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Abstract

Let H,, be the (2n+ 1)-dimensional Heisenberg group. We decompose L?(H,,)
as the closure of a direct sum of infinitely many left translation invariant eigenspaces
(for certain systems of partial differential equations). The restriction of the left
regular representation to each one of these eigenspaces disintegrates into a direct
integral of unitary irreducible representations, such that each infinite dimensional
unitary irreducible representation appears with multiplicity O or 1 in this disin-
tegration.

1 Introduction

A fundamental problem raised by a lot of areas of mathematics is the question of
how to decompose a given mathematical object into its ”elementary constituencies”. In
representation theory this is the question of the decomposition of a given representation
into irreducible ones. In this paper we shall solve this problem for the Heisenberg group
H, and for the left regular representation p of L'(H,) on the Hilbert space L*(H,,)
defined by

(1.1) p(N)€) = fx& VfeLl(H,) V€ L (Hy).

How can this representation be disintegrated into irreducible ones?

To be more precise, let’s first recall some fundamental definitions: Let GG be a locally
compact group. We say that (7, $) is a (unitary) representation of G, if ) is a Hilbert
space, T : G — L($) a map of G into the set of bounded linear operators on ), such
that

m(x-y)=n(z)on(y), Vr,yeG
m(z™') =n(z)*, Vred

(i. e. the operators 7(z) are unitary) and if the map x — () is strongly continuous.
We say that (7, §)) is (topologically) irreducible if there is no non-trivial closed invariant
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(under the action of 7) subspace in 9. If (7, 9) is a unitary representation of G, we get
a *-representation of the group algebra L'(G) on § by

(1.4) 7(f)(€) = /G F@)r(a)(©)de, Vi € LNG),YE € 9,

where dz is the Haar measure on the group G. This representation of L'(G) is irre-
ducible if and only if this is the case for the corresponding representation of the group
G.

Let now H, be the (2n + 1)-dimensional Heisenberg group. This is a connected,
simply connected, nilpotent Lie group, whose Lie algebra admits 2n 4+ 1 generators
Xy, ..., XN, ..., Y, Z satisfying [X;, Y] = §;;Z where 6;; equals 1 if ¢ = j and 0 oth-
erwise. The unitary irreducible representations of H, and L'(H,) are (except for the
characters) induced representations and are characterized by the Kirillov orbit method
for nilpotent Lie groups.

It is known, as a consequence of the Plancherel theorem, that every infinite dimensional
irreducible representation has to appear with infinite multiplicity in the disintegration
of the left regular representation. How can these infinitely many copies of a same ir-
reducible representation be realized within the left regular representation (p, L2(H,))?
What does such a disintegration concretely mean? One such realization has been ob-
tained in ([1]). In this paper we construct another one from a totally different point
of view. This new decomposition is not a disintegration in the classical sense, but a
decomposition of L?(H,) into the closure of a direct sum of eigenspaces of a family of
left invariant differential operators. On each one of these eigenspaces the left regular
representation disintegrates into irreducible representations with multiplicities 0 and 1.
More precisely, this may be achieved in the following way: For every («, 3) € C* x C"
with o = (v, ..., ) and 5 = (04, . .., 5y), let L (H,,) be the set of weak solutions,

in L?(H,), of the system of equations

(0,8),+

resp. L%a, 5. (Hy) the set of weak solutions of

(16) (,D*(Xk—ZY}g—I—ZOékZ) = —iﬂk@, Vk € {1,,n}
Then
L?(Hy)
2
(17) = @ (Lo H) oL, (1)
(a,8)€C2n

The spaces L%aﬂ), +(H,) are non-trivial, isomorphic (as linear spaces) and isometric.
Hence we have obtained a decomposition of L?(H,) as a direct sum of eigenspaces that
is already very interesting for its own sake. Moreover, as these subspaces are all in-
variant under the left regular representation, we may consider the restriction of this
representation to any one of these eigenspaces. This restriction may be disintegrated
into irreducible ones, such that each infinite dimensional irreducible representation ap-
pears with the multiplicity 0 or 1 in the disintegration. This shows how the infinitely



many copies of a particular irreducible representation 7 are distributed in the disinte-
gration of the left regular representation and gives a lot of insight into the fine structure
of this disintegration.

Let’s just say a few words about the methods used in this paper. To do this, let’s
recall the following facts: For every A € R*| let’s write y, for the character defined on
Py = exp(3;_ RY, + RZ) by xia(y,2) = e, with y € R", z € R. Let m, be the
induced representation m, = indg; X and dmy the corresponding representation of the
enveloping algebra $4(h,,). Then

This leads us to solve the system of equations
(19) dﬂ')\(Xk—ZYk)(g) =0, Vke {1,...,71},

(weak solutions) in the representation space £, (which may be identified with L*(R™)).
The set of these weak solutions is {0} if A > 0 and C - a, almost everywhere, where
ax(s1, ..., 8n) = e2Zi=15% if A < 0. One then shows that f is a solution of f * (Xk +
iYy) =0 (k=1,...,n) if and only if m,(f*) is, almost everywhere, a rank one operator
onto C - ay, if A < 0, resp. zero if A > 0. Conversely, given a smooth family of such
rank one operators, one may, under suitable hypotheses, construct a solution f via the
Plancherel theorem. These methods also show that the set of weak solutions of the
system of equations f % (Xj +iY;) = 0 (k = 1,...,n) coincides with the closure, in
L*(H,), of the set of strong solutions of the same equation, and they are useful in the
disintegration problem.

