g), then
there exists W € g C {(g) such that

0 # (W, Zi] = [W, [ Xk, Y]] = — [ X, Vi, W]] = [Vio W, Xi]] = [ Xk, [W, V2],

as [W, Xi] € [g, 9] C gx—1 and as Y; € 384(gx_1). Moreover [W, Y] and [Xk, (W, Yk]] belong to
3U(gr—1) as 3U(gr—1) is an ideal. If 0 # [Xy, [W, Yy]] ¢ 344(g), we continue with this procedure.
Because of nilpotency, there exist Wi, Wa, ..., W, € gsuch that 0 # [Wq, [Wa,...[W,, Yi]...]] €
3U(gx—1) and

0 75 [Xk, [Wl, [WQ, ce [Wr, Yk] .. ]H S Bil(g)

We then write Y}, instead of [W1, [Wa, ... [W,,Yy]...]] and Zj instead of [ Xy, [Wh, [Wa,... [W,, V3] ...

and our claim is proven.
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5.2
Hence, by (3.5), for each k € R = {i1,...,1iq}, there exist Qp, Qo and Q1 such that

Qr(t,lk—1) = Py, (tAd™(exp tXk)(lk—1)) = Qok(lk—1) + Q1 r(lk—1)t.

Here Qo and @ are polynomials on g;_,, but they may be considered as polynomials on all
of g* that don’t depend on the last n — k + 1 coordinates of [. Moreover, Q1 x(l) is a G-invariant
polynomial as

Q1k(l) = Q1 elk) = —Px, v, (ilk)

and as [Xg, Yx] € 34(g). As previously, they may be assumed to be purely imaginary and Yy, Zj
may be assumed to be anti-hermitian.

Finally, if we define R, = iQ1 4, then Ry, Ro,..., R4 are the G-invariant polynomials. The
polynomial Ry depends only on the coordinates of l,_; =|g, ,.

5.3

Let’s define
W={leV | Rg(l)#0,Vk}

and, for every € € {—1,1}¢,
A = {l ew ’ €kRk(Z) > O,Vk}.

Then W is a G-invariant, Zariski open dense subset of g* and A, is an open subset of g* such
that
W - UEE{*l,l}dAE'

Some of the A.’s may be empty.

6 Function spaces

6.1

Let’s assume that the Jordan-Holder basis has been fixed. Let’s take 7 as in (1.1) and Vr =
> jer RX J* Then Wz := WN Vr and A. 7 := A. N V7 are orbit sections of the elements of
W, resp. of A.. Let p(l) be the Vergne polarization for the given basis, P(l) = exp(p(!)) and
{X, | j € R} for the complementary basis to p(l) in g.

6.2
Let F. be the set of all C*°-functions

f : AE,T X Rd — C
(L) — &l x):=§&(x)
such that for every compact set K C A, 7, for all A, B,C € N,

o* 0°
€llkaBc= sup | sup 2 s
lIeK;z€RL  |a|<A;|r|<B;ls|<C x

&i(x)]] < +oo.
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Here we used the notations

a" o= o eald ifa=(21,...,24) ERYand r = (r1,...,7) € N?
o a1 Hon .
g Xt L,XE, a=(ay,... N
oin = o oy MMk a=lon. e €
08 851 asd . d d
9 @---@ ifz=(x1,...,24) €ERY s=(s1,...,84) €N
‘Oé‘ = a1+---+ay

i = rae

sl = syt

Thanks to the given basis we then identify & with a function on G/P; by

&(xy,...,&) = §l(exp(x1Xz~1) .. .exp(deid)),

where R = {i1,...,i4}, and with a function on G with the covariance relation

iz - u) = xi(w(x), Yueh.

The function &, considered as a function in [, may even be extended to the whole orbit by

{((Ad*g)(l),l‘> = f(l, Zz- g)'

This means that the function & is transformed into the function & Ad*(9)(0) by the intertwining
operator giving the unitary equivalence of 7; and Ad”(G)(1)" Hence £ may be considered as a
function from A. x G to C. We shall write £ = (&);.

If, for instance, we write A, = U;;‘fle as a countable union of compact sets such that K,, C
int(K,+1) and if we consider the topology of F. generated by the semi-norms || - || x,, 4,B,c, then
F- becomes a Fréchet space.

7 Main result on the Lie algebra level

7.1

We use the definitions and notations of sections 4 and 5. We then have the following theorem:

Theorem 7.2. Let G = exp(g) be a connected, simply connected, non-abelian, nilpotent Lie
group. Let

d = max{ dim(g/p) | Il € g* s. t. p =p(I) is a polarization for [ in g }.

Let
{0}=goCcgC---Cogn=g

be a fired Jordan-Hélder sequence ([g,9:] C gi—1, for all i) and {Xy,...,X,} a corresponding
Jordan-Hélder basis (with X; € g; \ gi—1). For every | € gp, » = p(l) will always denote
the corresponding Vergne polarization for l in g. Let V = {l € g* | llg, € (9)pup: Yk} and
R = {i1,...,iq} the set of local jump indices for the elements of V. Then {X;,...,X;,} is a
coezponential basis to p(l) in g for every l € V. Thanks to this basis, the spaces $r, and H7 are
identified with L*(R?) and S(RY) respectively. We have the following results:
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(i) There exists a Zariski open, dense subset W C V of gp,. and open subsets A. of g*, for
every e € {—1,1}%, such that
W = UaE{—l,l}dAE

(disjoint union). Some of the sets A: may be empty. Moreover, given W and the A.’s, the
following properties (ii) to (vi) are satisfied.

(it) Given a fized € such that A. # 0, there exist Vi, ..., Vy. € U(g) and there exists £ = (§); €
Fe satisfying & # 0, for alll € Az and

dﬂl(‘/}75)fl =0, Vje {1, e ,d},Vl e A..

Moreover, there exists a fized algorithm to construct Vie,...,Vq., as well as the §’s.
(i11) For every k € {1,...,d}, there exists ( = ((i1)1 € F= such that

CM;&O, VleAg,VkE{l,...,d}
dm(Vie)Cy =0 if j#k V€ A
dmi(Vie)Cey # 0,  for at least one | € A..

() The element V. of the enveloping algebra is of the form
Vae = Xiy —1€qY5y,

where X;, is the last element of the basis of g/p(l), Yi, € 3U(gi,—1) and Z;, = [X;,,Yi,] € 3(g).
(v) For every l € A,

d
ﬂ Kerdm(Vj.) = C§
j=1

and, forl € W\ Ag,

d
() Kerdm(V;c) = {0}.
j=1
(vi) The functions &, considered as elements of 937, satisfy the following covariance and com-

patibility relations:

&z -u) = xi(w)&(x), VreG,Yuc P

and

Eaa- (@) =&z -u), Vie WVued.

This last relation means that the function &§ is transformed into the function § gy by the
intertwining operator giving the unitary equivalence of m and T zg+(u)(1)-

Proof: It is a proof by induction and will be developed in the next sections. For ¢ € {—1, 1}d
fixed, the elements Vi, ..., Vg, € U(g) will be constructed by a fixed algorithm.