2 Generalities on the Heisenberg group

2.1

The Heisenberg group H,, may be defined as follows: As a manifold, H,, is identified
with R?"*1 The group product is then defined by

1
(2.10) (v,y,2) - (29,2 )= (x+ 2, y+y, 2+ 2 + §(x =1 -y)),

where x,2',y,y € R", 2,2/ € R and where x - 3y and z’ - y denote the scalar product
in R™. In the following, (z,y,2) will always denote an element of H, = R**1 where
r = (x1,...,2,) € R, y = (y1,...,yn) € R", z € R. The Lie algebra b, of H, is
spanned by 2n + 1 generators X1,..., X, Y,...,Y,, Z satisfying the relations

(2.11) (XoYil =2, ke{l,... n}

It may also be identified with R?"! by taking as basis vectors Xy, Y3, Z (k € {1,...,n})
and [(p,q,7), (P, ¢,r")] = (0,0,p-¢ — q-p'). The exponential mapping then coincides
with the identity map on R?"*!. Hence we may identify, in H,,,

(2.12) exp(zp Xy) = ((0,...,2,...,0),(0,...,0),0)
(2.13) exp(yrYs) = ((0,...,0),(0,...,9,...,0),0)
(2.14) exp(2Z) = ((0,...,0),(0,...,0),z),
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where x; is the kth coordinate of the first bracket and ¥, the kth coordinate of the
second bracket.

2.2

Let’s recall that if GG is a connected, simply connected, nilpotent Lie group and if g is
its Lie algebra, then g acts on the space of smooth functions C*°(G) by

(2.15) frUlg) = 5 Flo-exp(sU)lomo
(2.16) Uk flg) = S F(exp(=s0) - g) o

for all g € G, for all U € g.
For the Heisenberg group H,, we then get the following formulas:

0 )
(217> f*Xk(x7y> Z) = a_i(xvya Z) - %ykg_ic(x’yv Z)
0 0
(218) f *Yk<xayv Z) = 6_;];(:57?% Z) + %xka—i(l’,y,Z)
0
219)  feZne) = D)
0 0 ' 0
Pt @) = (i) 1(002) + o+ i) G (00.2)
(2.20)
0 0 ' 0
f * (Xk - ZY/f)<x7yv Z) = (a_xk - Za_yk>f(x7ya Z) - %(xk - Zyk)a_ﬁ(xaf%z)
(2.21)

2.3 Irreducible unitary representations
2.3.1

The unitary characters of H,, are parametrized by R" x R™ x {0} and are given by
(222> X(a,b,O) (SL’, Y, Z) = e_i(a.z—i_b'y)? V(I', Y, Z) € Hn

2.3.2

The infinite dimensional irreducible unitary representations of H,, are obtained in the
following way: For every A € R*, let [, = AZ* € b and py = >/ RY, + RZ a
polarization associated to [y. Let Py = exp(py) = > ,_, RY, + RZ and 7, = ind%”x,\,
with y(z,y, 2) = e”**, the corresponding induced representation. This representation
is realized on the space $)), which is the space of measurable functions £ : H,, — C such
that

(223) f ((ZE,y,Z)(O,q,T)) = 6iAT§($7y7z)a (x,y,z) € Hn7(0>Q7T) S P/\ a. €.,
(2.24) || €2 = / 1€(2,0,0)[2dz < +oo.
-
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The representation 7y is then defined on $, by

(225> (77')\(]9, q, T)g) (.73, Y, Z) = g((_pv —-q, _T> ('Ta Y, Z))
As

(2.26) E(x,y,2) = 5((3:, 0,0)(0,y,z — %x . y)) = ei’\ze’%i”'yﬁ(:c, 0,0),

one may identify (z,0,0) with x € R™ and say that 7 acts on the space L?(R") by
(2.27) (ma(p, g, 7)€) () = e_i’\rei’\””'qe_%i)‘p'qﬁ(x —-p), VYxeR"
The representations 7y correspond to the generic orbits in the sense of Pukanszky ([3],

2]).

2.3.3

The corresponding unitary representations of the Lie algebra b, act on the space of
C>-vectors HS° and are defined by

(2.28) (dmA(U)¢)(s) = %g(exp(—tU)(s, 0,0))|t=0, 5= (51,...,5,) € R

The space H5° may be identified with S(R"™) endowed with the appropriate covariance
relation, and an easy computation shows that

98

(2.29) (dma(Xi)E)(s) = _5’_Sk(8)

(2.30) (dmA(Yi)€)(s) = iAsié(s)

(2.31) (dma(Xy +iY3)€)(s) = gfk (s) — Asg&(s)
(2.32) (02 (Xe = I)E)(s) = —5(5) + An(s)
2.34

Let’s recall that the associated irreducible x-representation of L'(H,) is then defined
by

233)  mUO = [ Fepmey )@ dedyds VS € LH,)E E S,

2.4 Plancherel theorem

Let’s finally recall some results about the Plancherel theorem for the Heisenberg group:
Let’s write HS($,) for the Hilbert-Schmidt operators on $),. Let’s consider the space
given by the direct integral

5]
(2.34) H:/ HS($,) [AdA,
R*
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where |\|d) is the Plancherel measure. For all f € L'(H,,) N L*(H,,), we have

(2.35) 1£12 = : lmx(f)[EzsIAldA,
where || - ||gs denotes the Hilbert-Schmidt norm. The statement of the Plancherel
theorem is that the map

(2.36) feL'(H,) NL*H,) — (mA(f)) eH

AER*
extends to an isometry from L?(H,) onto H. For every f € L*(H,), we shall again write
7x(f) for the Hilbert-Schmidt operators associated to f in this isometry. In particular,
for any fixed f € L*(H,), the map A — ||m\(f)||zs is measurable and

(237 [ 1m0 rsilan < +oc.
R
Moreover,
(2.38) <Fo>= [ m@m@) N Vi € L)

See ([2], [3]) for more details on the abstract Plancherel theorem.

3 Strong solutions of a particular system of differ-
ential equations

3.1

In this section we shall study the solutions of the system of equations
(3.39) fx(Xp+iYy) =0, Vke{l,...,n},

in the Schwartz space S(H,,). This is done by studying their image under the represen-
tations my. In fact,

Fr(XptiVe)=0 o (Xp—iYe)s [ =0
= dﬂ')\(Xk — ZYk)ﬂ')\(f*) =0, VA 7é 0,
~ dﬂ')\(Xk — ZYk)(ﬂ')\<f*)€)\) = 0, Vf)\ < ﬁio,V)\ # 0

(340) = WA(f*)(ﬁio) C Kerdm(Xk — iYk>, VA 7é 0,

where Kerdmy (X — 1Y}) stands for the kernel of this operator in the Schwartz space
S(R™) = H°. But

&\ € QKerdﬂ,\(Xk —iYy) < —g—iz(s) + Askén(s) =0Vk e {1,...,n}
(3.41) & G(s) = OV er Mt = C(Nax(s),
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where a(s) = 2 Zi=15t and where C/(\) is a constant depending on A. As &, has to be
a Schwartz function, we have to take C(\) = 0 if A €]0, 4+00|. Hence, if f is a solution
of f(Xy+1Yy)=0fork=1,... n, then

(3.42) m(f®) = m(fF)SRY) C { é:o.}m i i i 8

In particular, m\(f*) = ma(f) =0if A > 0.

3.2

Let f € S(H,,) be a solution of the system f (X +iY;) =0 for k = 1,...,n. Then,
for every A € R*, there exists 7, € L*(R") = $, such that 5y = 0 if A > 0 and
T(f*) = Pa, ,, Where

(3.43) TF)E) = Py (€) =< &,y > iy, VE € L2(R™),VA € R,

Moreover, by the Plancherel theorem,

A2 = [ lma(H)Ils|AldA

R*
= 72 [ [mlBIAEdA
R*
(3.44) < +o0.

In fact, by eq. (3.42), there exists, for every £ € L?(R") = §),, a constant Cy(¢) € C
such that m\(f*)(€) = C\(§)ax and Cy(§) = 0 if A > 0. For fixed A, this C) defines a
bounded linear map from L?*(R™) into C. In fact, it is easy to check that for any A < 0,
|aallz = 73 [A|7% and

(3.45) T A TECAE)] = lma(f)Ellz < Ima(F)llapll€ ]l
So there exists 7, € L*(R") such that C\(§) =< &, ny > and
(3.46) m(f)E) =< &m >y, VEe LX(R").

For A > 0 we just take ), = 0. Hence
(3.47) T(f*) = Pa, and m(f) =P

UANIC PN

So mx(f) is a kernel operator whose kernel is equal to 7, ® @, and
(3.48) lmx(Nllas = lm @ @alla = 7T |2
Remark 1. What precedes remains true if we only have

a. e if A>0

(3.49) () ($2) = m(f)LARY) C { g).}m a. e if A\ <0

for some f € L*(H,) (where mx(f*) is taken in the sense of the Plancherel theorem).
Then ny is only defined for almost all .



3.3

Conversely, the previous considerations allow us to construct solutions to the system
f* (X +1iYy) = 0 for k£ = 1,...,n via the Plancherel formula. This is done in the
following proposition.

Proposition 3.1. Let 0 < ¢ < K and v € S(R™™) such that suppy(\, s) C [ K, —¢| X
R™. Let’s write va(s) = v(\, s) for all (A, s) € R*™'. Then there exists f € S(H,) such
that

(3.50) () = Payoys  VAER,
where P,, -, is the rank one operator defined by

(3.51) Po, 1§ =< & > ay, VEEN.
Hence, for this 0 # f € S(H,),

(352) dﬂ')\(Xk — ZYk)W,\(f*) =0, VA€ R*,Vk S {1, .. ,n}
and
(3.53) Fa(Xp+iV) =0, Vkell,....n)

Proof. By the Plancherel formula, we must have

Fla) = (%)%H/Rtr(m(a_l)m(f*))])\\d)\

(3.54) = ()" /R tr(ma(a™) Py 1y ) AN,

for every a € H,, where |A|d\ is the Plancherel measure. But, for every £ € 9,, we
have

<7TA(GXP(Z~’UJ‘XJ') exp (Z%’Yﬂrzz))1Paxm)5(eXp(Zstj))

Jj=1

= m(exp(z z;X;) exp(z y; Yy +22))7!
j=1

j=1
n

c< & > an(exp(d s X))

j=1
= <&m> a,\(exp(z z;X;) exp(z y;Y; + 272) exp(z s;X;))
j=1 j=1 j=1

= / ax(exp(Y_x;X;) exp(d ;i + 22) exp(d_ 5;X;))
R j=1 j=1 j=1

(3.55) f(exp(i LX) AR, o ta)dty - dt,

j=1



As the kernel of this operator is equal to

(3.56) K (s,t) = a(exp ij exp ZyJY + 27Z)exp ZSJ Aty -y tn),
the function f* has to be defined by

f*(eXP(Z%‘Xj) exp (O y;Y;+22))

j=1

Ly
- () /RRnK(s,s)ds|)\|d)\
1 on - -
- " onlesp( i exn( ¥, + 22)
- j=1

- exp ZSJ (s)ds|A|dA

= (%)%H/R/n %(GXP(;(% +55)X;)
-exp( ZyjY- + 272 — s-yZ))ya(s)ds|AldA

L[ [ s s

= —(—)QnH/ / eaZ?:l(rj+Sj)27()\, s))\ei)‘ze_i’\s'ydsdk.
27T K n
(3.57)

Let’s show that this last formula really defines a Schwartz function. In fact, the function
(3.58) F(x,5,A) i= e2 Zi=1@ ) 5\ g)\

is a Schwartz function that is zero if A € R\ [-K, —¢]. So the function
(3.59) Gy, N) = F2(z, My, A) = / F(z,5,X)e"*ds

is again a Schwartz function, as non-zero values are obtained only if A € [—K, —¢].
Finally,