8 Proof of the Lie algebra result

8.1 The Heisenberg group

The first step in the induction consists in studying the situation of the Heisenberg group Hj.
This has been done in details in ([Lu-Mo]). In this text we shall just recall the main results of
this study. Let < X,Y,Z > with [X,Y] = Z be the generators of the Lie algebra h; of H;. For
any A € R\ {0}, let [y = AZ* € hi. The orbit of I, is the horizontal plane through (0,0, \)

15



and a polarization for [y in b} is given by py = RY + RZ. Let Py = exp(pyr). The orbit of
[y is associated to the class of the infinite dimensional unitary irreducible representation my =
indg1 X1,, Where Xlx(exp(yY) exp(zZ )) = e by the Kirillov mapping. Then W coincides
with RX* + RY* + R*Z* d = 1, ¢ € {—1,1} and the polynomial R is given by R(a,b,\) =
R(aX* +bY* + A\Z*) = —\.

Fore =1, Ac = A; = {aX* +bY* + AZ* | A< 0l and V. = V; = X — V. If | = \Z*, the
function £ = &) € S(R) = HY° is given by

Ex(s) = e2*’
It is then defined on the rest of the orbit of [ by the formula
éAd*(u)(lA)(S) = é)\(exp(SX) ' U), Vs € vau € H17

using the covariance relation.
Similarly for ¢ = —1, where we have to take A, = A_; = {aX* +bY* + A\Z* | A > 0},
Ve=V_1=X+1iY and

See [Lu-Mo]) for more details.

8.2 Induction in the case I situation

Let’s first assume that n is a local jump index, i. e. that n = igy € R. We are in the generalized
Kirillov situation. Let’sput X = X,, = X, .Y =Y, =Y, Z = Z, = Z;,, Qo = Qon = Qo,i,,
Q1 = Q1,n = Q1,i,- The argument is divided into several steps:
(i) Construction of particular elements in the enveloping algebra
Let’s use the notations of section (2), where § = g,_1. Let now be € € {—1,1}% such that A. # 0
and let’s write

€= (e1,...,6q4-1) if e = (e1,...,€4-1,€q) for some &4.

Then £ corresponds to the restriction of g to g. By construction,
0#Az=p(A) C{IeW | gRi(1)>0,1<j<d—1}#0.

Let’s assume that the results of theorem 7.2 are true for §. Let Viz € 4(g), i € {1,2,...,d—1} be
given by the induction hypothesis corresponding to .A:. Because all the actions are polynomial,
we have a relation of the form

Nz
Ad(exp(tX))
]:0
with V;; € 4(g) for all 4, j. Let’s now define
Ni
Vie=> ViYIZN=I cy(g), ie{1,2,...,d—1}.
§=0
Then 4 . ' 4
Ad(exp(—tX))(YIZNiI) = (Y —tZ)I ZNi™3
and
NZ ~ - -
Ad(exp(~t = >~ (Ad(exp(—tX)) (Vi) (v — t2) 2.
7=0
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The element V. will be constructed in (iii).

(ii) Choice of a particular point on each orbit . .
Let’s now come back to the notations and results of (3.4) to (3.6). For every [ € p(WV) C W,

there exists exactly one ¢t = ¢(I) € R such that

4T AQ* (expexy®Y) = 0
with Ad*(exp(tX))(l) € g*.
In fact,
A7 p 4 expxn @ (¥) = Py (iAd* (exp(tX))(I)) g, = [Qo(1) + Q1(D)1 P
Hence B
Q1(1)

gives the desired result. In particular, let’s notice that Q1(l) # 0 by the definition of W.
Moreover, t = t(I) is G-invariant. By the same remark as previously, ¢ may in fact be considered
as a map defined on W C g* that does not depend on the last coordinate. The map

w — R

e o) = -2

Q1(1)

is C*°, as it is a rational function defined on all of W.
Let’s now define the map

W — W
I — 1 =Ad"(exp(t())X))(1).

This map is of course C*°. In fact, the coordinates of [; are rational functions of the coordinates
of [, the denominators being powers of Q@1(1). The image l; of | belongs to the orbit of [. Let’s
put Iy = [1|3. Then, by construction,

I1 = p(Ad*(exp(tX))(1)) = Ad*(exp(tX))(p(1)) = Ad*(exp(tX))(])
and
dmy, Y) = d”Ad*(exp(tX))(z") (Y) =0.
In particular, o ) )
0= Py (il1) = Q0,11) = Qo(l1)
and
di, (Y)E(t, §) = Py (iAd* (exp(tX)) (11))E(t,)(G) = Qi ()t - &(t,§) VtER,Vg € G,

as Q1) = Ql(il) by definition. Moreover, Q1(l1) = Q1(l) # 0, as Q)1 is G-invariant.

(iii) Induction construction and proof for these particular choices
For [y, we have

dny, (Ad(eXp(_tX))(YjZNi_j)) = dmj, <(Y - tZ)jZNi—])
= (=tYdm; (Z™)
= (DY QOM(-tY1s,,
= Ci(-t)1s,
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where C; = (—=1)MiQ1(1)™:, as dry (Y) =0 and dmj (Z) = —Ql(ll)lml~1 = —Ql(l)lmil. There-
fore
N’L ~ ~
d7rl~1 (Ad(exp( Ci(— Jdﬂ'l Ad(exp( ))VZJ) = Cidwil(‘é,g), vVt € R.
7=0

For any [ € §*, let’s note p(l) for the Vergne polarization, P(I) = exp(p(l)) and &eSRITH =
f);’r‘lf for the functions given by the induction hypothesis for point (ii) of theorem 7.2. By induc-
tion, the point (v) of theorem 7.2 gives,

d—1
ﬂKerTI‘l V ) = C¢;, Vie Az
7=1
and
d—1 o
() Kerdm(V;e) = {0}, VIie W\ A:
7j=1

where p(W) C W. For Iy,1; constructed here, let 7, € S(R) (to be determined later) and let’s
define §, =m, ® §, € S(RY) = 5579;’1. Then

diy, (Vi) (t,§) = my (¢) - drg, (Ad(exp(—tX))V;)&, (§) = Cimy ()dry, (V)& (9) = 0

wheret e R, e G,ie{1,2,...,d—1}.

In case I the dimension of the orbits of maximal dimension increases by 2 and hence the di-
mension of g/p increases by 1, when we go from g to g, and therefore we have to introduce one
supplementary relation. Let’s consider V. = X —ieqY € U(g). Then

(_% B Z.EdQl(ll)t)éll (t’ )(g)

= G @)~ o —caRa)i)m (1),

i, (X —ieaY)§, (1, §) =

as

4 (X)E(5) = -E(exp(—5X) expl(tX) - §) oo = — 5 (1,9).