1 2n+1 -
(3.60) *(exp ij ) exp z;y]Y +22)) = (27r) G*(x,y, —2),
j
with x = (z1,...,2,) and y = (Y1, ..., Yn), is also a Schwartz function. By construction,
(3.61) TA(f) = Payn
and this completes the proof. O



3.4

Let’s finish this section by several remarks:

Remark 2. a) Given any Ay < 0, let’s choose €, K such that —K < \g < —¢ and vy
such that vy, # 0. Then the f € S(H,) constructed in the previous proposition satisfies
f*(Xpg+iYy) =0 fork=1,....,n and 7),(f) # 0. Of course this may also be done
simultaneously for every \g in a given interval [a,b] C| — oo, 0].

b) If we consider the system f* (Xy —iYy) =0 for k =1,...,n instead of f * (Xy +
iYy) = 0, then a similar construction leads to solutions in the Schwartz space satisfying
T (f) =0 if A <0 and m\,(f) # 0 for any given N\g > 0, resp. for Ao in any given
interval [a,b] C]0, +ool.

4 Weak solutions

4.1

Definition 1. A function n € L*(R") is said to be a weak solution of the system
dﬂA(Xk—iYk)fzo (/{5 S {1,...,71}), if

(4.62) < n,dﬂ)\(Xk-f-iYk)gO >=0, Vke {1,...,71},
for every p € S(R™), i. e. if

0
(463> / ?7(51’.“7571)[8_5% (317"'73?1)+>\Sk()0(817"'78n>]d51"'dsn:Oa

for allk € {1,...,n}, for every p € S(R™). If n € S(R™), then this system is of course
equivalent to < dmy\(Xy —iYe)n, o >=0 (k€ {1,...,n}).

4.2

The following arguments will show that the weak solutions coincide, in fact, with the
strong solutions, if these are considered as L2-functions. First we shall show the result
for the three-dimensional Heisenberg group Hi, and then we shall generalize to H,,.

Lemma 4.1. On R we have
(4.64) (@ lpect®) = (xe® | [ x(s)ds =0}

Proof. If p € C2*(R), then [, ¢'(s)ds = 0. Conversely, if x € C2°(R) such that suppx C
[a,b] and [, x(s)ds = 0, then the function ¢ defined by ¢(z) = [*_ x(s)ds is in C°(R)
(as suppy C [a,b]) and ¢'(x) = x(x) for all x € R. O

Lemma 4.2. Let ¢, ¢y € C°(R) be such that [, po(s)ds = 1. Then the function

(4.65) xzw—péwﬁwwo

is in C°(R) and satisfies [ x(s)ds = 0.
Proof. Easy computation. O
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4.3

Let now H; = exph; with h; =< XY, Z > and [X,Y] = Z be the three-dimensional
Heisenberg group. We then have the following result:

Proposition 4.1. The weak solutions of

(4.66) dmy(X —iY)§E=0
coincide with the functions of the form

(4.67) m(s) = C(N)e almost everywhere if A < 0,
where C'(X\) is a constant, and

(4.68) na(s) =0 almost everywhere if A > 0.

Proof. It is easy to check that the functions 7, as described above are weak solu-
tions. Conversely, let’s assume that n € L*(R) is a weak solution. Let’s define
¥(s) = n(s)e 2. Then, for every & € C2(R),

d d—
<> = [ Ees

- /Ms) [%@‘3325@)) + Ase”37E(s)] ds
= — <ndmy(X +iY)¢ >
(4.69) = 0,

where ¢(s) = e 25°£(s) € C>°(R), because 7 is a weak solution. Let now y € C(R) be
defined as in Lemma 4.2 for an arbitrary real-valued ¢ € C2°(R). Then, by Lemma 4.1
and Lemma 4.2,

(470) 0=< ¢7S0 - (/ @(S)dS)QOO >=< wv p>—-< 7/% po >< 17S0 >
R

and

(4.71) <p—C-1,0>=0,

where C' =< 9, ¢y >. As ¢ € C2°(R) may be chosen arbitrarily (but real-valued), this
proves that ¢ = C - 1 almost everywhere, i. e. that

Ag2

2

(4.72) n(s)=0C-e

almost everywhere. As n has to be in L?(R), this implies that C' =0 if A > 0. [

11



4.4

Finally, let’s generalize the previous result to H,:

Proposition 4.2. Let H,, be the (2n+1)-dimensional Heisenberg group, for n arbitrary.
The weak solutions of the system

(4.73) dmy(Xy —iYp)é =0, Vke{l,...,n},
coincide with the functions on R™ given by
(4.74) MA(S1y .-y 8n) = C()\)e% 2i=1%%  almost everywhere if A < 0,

where C'(X) is a constant depending on A, and

(4.75) Ma(S1,.-.,8,) =0 almost everywhere if A > 0.
Proof. The result is true for n = 1 by Proposition 4.1. Let’s assumekthat it is true
for n — 1 and let’s prove it for n. The functions 7y (sy, ..., s,) = C(\)e2 Zk=1% almost
everywhere (for A < 0) are of course weak solutions. Conversely, let n € L?(R") be a
weak solution. For almost all s, € R, n(-,---,s,) € L*(R"1). For every ¢ € S(R),
Y € S(R™1), for every k € {1,...,n — 1}, we have:
(4.76) <Ny dma (X + Y)Y @ ¢ >=0
0
/ / N(S1, .., Sn_ 1,sn)[8 W(s1, .y Sn1)

Rn-1 Sk

(4.77) +ASEY(S1, .-y Sp_1)]dsy - - - dsn,l] ©(sy)ds, = 0.

Hence, for almost every s,

(4.78)
0
/ (St -y Sn_1, sn)[—a W(S1, vy Sno1) + ASEY(S1, .+ oy Sp_1)]dsy - - dsp—1 =0
Rnfl Sk

for every k € {1,...,n — 1}. By recurrence hypothesis,

(4.79) (st .y Sn_1,8n) = C(A, Sn)e%ZZ;f sk for almost every A < 0,
where C'(), s,,) depends on A and s, and
(4.80) n(s1,. ..y Sn—1,8,) =0 for almost every A > 0.

Asn e L*(R"), C(), s,) is an L>-function in s, for almost all A < 0. Finally, for every
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0 € S(R), ¥ € S(R™ 1), for almost all A < 0,

(4.81) <, dmn(X, +1iY, )w®gp> 0
Rn—1
0
(4.82) [g () + Aspp(sy)]dsy - - - ds,—1ds, =0
( / COn s = o(s0) +)\Sn<p(sn)]dsn)
R ’ 38n
(4.83) (/ e2 k= 115’6@[)(51,...,sn_l)dsl---dsn_1> =0
Rn—1
0
(4.84) / C(N, 8n)[=—w(8n) + Asnp(sn)]ds, = 0.
R 8Sn
Hence, by the result for n = 1,
(4.85) C(\, sn) = C(N)e2"
and
(4.86) (St ...y 8n) = C’()\)G%ZZZ1 5
almost everywhere, for almost all A < 0. O
4.5

The Plancherel theorem will now be used to study the weak solutions of our system of
differential equations f % (X + i¢Yy) = 0. These weak solutions are defined by:

Definition 2. A function f € L*(H,) is said to be a weak solution of the system of
equations fx (Xg +1iYy) =0 (k€ {1,...,n}), if, for every ¢ € S(H,),

(487) < f,gO*(Xk—ZYk) >=0, Vke {1,771,}

4.6

By the Plancherel theorem, we have for every weak solution f of f * (X +iY;) =0
(ke {1,...,n}) and every v € S(H,,), for every k € {1,...,n},

0 = < fio*x(Xp—iYy) >
(4.88) . / b (ma () dmn (X + 13)ma (7)) A [dA.
Let’s now choose a sequence of functions f, € S(H,) which converge to f in L?*(H,)

and, for k € {1,...,n} fixed but arbitrary, let’s replace ¢ by f, * (Xg + 1Yy) * @ * ©*.
Hence

(4.89) / tr(my (7 (X + )ma(0) [ma(F)dma (X + Va)ma(9)] ) AA = 0.
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But (f,,) converges to f in L?(H,). Hence

(490) /* tI’(’/T)\(f)d’/T)\(Xk + ZYk)WA(gD) [7T)\(f)d7T)\(Xk + ZYk)WA(QO)] *) |)\‘d)\ = 0

and
(4.91) T (f)dma( Xy +iYe)ma(p) =0 for almost all \.
This may be done for every k € {1,...,n}. Let’s now choose the functions ¢ in a

countable dense subset C of S(H,,). For every ¢ € C, there exists a set of measure zero
N, C R* such that

(4.92) 7T>\(f)d7r>\(Xk+iYk)7T)\(90) =0, VQOEC,V)\ ER*\NWV]{‘ € {1,...,71}.
The set N = Ug,ec N, has again measure zero and
(493) 7T)\(f)d7T,\(Xk + iYk)W)\(gD)H =0, Vi€ R* \ N, V(,O € C,Vn S S(Rn) = f)io,

forall k € {1,...,n}. As m)\(C)HY is dense in H°, mx(f) = 0 on Im(dmy(Xy +iYy)) for
all k € {1,...,n} and, for all p,¢ € HY,

(494) < dﬂ')\(Xk + ZYk)gD, 7T)\(f*>¢ >=< 7T)\<f)d7T)\(Xk + ZYk)QO, w >= (),

for all & € {1,...,n}, ie. for all ¥ € HY and for all A € R* \ N, m\(f*)¢ is a
weak solution of the system of equations dmy(Xy — iY;)§ = 0 (k € {1,...,n}). By
Proposition 4.2 and by the density of $5° in ), we may then conclude that, almost
everywhere,

(4.95) ()95 C Cay,

A n . .
where ay(s) = e2 2k=1% if A\ < 0 and zero otherwise.

Finally, the arguments of (3.2) and Remark 1 show that if f € L*(H,) is a weak
solution of the system f* (X +iYy) =0for k=1,...,n, then m\(f) = P, for some

LURNIEDN

ny € L2(R™) for almost all A < 0 and 7y (f) = 0 for almost all A > 0. Moreover,
(4.96) 113 = 7% [ I3 Edr < +oc.
R*

4.7

The set of weak solutions is characterized by the following theorem:

Theorem 4.1. Every weak solution of the system of equations f x (X +1iYy) = 0 for
k=1,...,n coincides with a limit, in L*(H,), of a sequence of strong solutions of the
same equations, and conversely.