So we may take

m,(t) =e —SeqRq(l)t?

in order to get ~
dﬁ'll (X - i€dY)§ll =0.

If we define &, € H77 (= S(RY) by &, (exp(tX)-§) = &,(t,§) for t € R and § € G, then
dm;,(Vig)é, =0 forie{1,...,d},
where Vg, = X —ig4Y.

We proceed similarly for the functions (xy,, k € {1,...,d — 1} of theorem 7.2, point (iii). The
functions (g, € 55?5’1 and (g, € f_)%’l are obtained by

Capy = P © &,

where ¢, € S(R) is any Schwartz function such that ( — % — eaRa(l)t) ey, (t) # 0.

18



In order to prove point (v) of theorem 7.2 for [; (associated to an arbitrarily chosen [, as
explained previously), let’s assume that 1, € 5’);’;’1 = S(RY) such that v, € ﬂ;l:lKerdml(Vj,E).

Let’s define 1[);1 by @le (t,3) = ¢, ((exptX - g). One has in particular
dmy, (X —ieqY )y, ((exptX) - §) = diy, (X —ieqY )iy, (L, §)

— ( — % — Ede(ll)t>";l1 (t7 )<g>
= 0,

0 ~ - ~ -
alﬁzl(t’g) = —eqRq(l1)ty, (¢, 7).
Ifle A, 1 € A; and e4R4(11) > 0. So

¢11((9XP tX) ' g) = &h (t7§) = C(lla g)e_%ede(ll)t2v

where C(l1,g) = Cj,(g) is a Schwartz function in g that satisfies

dr; (Vi) (3) =0, j=1,....d—L
By the induction hypothesis, C, (g) = C(11)§;,(g) and
wh = C(ll)ml ® 5[1 = C(h)éh € (Cfll-

Ifl ¢ A, I ¢ A. and one has eqR4(l1) < 0 or I} = p(l;) ¢ A-.
In case eqR4(l1) < 0, the equation

. i
o7 (t:9) = —eaRa(l)tvn (t, )

doesn’t have a non-zero Schwartz solution and

d d

ﬂ Kerdml (Vj,a) = m Kerdﬁll (Vj,a) = {0}
j=1 J=1

In case egR4(1y) > 0 and I} = p(l1) ¢ Az, ﬂ?;%Kerdwil(f/jf) = {0}, by the induction hypothesis.
Hence, if we start as in the case where [ € A., the system

dr; (Vie)C,(9) =0, j=1,....d—1,

with Cy,(g) Schwartz function, implies that Cj; = 0 and so v, = 0. This proves that if [ ¢ A.,
A4, Kerdr,, (V;.2) = {0},

Thus, for every | € W there exists I; € O; for which theorem 7.2 is satisfied. It remains to
complete the construction for all [ € W.

(iv) Construction for any linear form in a dense subset

Let’s now go back to the originally chosen [ € W. By definition of l1, | = Ad*(exp(—t(1)X)(L1),
where t(l) is a rational function in [ defined on all of W. If we write p(l) and p(l;) for the
Vergne polarizations of [ and [; respectively (for the given Jordan-Hélder sequence), then p(l) =
Ad(exp(—t(1)X))(p(l1)). The representations m and 7, are unitary equivalent, the equivalence
between the representation spaces being given by

Sjﬂ—ll — S/jﬂ'l
YL = @l
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where

wi(g) = gpAd*(exp(—t(l)X))(ll)(g) = ¥ (g - exp(—t(1)X))
with I} = Ad*(exp(t({1)X)(l). This leads us to define & by the formula

&) = fAd*(exp(—t(l)X))(ll)(g) =&, (g - exp(—t(l)X))

with {1 = Ad*(exp(¢(1)X) (1), where the function &, is given by the construction of (iii). Hence
the functions & have been constructed for every I € W. It is then easy to check that they really
satisfy the relation

Because of the unitary equivalence, we then have
d

() Kerdm (Ve) =C&, Vi€ A
j=1

and J
() Kerdm(Vje) = {0}, VIeW\ A..
j=1

We proceed similarly for the functions ¢y ;.

(v) Smoothness questions
Let’s note F. and Fz for the function spaces to be considered at the level of g and g respectively
(see section 6 for the definition). The mapping

w — R
I — t()

is rational, defined on all of W. Let’s note that ¢(l) = —8?8; is real for all I € W, as Qo(l) and

Q1 (1) are both purely imaginary. So

w — W
I - 0 :Ad*(exp(t(l)X))(l)
and
W — W=pW)
I — l~1:P(l1)=ll\g

are also rational. 3
By the induction hypothesis, (§;); € Fz. Moreover,

W — S(R)
I — m

defined by n;(t) = e~ 2eaRaD)P? jg ¢ i (I,t) and Schwartz in ¢, constant (as a function of [) on
G-orbits. So the construction of &, given by

&1y (exp(tX) - g) = mi, (t) - &, (9)
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and the one of & defined by

Slexp(sX)-g) = fAd*(eX( £(1)X))( l)(eXp(SX) 9)
&, (exp(sX) - g - exp(—t(1) X))
= m, (s —t(1)&;, (exp(t(1)X) - g - exp(—t(1) X)),

with n;, = n; by invariance on G-orbits, show that (§;); € F. Similarly for the functions (; if we
choose the ¢y, ’s such that (I1,t) — ¢y, (t) is C* in (I1,t) and Schwartz in ¢ (see the construction
given in (iii)).

8.3 The case II situation

In this case the Vergne polarizations p(l) (for I € W in g) and p(l) (for | = l|g in g) satisfy
p(l) = p(l)Ng. The complementary bases to p(l) in g and to p(l) in g may be chosen to be equal
(see section 4 for this choice). For this choice of the basis,

G/P(l) = G/P(l) =R%
The representation spaces £, and 55;’5’ (resp. 5“;‘ and 5’)?;;) may be identified with L2 (Rd) and
S(RY) (with the appropriate covariance conditions). For ¢ € S(R?) = 97, = 97 and for any
UegcCag:
dm(U)&(s1,...,8q¢) = dm(U)&(exp(saXj,) - exp(s1Xj,))
d
= clep(~U) exp(5X;,) -+ exp(s1 X))o
= dm(U)EGr, - 50)

In fact,asU e€gCyg, Xj,,...,X;, €9 Cyg, ﬁ(i) C p(l), we have in this case the same covariance
relation wether we identify S(R?) with $3° or with 97 Similarly, for U € U(g) < W),

dm(U)¢ = dr(U)¢, for all £ € S(RY). As

d = max{ dim(g/p)| 3 €g"s. t. p=p(l) is a polarization for [ in g }
= max{ dim(g/p) | I € §*s. t. p = p(I) is a polarization for [ in § },

the number of the relations of the form dr(U)£ = 0 in theorem 7.2 must be the same for G and
G. Moreover, for any € € {—1,1}%, the sets A., resp. A, are related by

Ao=pA)={lecg |HNecAs t. 1=},

as n is not a jump index in this case. By the induction hypothesis, there exist 17175, Vs €
U(g) C U(g) and a map (&); € Fz such that
§ # 0

dri(Vie)e; = 0 Vie{l,...,d},

for all [ € A.. If we then put Vie == ‘77;,5 for all i and define & := & with [ = p(l) for every
l € A., we get a map (§); € F. such that

& # 0
dm(Vi )& = dm(Vip) = 0 Yie{1,...,d},
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for all | € A.. The statement (v) of theorem 7.2 remains of course true. The compatibility
condition

is again satisfied. Similarly for the functions ¢ in the statement of theorem 7.2.