14



Proof. Let f € L?*(H,) be a weak solution such that m\(f) = P, a, for all A € (R*\
N)NR* and m\(f) = 0if A > 0, as in (4.6). Let g € S(H,,) be any strong solution
constructed as in Proposition 3.1, such that m,(g) = P,, o, for some v € S(R"™!) with
suppy(A, s) C [-K, —¢] x R™, for K,e € RY and 7 to be determined. Then

lg =1l = 5 17(g) = T () | Frs| Al

= e HP('Y)\_"M)va)\H%'IS|)\’d)\

= Wg/ 7a — mall3| A" 2dA
R*

(497) = W% ”7(7 ) - 77()”?2(]}{*7 xR™, |\~ 2 dAds)

Let now N € N* be arbitrary. Because 7.(-) € L*(R* x R", |A\['~2d\ds), there exists
N; € N* (to be taken greater than N) such that

- 2 1-2 0 2 1-2 1
(4.98) [ il tans [ Bl Eax < 5

Ny

Let’s now build a function ¢y € C°(R) such that

(4.99) 0<py<1
1
(4.100) pn =1on [=N, _E]
1
(4.101) supppn C [—2NVy, —2—N1]

and let’s put 6x(s) = m(s)en(A) € L*(R* x R™ |A|'"2d\ds). Then suppé.(-) C
[—2N1, =53] x R™ and

Ny
2
In.(:) — 5-(')||L2(R*_xR,I/\\1*%d,\ds)
- 2 n 0 ) .
= [ B e [ B e (0) A
. .
—N; . 0 )
< [ Timaria [ i
. .
1
(4.102) < ek

Let N, such that 0 < N < N; < N, be arbitrary. As one may approach ¢ in L? by
Schwartz functions, there exists v € S(R™™') such that suppy C [-2Ny, —55-] x R”
and

(4.103) 16.) = ()2 < [sup ((2N2)' "2, (QLNQ)I_Z)]_% (%)
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Finally,

() — 7<"')||L2(ijRn,|A\1*%dAds)

IN

||77() - (5‘(.)||L2(R*_><R",|)\|1*%d/\ds) + Hé() - 7('7 ')HLQ(R*_XRnJMl*%d,\dS)

Ly [sup (2No) 3, (=)= 5)) 215 = Al

< — i
- N 2Ny
2
4.104 < —.
(L0 < =
As N has been chosen arbitrarily, this completes the proof. O

5 Eigenspaces

5.1

Instead of X}, + 1Y, we may of course study the operators X, — 1Y}, or, more generally,
the operators Xy + 1Yy + 1y Z, for ay € C. This leads to the following definitions:

Definition 3. Let a« = (ay,...,a,) =a+ib € C" (a,b € R") and § = (B1,...,0,) =
c+id € C" (c,d € R") be arbitrary. We define the following spaces:

= {feS(H,) | f*x(Xp+iYy+igZ)=—iff, k=1,...,n}

L?(Hp)

| [ (X — Yy +iapZ) = —iff, k=1,...,n}

It follows immediately from this definition, that all these spaces are invariant by left
“crans'lations in S(H,), resp. L*(H,). ‘The spaces L%a75)7+(Hn) and L%aﬁ)’_(Hn) are
invariant by the left regular representation.

5.2

Up to now we have in fact shown that the spaces Sy +(H,) and L%070)7+(Hn) are

non trivial and that L?

(0,0)+ (H») coincides with the set of weak solutions of the system
f*(Xy+iYy) =0for k=1,...,n. One could show similarly the corresponding results
for Si,0),— (H,) and L%()’O)’_(Hn). But these are more easily obtained by the following

result:

Proposition 5.1. The map

U L)1 (Hn) — Ly - (Hy)

,—

(5.106) ( Yo)(@,y,2) = oy, z,—2)

is a linear isometry between L?070)’+(Hn) and L?()’O)’f(Hn) and maps S,0),+(Hy) onto
Sw,0)_(Hy).
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Proof. Simple calculation for the Schwartz functions. O

Corollary 5.1. (i) The space L%()’o)’f(Hn) coincides with the set of weak solutions of
the system of equations f * (X —1Yy) = 0.

(ii) For every Ao > 0 there exists f € S(,0),—(Hy) C L%()’O),_(Hn) such that my,(f) # 0.
More generally, for every [a,b] C|0,+oo[, there exists f € S(o,0),—(Hy) C L%070)7_(Hn)

such that m\(f) # 0 for all X € [a, b].

5.3

As a matter of fact, all the spaces L?a’ 5).+(H,) are isometric and isomorphic (as linear
spaces). This is shown in details in the following proposition:

Proposition 5.2. (i) Let « = a +ib € C" and u = exp(d_,_,(ax Xy + biYs)) =
[ 1, exp(ax Xy + byYy) € Hy,. Then, for any fized = ¢+ id € C", the map

a4+ : L%O,ﬁ),-i-(Hn) - L%oaﬂ);&-(Hn)

(5.107) (V(a,p),+9) ="“p
where
(5.108) “p(g) = p(ugu™)

is a linear isometry. It maps S,y +(Hn) onto Sa.g)+(Hy).

(ii) Let 3 = c +id € C" and let xg(z,y,2) = e ") (where c-x and d -y denote
the scalar product in R™) be the corresponding unitary character defined on H,. Then
the map

ANog)+ L%O,O),—i—(Hn) — L?O,B),-&-(Hn)
(5.109) (Ao.p+9) = X5 ¢

is a linear isometry. It maps So0)+(Hy) onto Sw.p),+(Hy).

(iii) The map P p).+ = Y(a,)+ © No,g)+ 15 a linear isometry between L?()’O)’Jr(Hn) and
L%aﬂ)#(Hn). It maps S(,0),+(Hy) onto S(a,p),+(Hy).

(iv) Let « = a+ib € C" and v = exp(D>_;_(—axXg + b Yr)) = [[oe; exp(—ap Xy +
bpYy) € H,. Then, for any 3 = ¢+ id € C", the map

‘I’(ayﬁ),— : L%O,ﬁ),f(Hn> - L%a,/)’),f(Hn)

(5.110) (Viap)—p) ="¢p
where
(5.111) *o(g) = p(vgv™)

is a linear isometry. It maps S p),—(H,) onto S p),—(Hy)
(v) Let 3 = c+id € C* and let pg(x,y, 2) = e ©*=4Y)  Then the map

Ao,p),- L%O,O),—(HN) - L%O,ﬁ),—(Hn)
(5.112) (Nop)-p) =ps- ¢
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is a linear isometry. It maps So,0),—(Hy) onto S p),—(Hy).
(vi) The map @ p),— = ¥iap),— © A (0,9, is a linear isometry between L3, o (Hy) and

L%aﬁ)ﬁ(Hn). It maps S,0),—(Hy) onto Siap),—(Hy).
Proof. Easy calculation for the Schwartz functions. O

Corollary 5.2. (i) The spaces L%aﬁ)’i(Hn) are non-trivial.
(ii) They coincide with the set of weak solutions of the corresponding equations.

6 Eigenspace decomposition

6.1

Proposition 6.1. For any o, o', 3,3 € C", the spaces L%a o)1 (Hy) and L%a,ﬁ,) _(H,)
are orthogonal.

Proof. By the Plancherel theorem applied to f € L(a 5. L(Hy,) and to g € L (o), _(H )
we have

(6.113) < f,g>= /* tr < (ma(f) oma(g%))[A[dA =0

as mA(f) =01if A > 0 and m\(g) =0 if A < 0. O

Lemma 6.1. Let f € C*(H,)NL*(H,). If f is a weak solution of f+(X}+iYy+icZ) =
—i0kf fork=1,...,n, then f is a strong solution of the same system of equations.

Proof. For every ¢ € S(H,) we have by assumption

(6.114) < fiox (Xp+ 1Yy +iapZ) >=—if, < f,o>, ke{l,....,n}
and hence that

(6.115) < fr(Xp+iYe+ionZ), o >=—ifp < f,o >, ke{l,...,n}.

As all the functions are continuous and as ¢ € S(H,,) is arbitrary, this proves that

Proposition 6.2. The sums

(6.117) D Lip:(H) and P L, (Ha)

(a,B)eC2n (a,8)€C2n

are direct sums.
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Proof. (i) We have to show that for any d € N*, for any distinct (o), 30)) € C?*, for

j E {1, P 7d}, fOl" any f] G L?Oé(]),ﬁ(])),-‘r(Hn)’

d

(6.118) d fi=0=fi=0Vi

j=1
The proof will be a proof by recurrence. The statement is obvious if d = 1. Let’s assume
that it is true for d — 1 functions and let’s take d such functions f; with Z;l:l f; =0.
Let’s also write al) = (a&j),...,ag)) e C, pU) = (ﬁfj),...,ﬁ,(lj)) € C" and D,(Cj) =
X, +1iY, + z'oz,(j )Z. Note that the operators D,E:J ) commute for fixed k and distinct 5’s.

(ii) Let’s first assume that we have the additional assumption f;, % € C>(H,)NL*(H,).
By Lemma 6.1, f; is a strong solution of the corresponding system, i. e.

(6.119)  fi % (X + Yy +ial2) = =P, Vie{l,....d}Vke{l,... ,n}.

Let r € {1,...,d — 1} be arbitrary. As the (a9, 39))’s are all distinct, there exists
k€ {1,...,n} such that (Oz;(:), ﬁ;(f)) # (a,ﬁd’, ﬁ,(gd)). Let’s act with D,(cd) + zﬂ,gd)ée from the
right, where ¢, is the Dirac measure, i. e. fxd. = f. As fyx* D,(Cd) =—1 ,gd)fd,

d—1
(6.120) S fi# (DY +iB6.) = 0.
j=1

Moreover,

fi# (D +iB806) = fix X+ iYe+ia”Z +iB75,)
(6.121) = fx (10 — o)z 4 (8D — g9)s,)

. S Of , .
= Z(a,g@—a,?))a—f;fﬂ(ﬁ,gd)— ) € C¥(H,) N L*(H,)

by assumption. Finally, f; * (D,(Cd) + zﬂ,id)ée) € L?a(j),g(j>),+(Hn)’ as the operators
(6.122) (i(e,” = o) Z +i(B" ~ 56.)) and DY +ipe,
commute for all r € {1,...,n} and as f; € L?a(j)ﬂ(j))’Jr(Hn). By the recurrence hypoth-
esis,
(6.123)  fi= (D" +iB06) = fi+ (i — o) Z + (8" — 5)s) = 0,
i. e.
N 4

d d

(6.124) (0 = o) = (2,9, 2) = = (B = ) (1)

0z

forj € {1,...,d—1}. As f; € L*(H,)NC®(H,) for all j and as (a”, 8" £ (a\? ),
this implies that f, = 0. This was done for arbitrary r and hence f; = 0 for all
j€e{l,...,d—1}, and so also f; = 0.
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(iii) Let now f; € L? (o) ), L (Hy), (a9, 3U)) distinct for j € {1,...,d} and Z;l:l fi=
0. For arbitrary ¢ € C*(H,), Zj exfi) =0, pxf; € L(a(])ﬁj)) (Hy,), as

L?am 86 1 (H,) is invariant by the left regular representation, and ¢ * f;, SD*ZfJ) €

C>(H,) N L*(H,). So, by (ii), p* f; = 0 for all j € {1,...d}. As we may take ¢ in an
approximate identity, we have f; = 0 for all j.
(iv) This completes the proof for

(6.125) @ Lo+ (Ha)

pg)ecan

A similar argument deals with the case

(6.126) B Ll (H)

(a,3)€C2m

Corollary 6.1. We have

2 2
( D L(aﬁ)#(Hn)) @L( o, L(a,ﬁ),—(Hn))
(ar,B)€C?™

(a,B)eC?n

(6.127) = D (Ll ) ©1 Ly ()
(e,B)eC

2n

where @& denotes a direct sum and @, denotes an orthogonal direct sum.