This completes the proof of theorem 7.2.

9 A Fourier inversion type theorem

9.1

Let’s introduce the following notations: If & denotes the set of Pukanszky jump indices, let
T={1,...,n}\Sand V7 = 3,7 RX¥ C g*. Let dp(l) = ()" ?|Pf(1)|dl be the Plancherel
measure, which lives on V7 N gp,,,.- The Pfaffian Pf(l) is defined by

=

1
[P = (P(1))? = (det(< I, [Xi, Xj] >)ijes) ®-
For all 7 € G’, let HS($:) denote the space of Hilbert-Schmidt operators on $, and let

1

® n—d @
| HS@dum = ()" [ HS@.IPr@
G ™ Vng}(Duk

stand for the space of all families of Hilbert-Schmidt operators (A, ); such that A;, € HS(9r,)
for all [ and

[ Mnls [P£OId < +cx.
VTﬂg};uk
We then have the Plancherel theorem (see [Co-Gr)):

Theorem 9.2. (i) Let G be a connected, simply connected, nilpotent Lie group, dx a fized

Haar measure on G, and du(l) = (%)n_d|Pf(l)|dl the corresponding Plancherel measure, where
n =dimg and 2d is the mazimal dimension of the coadjoint orbits. The map

A:LYG) N LA(G) /69 HS($H,)d
: - R ™ H(ﬂ-)
G
f = (Wl(f))l

extends to an isometry from all of L*(G) onto fé? HS(97)du(n). The image of f € L*(G) by
this isometry will also be denoted by (Wl(f))l.

(ii) If f,g € L*(G) such that m(f) and m(g) have as operator kernels the functions F(l,-,-) and
G(l,-,-), then

1 n—d *
<fo> = G w(mome)ipswm

1 o
- (ﬂ) d/ //F(laﬂ«",y)G(l,x,y)|Pf(l)|d:rdydl
VTﬁg;’uk Re JR4

and
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1. n-
I8 = ()" [, Im(pls 1Pl

1 \n—
= )" / / / [F @ ,y)* |PF(0)|dwdydl.
2 V,ng};uk R4 JRI

9.3

In order to state a Fourier inversion type theorem that will be used in this paper, let’s first give
the following definition:

Let U C gp, N V1 be open. Let p(l) be the Vergne polarization for [ with respect to the given
basis {X1,..., X, }. Let R = {i1,...,14} be the set of local jump indices (the same for all | € g*)
and {Xj | £ € R} the corresponding coexponential basis to p(l) in g. Then G/P(l) may be
identified with R? by

X = (z1,...,2q) = exp(x1 X, ) - - - exp(xq X, ).
The space of kernels N.(G,U) is defined to be the set of all C*°-functions
F:VrxRI'xR?*— C
such that the following conditions are satisfied:
(i)
F(l,,)=0 ifl¢U
(i)
C 8[12 81)2

_ a1,,b1
||FHK7C7A1,A2,B1,BQ - sSup sup }.’L‘ ! %8 az Goyb2 F(lvxay)‘
leK;z,yeRe L |a1|<A1;]b1|<Bi;|c|<Cjlaz| < Az;|ba | <Bo €z Y

< +o0

(iii) There exists a compact set K in U such that F'(l,-,-) =0if | € K.
The kernel function F'(I,-,-) may be considered as a function on G/P(l) x G/P(l) by writing
F(l;exp(21 Xy, ) - - exp(za Xy, ); exp(y1 Xk, ) - - exp(YaXe,)) == F(liz1,. . 2aiy1, - - Ya),
or even as a function on G x G, if we introduce the covariance relation
F(lyz-hyy - 1) = xi(h)xi(W)F(3y), Va,y € GyVh, K € P(I).
We may even extend F' as a function in / to the whole orbit of I by setting

F((Ad*g)(1);z;y) == F(l,z-g;y-g), Vx,y,9 €G.

This is done in order to reflect correctly the unitary equivalence between m; and 7(44+¢)), and
its incidence on the corresponding operator kernels.

We then have the following ” Fourier inversion type” theorem, which was established in ([Lu-Mo-Sc]):
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Theorem 9.4. Let G be a connected, simply connected, nilpotent Lie group with a fized Jordan-
Hélder basis {X1,...,Xn}. Then there exists a Zariski open subset g, of g* (set of generic
elements in the sense of Ludwig-Zahir), contained in gp,;, such that all the elements of gy,
have the same set of local jump indices R and such that for every function F € N (G, g;en) there
exists a unique function f € S(G) satisfying: For every | € g;.,,, the operator m(f) has F(1,-,-)
as a kernel, provided the polarization associated to l is the Vergne polarization p(l) with respect
to the given basis and the coexponential basis to p(l) in g is given by {Xx | k € R}. Moreover,
m(f) =0 for every l € g*\ g;.,,- The map F'— f is continuous in the given topologies.

10 Main result on the Lie group level

10.1

We start with the following definition:

Definition: Let G = exp(g) be a connected, simply connected, non-abelian, nilpotent Lie

group.
(i) For every U € g and every ¢ € S(G), we define

exUl(g) == d%@(g -exp(sU)) |s=o-

We then extend this definition to all U € $(g).
(ii) Let Uy,...,U, € U(g). We say that the U;’s are Schwartz independent if, for every k €
{1,...,r}, there exists ¢} € S(G) such that

orxU # 0

This means that Uy, ..., U, are independent if considered as operators acting from the right on
the Schwartz space S(G).

We then have the following theorem:

Theorem 10.2. Let G = exp(g) be a connected, simply connected, non-abelian, nilpotent Lie
group, equipped with a fized Jordan-Holder basis. Let

d := max{dim(g/p) | I € g* s. t. p = p(!) is a polarization for [ in g}.

We then have the following results:
There exists a Zariski open, dense subset W of gp,;,. and open subsets A. of g*, for every
e € {—1,1}9, such that

W = Uneqorayede

(disjoint union). Some of the sets A. may be empty.

Given a fived ¢ € {—1,1}? such that A. # 0, there exist Uy .,...,Uqe € $U(g), given by a fived
algorithm, and (&;); € Fe satisfying & # 0 for all 1 € A, such that the following properties are
satisfied:

(1) Uig,...,Uqe are Schwartz independent.

(ii) For every lo € A: N gy, there exists 0 # ¢ € S(G) such that m,(p) # 0 and ¢ * Uy =0
forall k€ {1,...,d}.
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(1it) If 0 # ¢ € S(G) is any solution of ¢ x U, =0, 1 < k < d, then m(p) =0 if l € W\ A
and Imm(¢*) C C& if | € Ac. In that case there exists m; € L2(RY) = 9, such that

m(p") = P&lmz

where P, ,, is a rank one operator defined by
Pﬁlﬂh (5) :< é‘?’r]l > 5[7 vé E L2(Rd) = 4671'1*

() The set {Uie,...,Usc} is mazimal among all sets {Vi,...,V;} of elements of U(g) which
are Schwartz independent and which satisfy

Vi€ A: N gyen, 3 07 ¢ € S(G) such that m(p) #0 and V=0 for 1 < j <.

Proof: Let Vi.,..., V4. be given as in theorem 7.2 and let’s take Uy, = V,:’E for all k €
{1,...,d}.

(ii) For the given lo € A: N gy, let v = (1) € Fe with ; = 0 if [ € A. 7 outside a compact
subset K of A. 7 N gy, and such that 7; # 0, where {lo} = O, N Vr, O, being the orbit
of lp. Let’s consider F(l,-,:) = F; = § ®7%, for | € Ac7 N gy, and F(l,-,-) = 0 for | €
(VT N @en) \ (A N @sep)- Then F € No(G, gy,,,) and there exists, by theorem 9.4, p € S(G)
such that m(¢*) has F(l,,-) as a kernel for all | € gj,. Moreover, m(¢*) =0if [ € g* \ggen
By construction, m(¢*) = Py, if | € Ac1 N g, and m(9*) = m(p) = 0if I € A- N g, In
particular, as y; # 0, 7rlo( ) # 0 and m,(¢) # 0 because m;, and m, are unitary equivalent.

Moreover
m(p*Uje)" = dm(U;)m(¢*) = dm(Vie)m(e®) =0, Ve g

In fact, if I € g* \ (A: N g,,), this is true because m(p*) = 0. If | € Ac 7N gheps

m(px Uje)™ = dm(Us ) m(¢") = dm(Vje) Pey ry = <d7fl(Vj,s)§l> <.,y >=0,

by the construction of Vj. and &. Hence o U;. =0 for all j € {1,...,d}.

(i) We proceed similarly to prove the Schwartz independence. In fact, for any k& € {1,...,d},
let’s replace & by (j of theorem 7.2 to define the kernel Fj(l,-,-) and the function ¢, € S(G).
By the same computation as previously, m (¢ * Ujc) = 0 for all [ and ¢y * U;. = 0, if j # k.
For j =k, v, # 0 and dﬂ_[o(vkvs)cio,k’ # 0. So

LA (@k * Uk,€)* = <d7rl~o (Vkﬁ)gfo,k) < o >?£ 0.

Hence ¢y, * Uy - # 0.

(ili) Let now 0 # ¢ € S(G) be any solution of ¢ * Uy, =0, 1 <k < d. Then
dm(Uje)m(e") = dm(Vie)m(e*) =0, 1<j<d,

for all [ € g* and

Imm(e*) NS(RY) = {0} fle W\ A.
d

Imm(e*) NSRY) C () Kerdm (Vo) =C& if 1 € A,
7j=1

by theorem 7.2.
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Let’s assume that Jmm(p*) = C&. For every 1 € S(RY), there exists C(I,v) € C such that
m(e" ) = C(L,¥)&.
The map

SRY=9H> — C
Y = C(,)

is linear and, for [ € A, fixed,

[m1(0) 2 171(2)l op
C(l = )
eVl 1&l]2 = ( 1&1ll2 )an

This proves that the linear map ¢ — C(l,%) may be extended to a bounded linear map from
L*(R%) to C, and hence that there exists 1, € L?(RY) = $,, such that C(I,) =< ¢, > for
every ¢ € L2(RY) = 6,,. In particular,

(") =< ,m > &§ = Pg ¥

and (") = Pe, p,.-
(iv) To prove the maximality of {Ui.,...,Uqc}, let’s now assume that there exists U € 1(g)
such that for every ly € A- N gy, there exists ¢ € S(G) satisfying 7, () # 0 and

SD*UI,S = 0
(p*Ud’s = 0
pxU = 0

Hence m,(¢*) = P, 1, With n, # 0, by the previous arguments. But then
0=, (0 *U)" = dmy(U*) Pe, g =< 119 > dmiy (UF)Ei-

As m, # 0, dm,(U*)&, = 0. This may be done for all ly € A: N gy, 1. €. dm (U*)§, = 0 for
every lop € A: N gg,,. We shall now show that in this case Uy, ...,Uye, U cannot be Schwartz
independent. In fact, let 0 # ¢ € S(G) be such that («xUy . =0, for k=1,...,d. Then m({) =0
if 1 € W\ A. and m(¢*) = P, for some n, € L2(RY) if | € A.. Finally, if | € A.,

(WI(C * U))* = dﬂ'l(U*)Pﬁl,m =< -,m > dﬂ'l(U*)fl = 0.

This implies that m(¢ * U) = 0 for all [ € W and ( *+ U = 0, as W is dense in g*. So
Uig,...,Uqe, U cannot be Schwartz independent. Hence {Ui.,...,Uq.} is maximal with the
required properties. ]

11 Weak solutions

11.1

Let’s first give the following definition.
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Definition: For any fixed [ € A. and any Vi,...,V, € U(g), we say that n € L?(R?) is a weak
solution of
dm(V;)§ =0, jed{l,...,r}

if
<n,dm(Vi)e >=0, Vje{l,...,r},Vp € S(RY).

The weak solutions of the system of equations of theorem 7.2 are then characterized by the
following theorem:

Theorem 11.2. Let G = exp(g) be a connected, simply connected nilpotent Lie group. Let’s
use the notations d, W, A. as in theorem 7.2. For a fized ¢, let Vig,...,Vq. € th(g) and & be
as in theorem 7.2. Then the weak solutions of the systems

dm(Vig)é =0
dm (V)€ = 0
coincide with the functions on R? given by
a; =C(1)& almost everywhere if | € A,
where C(1) is a constant depending on I, and
a; =0 almost everywhere if [ € W\ A,

1.e. the weak solutions coincide with the strong solutions almost everywhere.

Proof: The functions & are of course weak solutions. The converse is proven by induction. For
the Heisenberg group G = Hj, see ([Lu-Mo)).

If n = jg is a jump index, then V;, = X;, —igqYj,. For any | € W, let’s take [; € O; as in the
proof of theorem 7.2. We shall first make the proof for this l;. Let « be a weak solution and let
¢ € S(R), ¥ € S(R41) be arbitrary. By assumption and as Yj, is anti-hermitian,

< a,dm, (X, —ieqY;,) ¢ @Y >=< a,dm, (—X;, —ieqYj,)p @ ¢ >=0,

ie.