6.2

In order to show that the closure of the subspace given in Corollary 6.1 is all of L?(H,,),
we need a Wiener type result for L2. It uses the following definition:

Definition 4. Let G be a locally compact, second countable, type I, unimodular group.
Let V C L*(G) be a closed subset of L*(G). Let { & | i € N } be a countable dense
subset of V. We call support of V and write SuppV for the set

(6.128) SuppV = { me G [ 7(&) #0},

i€EN

up to a set of measure zero. Here w(&;) denotes the operator in the L*-sense given by the
Plancherel theorem. The set SuppV s defined up to a set of measure zero, is measurable
and is independent of the countable dense subset {&; | i € N }.

We then have the following ” Wiener type” result:

Theorem 6.1. Let G be a locally compact, second countable, type I, unimodular group.
Let V C L*(G) be a closed subspace that is invariant by right and left translations by
elements of G. If SuppV = G (up to a set of measure zero), then V = L*(G).
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Proof. This is a consequence of a more general result by Sutherland ([4]). O]

Corollary 6.2. Let G be a locally compact, second countable, type I, unimodular group.
Let V C L*(G) be a closed subspace that is invariant by right and left translations by
elements of G. Assume that there is a set of measure zero N in G such that for all
7€ G\ N there exists € € V such that 7(€) # 0. Then V = L*(G).

We now get the main decomposition theorem of L?(H,,) into a direct sum of eigenspaces.

Theorem 6.2. With the notations of Definition 3, we have

L2(Hp)

2 —
L*(H,) = ( D L. > ( D L, ”>

(a,8)eC2n (a,8)eC2n

L2(Hp)
— 2 2
(6.129) . @ (L(a,@)7+(Hn>@LL(ayg)ﬁ(Hn))
(o, 8)€C2™

Proof. As a matter of fact, the subspace

(6.130) ( P L ) ( @ Lo, )

a ﬂ eC2n €C2n

L?(Hn)

is invariant by left and right translations, as it is invariant by left translations and
invariant by conjugations. Moreover, Supp) = H,, (up to a set of measure zero) by
Remark 1. We then apply Theorem 6.1. O

7 Decomposition of the left regular representation

7.1
Let p be the left regular representation of L'(H,) on L*(H,) defined by
(7.131) p(N)&) =f*& VfeL'(H,) Ve L*(Hy).

Let’s recall that the closed subspace L?o,o), . (H,) of L*(H,) is stable for this repre-

sentation. Let po = p|r2  (y,) be the restriction of p to this subspace. We shall

(0,0),+
now disintegrate py into irreducible representations. Let’s first recall that for every
£ e L?0,0)7+(Hn) and almost every A < 0, there exists 7y = 7, () € L%(R") = 9, such

that m,(£) = Py, ay, by (4.6). Then, for every f € L'(H,),
(7.132) A * &) = ) Poar = Pry(ymnans
ie. m(f *&) = ma(f)m(E).

On the other hand, if £ € L?

(00),+(Hn) and A > 0, then m,(§) = 0 almost everywhere,
by (4.6).

21



7.2

Let’s now consider the space

5]

(7.133) G= [ nysurt
R*

0 ifA>0
1 ifA<O0

AMT2dN,  with ny = {

and let’s define the representation IT of L'(H,) on $ by

(7.134) (II(N)On = ma(f)Cr, Vf € L'(H,), V¢ = (G)r € 9.

Then the representations (L?070)7 L (Hy), po) and ($,1I) are unitary equivalent. In fact,
let’s define

(7.135) U: Ly (Hy) = 9
by
(7.136) (U&)r=m(§),

for almost all A € R*, where 7,(£) = 0 for almost all A > 0. By eq. (4.96), U is an

isometry of Lf, o | (Hy) into 9, as

(7.137) \Ue) = / Ia(E)[2m 3 A E A = €]
R*

As this map is also linear, by construction, it is one-to-one. It is onto, as, by Propo-
sition 3.1, every v € S(R"*1) such that suppy(),s) C K x R™ where K is a compact
subset of R* is in the image of L%o,o), L (Hy) by U and as these functions are dense in
$. The map U intertwines the representations py and II, as, for every £ € L%mo), +(Hn)
and almost every A € R*,

[(Uopo(f)E], = [Ulpo(f)E)],

= (Po f)§
= m(f =)
= m(f)m(E)
= Wx(f)(Uf)A
(7.138) - [Hwe),.
So po is unitary equivalent to
(7.139) 1= /69 mama S A5, with ny = { (1’ i ; Z 8

and we have a disintegration of py = p| 12, (Hy) into the irreducible representations 7y

with multiplicities 1 (for almost all A < 0) and 0 (for almost all A > 0).
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Remark 3. a) If we disintegrate similarly p|L%O o (Hn)r WE get multiplicities 1 if X\ > 0
and 0 if A <0 almost everywhere.

b) We have similar results for all the spaces L%a,ﬁ),:l:<Hn) thanks to Proposition 5.2.
This may be summarized in the final theorem:

Theorem 7.1. The left reqular representation p of L'(H,) on L*(H,) admits the fol-
lowing decomposition:

p) = (@ Ly t) o D L ()

(a,p)eC2n (a,B)eCn

_ 2 2
(7.140) - &P (L(am J(H) @, L(aﬁ),_(Hn))
(a,B)eC2n

L?(Hn)

and the restriction of p to any one of the subspaces L%a 8 L (Hy) is given by

® .
~ 2oy 1-n . . 0 ifA>0
(7.141) p|L?aﬁ),+(Hn) = /R* namAT2 | A T 2dN,  with ny = { 1 ifA<0
and
&) .
n _n . 1 ifA>0
~ 1 _
(7.142) '0|L%a,5),7(H") = /* NATN\TT 2 |)\‘ Zd)\, with ny = { 0 Zf/\ <0

This gives us a concrete realization of the ”disintegration” (see introduction) of the
left regular representation by showing on what subspaces of L?(H,,) the infinitely many
copies of one given unitary irreducible representation may be realized.
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