) -

/ / a(s1,.--,54) [agp(sd) - std(ll)sdgo(sd)} (81,00, 84-1)dsy ... dsq_1dsq = 0.
R JRA-1 5d

As ¢ € S(RY1Y) is arbitrary,

0
/ (81, 8d—1,5d) [agp(sd) — 5de(l1)sdg0(sd)] dsq =0
R Sd

for almost all s1,...,s4_1. Then, by the result of the Heisenberg case ([Lu-Mo]),

_1 2
a(s1,...,8a-1,54) = C(l1, 51, ..., 8q_1)e 25aFall)sg

almost everywhere if e4R4(l1) > 0. Here, for {1 fixed but arbitrary,

011(81, - 73d—1) = C(ll,sl, .. .,Sd_l) S LQ(Rdfl).

27



Then, for every j € {1,...,d} and every ¢ € S(R), v € S(R%!), for ‘7]-75, C; as in the proof of
theorem 7.2,
< a, dm, (Vf,ka)SO ®yp>=0
L ~ *
< Cp(s1,- ..y samr)e” 25l qmy (V) p(sa)(st, -, s4-1)] >= 0

J— 1 2 ~
Cj <e QEde(ll)Sd, (p(Sd) >pr< Cll (81, Ce ,Sdfl), d7Tl~1 (Vjﬁ)dj(sl, e ,Sdfl) SRd-1= 0

< Cll (81, R 7Sd_l), d7Tl~1 (‘GTE)¢(81, - ,Sd_l) >pa-1= 0

as ¢ is arbitrary. Hence Cj, (s1,...,84_1) is a weak solution in L?(R?~1) of

drp (Vie)é =0, j=1,....d—1
By induction, Cj, (s1,...,84-1) = C(l1)&;, (81, .., 84-1) almost everywhere and v = C(l1)m, ®
&, = C(h)&, = C(l1)&, almost everywhere (with the notations of theorem 7.2). As a matter

of fact, the previous reasoning is justified by the following: As X € g, X* = - X, (ad(X)V)* =
ad(X)(V*) and [Ad(exp(—tX))V]* = Ad(exp(—tX))(V*). Hence

m (Vi )Eng) = i, (Ades(-0)V )00
— [dwil (Ad(exp(—tX))Vj,5>] *5 (t,))(9)
- |eam, (0] @)

= Cjdmy, (V;)E(,)(7)

Ifle W\ A, I3 € W\ A, either egRy(l1) < 0 and a(s1,...,84-1,84) =0, or eqRq(l1) > 0 and
p(ly) =11 ¢ A.. By induction this implies Cy, (s1,...,54-1) = 0. In all cases, a = 0.

In order to show the result for the original [, let’s recall that [y € Oy, that m;, and m; are unitary
equivalent and that if §, and § respectively are the solutions given by theorem 7.2, then these
solutions transform one into the other by this unitary equivalence. As moreover this unitary
equivalence respects the scalar product, the result on the weak solutions remains correct for the

original /.

In case II, the representation spaces and the representations don’t change when we go from g to
g. Nothing has to be proven in the induction step. O
11.3

We may now study the weak solutions of the main system of differential equations considered
in this paper. Let’s use the following definition:

Definition: For any fixed | € A, and any Uy, ..., U, € $(g), we say that f € L*(R?) is a weak
solution of the system f*U; =0, j =1,...,r, if, for every ¢ € S(G),

<f,oxU>=0, j=1,...,m
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11.4

Let now Vi, ...,Vge be as in theorem 7.2 and let’s put Uy = V7, (k =1,...,d). By the
Plancherel theorem, we have for every weak solution f of f*U,. =0 (k: e{1,. d}) and every
v € S(G), for every k € {1,...,d},

0 = <f7(P*Ulj,e>

S A LT LG (O

Let’s now choose a sequence of functions f, € S(G) which converge to f in L?(G) and, for
ke {1,...,d} fixed but arbitrary, let’s replace ¢ by fy, * U * ¢ * ¢*. Hence

[ u(mtim@mo) mtan@m)| ) ipioi o
TH8pyk
But (f,,) converges to f in L?(G). Hence

/ o (mf)dm(Uk,a)m(so) {mu)dmwk,e)mw)] ) PRIl =0

and
m(f)dm(Uge)m () =0 for almost all I € V7 N gpy.-

This may be done for every k € {1,...,d}. Let’s now choose the functions ¢ in a countable
dense subset C of S(G). For every ¢ € C, there exists a set of measure zero N, C V7 N gh,.
such that

Wl(f)dﬂl(ka)ﬂ'l((p) =0, VpelVie((Vrn g*Puk) \ Ny, Vk € {1, e ,d}.
The set N = Ug,ec N, has again measure zero and
m(f)dm(Uge)m(e)n =0, Vi€ (VrNgpy) \N,Vo € C,Vn e S(G) =97, Vk € {1,...,d}.

As m(C)9H5 is dense in H7Y
o, € HY,

< d7rl<Uk75)(p,7Tl(f*)1/J >=< ﬂ'l(f)dﬂ'l(Uk’g)(p,lD >=0, Vke {1, .. .,d},

m(f) = 0 on Im(dm(Uy,)) for all k € {1,...,d} and, for all

T

i.e. for all € H3° and for all | € (V7 Ngp,,) \ N, m(f*) is a weak solution of the system of
equations dm(Uy )¢ = dm(Vie)§ =0 (k € {1,...,d}). By theorem 11.2 and by the density of
ﬁ;’rf in $r,, we may then conclude that

m(f*)9x C C&, for almost all [ € VN A;

where the &;’s are as in theorem 7.2, and

T (f* )9 = {0}, for almost all I € V7 \ (V7 NA.).
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11.5

Let’s still assume that f is a weak solution of f*x U, =0 (k=1,...d). Let’sfix [ € V7 N A. \
(N N A.). By the same reasoning as in theorem 10.2 (iii), there exists i, € L?(RY) such that

Wl(f*) = Pfl»ﬂl and Wl(f) = Pgml = ijgl.
So m(f) is a kernel operator whose kernel is equal to 1 ® &, for almost all [ € V7 N A.. Hence

Im (s = llm @ &llz = lImll2 €]

for almost all I € V7N A. and m(f) = 0 for almost all I € V7 \ (Vr N.A.). We may hence put
m=0if [ ¢ A, and get

1 n—d
193 = G [ ImlslProla

0 VTﬁg};uk
1 n—d

= (o) ml|3 1&lI31PF(1)|dl
2
i VTOg;’uk

< o0

11.6

Let ¢ fixed but arbitrary. In order to characterize the weak solutions of the system f x Uy . = 0
(k=1,...,d and ¢ fixed), let’s introduce the following notations:

Definition: For any fixed ¢ € {—1,1}? such that A. # 0, the subspaces S.(G) of S(G) and
L3(G) of L*(G) are defined by

S(G) = {feSG)| fxUp=0, k=1, 4d
1AG) = S0

The weak solutions of our system of equations are then characterized by the following theorem:

Theorem 11.7. Let G = exp(g) be a connected, simply connected nilpotent Lie group equipped
with a fixed Jordan-Hélder basis. Let’s use the notations d, A. as in theorem 7.2. For a fized
e € {-1,1}% let Vie,...,Vye € U(g) be as in theorem 7.2. Let Uy, = V'_ for k =1,....d.
Then the set of weak solutions of the system of equations f * Uy, =0, k = i, ...,d, is equal to
L3(G), i. e. every weak solution is the limit, in L*(G), of a sequence of strong solutions of the
same equations. We have a similar result for the system f Ui =0, k=1,....d,u € G, where
Uk € 3(g) is obtained by the action of G on (g).

Proof: Let f € L?(G) be a weak solution such that m;(f) = P, ¢, for almost all | € A. 7 and
m(f) =0if | ¢ A.. Let v = (y); € F. with 7y = 0if [ € A, 7 outside a compact subset K
of A. 7. The function v and the compact set K will be determined later more precisely. Let
g € S(G) be a strong solution constructed as in theorem 10.2 such that m(g) = Py, ¢ for all
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l € Ac.7 N @gen- Then

1 \n-d
o= £ = ()" [ o) - m(DlFyslP Q)

& Vng;’uk

= (L P 25| PF()|dl

- (%) H (vi—m),& ’HS’ f( )’

VINggen

1 \n-d

= G -l lalBiPro L
7T VIrOggen
1

_ n—d 2
= (g7)" G =10 (rngp ) xR 31P £) dids dsa)

Let M € N be arbitrary and let’s determine K and v such that ||g — fll2 < ﬁ By 10.5 we know

that
1

n—d
o)™ [ Il elBP Sl = 1B < +oc,
d Vng};uk

i. e. the map [ — ||ml2 belongs to L*(Vr N gk, [1€]13]P£(1)]dl) and this map is zero outside
A. 7. As moreover A. 7N g;en is an open dense subset of A, 7, there exists a compact subset
Ky of Ac 1 N gy, with non-empty interior int(K) in V7 such that

1
1 \n—d 2 2 2 1
o Pfl)|dl —.
(G [ It letgipria)” < 5

Let now K be a compact subset of V7 with non-empty interior int(K) in V7 such that
0 # int(K1) C K1 Cint(K) C K C Ac7 N @gep-
Let’s construct ¢ € C2°(Vr N gp,,) such that

0<epx <1
pr =1on K;
supppx C K

and let’s put
Yi(s1s-y80) = i (D) -m(s1,...,8q) € L2(Vr Nghy) x RE &3 |PF(1)|dldsy - - - dsg).

Then
1

n—d 2
(50" 1.0 = 2. O (Vg xR 021 0t -dsa)

1 n—d 2

~ [ mOB(1-ex0) laBiPso@
d Vng)’I;uk
1 n—d

<G ()18 31ROt
S ng g
1 2

< (M)

As M is arbitrarily large, this proves the theorem. O
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12 Generation of the L? space

12.1

For every ¢ € {—1,1}%, we have defined an open subset A, of g* such that W = Uae{—l,l}AE
is a dense open subset of g*. For each ¢ such that A. # () we have built a well defined set of
elements Uy , ..., Uq. of U(g) and defined S.(G) and L?(G) by

S.G) = {feSG)| f+Ure=0,k=1,....d}
LXG) = 8.(G)

where L2(G) coincides also with the set of weak solutions of the system of equations f x Uke =0,
kE=1,...,d.

Let’s also recall that G acts on g by Ad and that this action may then be extended to all of
U(g). fu € G and V € 8(g), let’s write V* for this action of u on V. Let’s then define the
following subspaces:

Definition: For u € G, we define
S%E(G) :{SOES(G) ’ @*Uju,a:O? .7: 17"'7d}

and

L3 (G) = Sue(G).

For u = e (identity element of the group), we continue to write S.(G) and L2(G) instead of
See(G) and L2 _(G).

As ¢« Uje = 0 if and only if 9" x Uf', = 0, we have S,(G) = (SE(G)> and L2 _(G) =

(2@)

Let now ¢ € L2 (G), i. e. o = ¢ € L2(G). As m(¢*) = m(u=")m(p)m(u), m(p) = 0 for all
I ¢ A. implies m (1)) = 0 for all [ ¢ A. and conversely. Similarly, m;(p) = P, ¢, for almost all
I € A. implies m(¥) = Pr,(u)n,m(u)g for almost all [ € A, i. e. m(v)) is also a rank one operator
in this case.

12.2

We have the following orthogonality relations:

Proposition 12.3. Let u,u' € G and e,¢’ € {—1,1}¢ such that A. # 0, Ao # 0 and ¢ # €.
Then the subspaces L?A’a(G) and L2, ,(G) are orthogonall.

u’ e’

Proof: In fact, ¢ € L2 _(G) implies m(p) = 0 for all I ¢ A. and ¢ € L2, _,(G) implies m () = 0

u’ e’

forall [ ¢ A.. As A. N Ao = () if e # €/, the Plancherel theorem gives the result. O

Remark: For the same ¢, the spaces L2 (G) and L2, (G) are not necessarily orthogonal,
probably their intersection is not even trivial. If v and v’ differ only by a central element, the
spaces L2 _(G) and L2, (G) even coincide.
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12.4

In order to show that these subspaces generate all of L?(G), we need a Wiener type result for
L?(G). Tt uses the following definition:

Definition: Let G be a locally compact, second countable, type I, unimodular group. Let
V C L*(G) be a closed subset of L?(G). Let {¢; | i € N } be a countable dense subset of V. We
call support of V and write Supp) the set

SuppV = (J{ w e & | w(&) #0 },

1€EN

up to a set of measure zero. Here 7(&;) denotes the operator in the L?-sense given by the
Plancherel theorem. The set SuppV is defined up to a set of measure zero, is measurable and is
independent of the choice of the countable dense subset { & | i € N }.

We then have the following ” Wiener type” result:

Theorem 12.5. Let G be a locally compact, second countable, type I, unimodular group. Let
V C L?(G) be a closed subspace that is invariant by right and left translations by elements of G.
If SuppV = G (up to a set of measure zero), then V = L*(G).

Proof: This is a consequence of a more general result by Sutherland ([Su]). O

Corollary 12.6. Let G be a locally compact, second countable, type I, unimodular group. Let
V C L*(G) be a closed subspace that is invariant by mght and left translations by elements of
G. Assume that there is a set of measure zero N in G such that for all m € G \ N there exists
€€V such that m(&€) # 0. Then V = L*(G).

We may then write L?(G) in the following way:

Theorem 12.7. Let G be a connected, simply connected, non-abelian, nilpotent Lie group. Let’s
use the notations of (12.1). Then

L*(G)

& (@) -z

ee{-1,1}4 “ueG

Here the exterior sum is an orthogonal direct sum, whereas the interior sum isn’t.

Proof: Let’s call the space on the left hand side V. Then V is invariant by left translations,
as all the Lg’e(G)’s are so. Because V is also invariant by conjugations, by construction, it is
invariant by right translations. For almost all m € G, there exists € € {—1,1}% such that | € A..
For this € and for the Ui ,...,Uq. € U(g) given by theorem 10.2, it is possible to construct
¢ € S.(G) C L(G) such that m(p) is a non-zero rank one operator, by theorem 10.2. Hence
V = L?(G), by corollary 12.6. O
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13 Disintegration of the left regular representation on L?(G)

13.1
Let ¢ € {—1,1}% be arbitrary such that A. # 0. Let p be the left regular representation of
LY(G) on L*(G) defined by

p(flg=f*g, VfeL'(G),VgeL*G).

Let’s notice that the closed subspace L2(G) of L?(G) is invariant for this representation. Let
po = p| 12(q) be the restriction of p to this subspace. We shall now disintegrate pg into irreducible
representations. Let’s first recall that for every g € L2(G) and almost every [ € A, there exists
m=mn(g) € L>(RY) = 9, such that m(g) = P, ¢, Then, for every f € L(G),

m(f*g) = Wl(f)Pm,& = Pﬂ—l(f)nlvfl’

ioe.m(f*g) =m(f)m(g)-
On the other hand, if g € L2(G) and [ ¢ A, then m(g) = 0. We may hence take 1, = 0, if

I ¢ A..

13.2

Let’s now consider the space

1

(&)
6= (=) / S ||&lI2 |PAD)]dl
2T Vng}uk

with n; = 0ifl € V7\(A.7) and n; = 1 for almost all [ € A, 7 and let’s define the representation
I of L'(G) on $ by

(L) =m())G, Vfe LY G), ¥ = (G € H.
Then the representations (L2(G), po) and ($),I1) are equivalent. In fact, let’s define
U:L*G)— 9

by
(Ug) =m(g), for almost all I € V.
By 11.5, U is an isometry of L2(G) into §, as
1 \n-d
lUgl* = (5-) / lm(9)lI3 &3 [PF(D)]dl = [lgll3-

2T A 7

As this map is also linear, by construction, it is one-to-one. It is onto, as, by the proof of theorem
10.2, every 7 € F. such that suppy(l,s) C K x R? where K is a compact subset of Ac 0 @gen,
is in the image of L2(G) by U and as these functions are dense in $. The map U intertwines
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the representations pg and II, as, for every g € L2(G) and almost every [ € Vr,

(Wemig] = [Uim(ng)

l

= m <po(f)g>

= m(f*g)
= m(f)m(g)

- <Ug>l

- |nnws)|

l

l

So pg is unitary equivalent to

1

52

n—d

= ()" [ wmlald Pl
27r VTﬂg;’uk

with ny = 0if [ ¢ A. and n; = 1 for almost all | € A, 7, and we have a disintegration of
po = p| r2(q) into the irreducible representations m; with multiplicities 1 (for almost all [ € A. 1)
and 0 (if I ¢ A.). We have similar results for all the L? _(G), u € G and Pliz ()

13.3 Final remarks

The previous theorem gives us a generation of the space L?(G) as a sum of kernels of well chosen
left invariant partial differential operators. Unfortunately, this sum is not direct, even if it is
formed by bigger orthogonal blocks. For any e such that A. # (), the space L?(G) is invariant
by the left regular representation p and the restriction of the left regular representation to the
subspace L2(G) disintegrates into irreducible representations m; with multiplicities 1 for almost
alll € A. (mod Ad*(G)) and 0 otherwise. This remains of course true for all L? _(G), as L, _(G)
is deduced from L2(G) by conjugation.

14 Examples

14.1 The Heisenberg group

The case of the 2n + 1 dimensional Heisenberg group H, has been studied in ([Lu-Mo]). In
this case, d = n, A. # () if and only if e = (1,1,...,1) or ¢ = (—1,—1,...,—1). Let’s write
sgn(e) = +if e = (1,1,...,1) and sgn(e) = — if e = (—1,—1,...,—1). The operators Uy . are
given by Uy . = X}, + 7 sgn(e)Y). The sum of theorem 12.7 may be replaced by a direct sum if
we restrict the choice of the elements u € H,. In fact, for o = (a1, 2,...,a,) = a+ib € C",
a,b € R™, let’s define w(, o) = exp(d_j_;(arXp + bpYe)) € Hy if sgn(e) = + and u.) =
exp(D oy (—ar Xk +b,Y%)) if sgn(e) = —. Then (Xj +1 sgn(e)Yy)%s = Xi +1i sgn(e) Yy + iy Z,
fork=1,...,n and

L?(Hy)

22, = @ <L3,+<Hn> & Li,(H@) (=)

aeCn
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where L2 , (H,) = Lz(a,e)vg(Hn) with e = (1,1,...,1) and L2 _(H,) = L _ _(H,) with ¢ =

U(a,e)s
(—1,—1,...,—1). As a matter of fact, in ([Lu-Mo]) an even richer decomposition is proven: For

o, € C let

- - - L?(Hp
L3y s (Ho) = (€ ST | [x (X %1% +ionZ) = —iifs k=1, ) ",

Then

L?(Hp)

2 _ 2 2
' (Hn)_( SBCQ <L<a,m7+(Hn)@L(a,ﬁ),—(H")>
a,)eCsn

By the same arguments than those developed in ([Lu-Mo]), we show that the decomposition of
(%) is sufficient. In particular, for 5 # 0,

L2(Hy)
Lio).+(Hn) © P <L§I,+(Hn)@L§/,_(Hn))

a’eCn

So, in the case of the Heisenberg group, we have a decomposition of L?(H,) as a direct sum
(or, more precisely, a closure of a direct sum) and a complete disintegration of the left regular
representation with multiplicities 0 and 1 on each summand of the direct sum.

14.2

Let G be the connected, simply connected, nilpotent Lie group whose Lie algebra g is spanned
by the generators X1, Xo,..., X11 satisfying

(X1, Xo) = X7 [ X1, Xg] = X5 [X11, Xo] =Xy
[X10, Xo] = =Xy [X10,Xg] = — X6 [X10,X3] = - X3
[(Xo, Xg] = X1 [Xo,X7]=—-X3 [Xg,Xy] = X>
[Xg, Xe] = X2 [Xg, X5] = —X3

(X7, X4] =Xy
(X6, X5] = =X

This example is found in ([Co-Gr]) with other notations. The computations show that d = 5,
R = {6,7,9,10,11} and, for every ¢ = (¢, €7, €9, 10,€11) € {—1,1}° such that A. # (),

Voe = Xo—iceX5

Ve = XPX7—ier XXy +ie7 X7 Xo Xz + 2ie7 X7 X2 X3 — 3ier X1 X5 X5
Voo = XiXg—icoX;Xg+icgXiX —2+icgXiX3Xe + X1 X3Xy + X1 X2 X7
Vioe = Xio+i€10X3

Viie = X1 —tenXo
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