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Abstract

Let G be a Lie group and A(G) the Fourier algebra of G. In this paper
we decribe sufficient conditions for complex-valued functions to operate on
elements u € A(G) satisfying certain degrees of differentiability in terms of
the dimension of the group G. Furthermore, generalizing a result of Kirsch
and Miller [Ark. Mat. 18 (1980), no. 2, 145-155] we prove that closed subsets
FE of a smooth m-dimensional sub-manifold of a Lie group G having a certain
cone property are sets of smooth spectral synthesis. For such sets we give an
estimate of the degree of nilpotency of the quotient algebra I4(E)/Ja(E),
where I4(FE) and J4(F) are the largest and the smallest closed ideal in A(G)
with hull £.

1 Introduction

In this paper we study two questions concerning the Fourier algebra A(G) of a (non-
commutative) Lie group G. The first one deals with the functional calculus in A(G)
and the other one with problems of spectral synthesis in the same algebra.

Functional calculus is one of the basic tools in the theory of Banach algebras and
its applications. In particular, it plays a fundamental role in some parts of harmonic
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analysis, where one of the important algebras is the Fourier algebra A(G) for a
locally compact group G. One says that a complex valued function ¢ defined on
C operates on u € A(G) if the composition p ou : G — C belongs to A(G). It
is known that any analytic function defined on a neighbourhood of the image of
u € A(G) operates on u. Furthermore H. Helson, J. P. Kahane, Y. Katznelson and
W. Rudin, [HeKaKR], for the case of G abelian, and then C.Dunkl, [D], and D.Rider,
[Ri], for infinite compact groups G, showed that exactly the real-analytic functions
¢ : C — C operates on each element of A(G). Some necessary conditions on the
functions ¢ operating on certain classes of elements of A(G) for abelian G' can be
found for example in [Ka. In order to determine the class [u] of functions which
operate on a given element u of A(G), it is essential to have control over the growth
of of the norms [|e""| 4 for t € R and real functions u in A(G). In this paper we
study this question for Lie groups. First we give an estimation of the growth in ¢ of
the norms [|""|| a(q) for a connected compact Lie group and real-valued functions u
with certain degrees of differentiability in terms of the dimension of G. Our method
is a development of the method given in [Ka| for the one dimensional torus. For a
general Lie group G, we use a Laplacian and its heat kernel to derive for smooth
functions u on G a similar estimation for [e"|| 4. This result is slightly rougher
than in the compact case. These estimations allow us to find necessary conditions
for function ¢ to operate on smooth functions u € A(G).

Section 4 deals with questions on spectral synthesis in A(G) for Lie groups G. It is
well-known that for any closed subset E' C G there exists a largest closed ideal 14(F)
and a smallest closed ideal J4(E) with hull E. We say that E is a set of spectral
synthesisif [4(E) = Ja(F). If E is not spectral, it may nevertheless happen that the
algebra [4(E)/Ja(FE) is nilpotent (see [W], where such sets E are studied). We say
that E is a set of smooth spectral synthesis if [4(E) N D(G) = [4(F), where D(G) is
the set of test functions on G . Generalizing a method in [KM] we show that closed
subsets E of a smooth m-dimensional sub-manifold of a Lie group G satisfying a
certain cone property are sets of smooth synthesis. Then using Herz arguments [H]
we obtain an estimation of the nilpotency degree of the algebra I4(E)/J4(E).

In the last section we give some applications to linear operator equations and to
Varopoulos algebras.

2 Preliminaries and notations

Let G be a locally compact o-compact separable group with left Haar measure
m = dg. Let LP(G), p = 1,2, denote the space of p-integrable functions with norm
|||, and let C.(G) denote the algebra of continuous complex-valued functions on G.
The convolution algebra L'(G) is an involutive algebra with involution defined by
[*(s) = A7 (s) f(s71), where A is the modulus of the group. Let A : G — B(Ly(G))
be the left regular representation given by A(s) f(g) = f(s 'g). We denote by VN (G)
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the von Neumann algebra of G, that is

VN(G) =span” %" {\(g) : g € G} C B(Ly(@)).
The Fourier algebra is the family of functions s — (A(s)§,n) = 7 * £ & neLl*G),
£(s) = &(s™1), s € G, as defined by Eymard in [E]. The Banach space A(G) can
be identified with the predual VN(G). via ((A(s)¢,n),T) = (T€,n), and thus is a
normed algebra with the norm denoted by || - ||4. It is known that for v € A(G)

there exist &, n € L?(G) such that v = € * 7 and ||ul||a = [|€]]2 - ||n]|]2. The algebra
A(G) is a semi-simple regular Banach algebras with spectrum G (see [E]).

3 Growth in the Fourier algebra of a Lie group
and functional calculus in A(G).

3.1 The compact Lie case.

The following description of the dual space of a connected compact Lie group G has
been taken from [Wa]. Let g be the Lie algebra of G. Then g = 3 & g1 with 3 the
center of g and g; = [g, g] a compact Lie algebra. Let (,) be an inner product on
g satisfying (1) (g1,3) = (0) and (2) (,)|gixes = —Bg (here By denotes the Killing
form of a Lie algebra €). Let U(g) be the universal enveloping algebra of g. Let
Xi, -+, X, be an orthonormal basis of g, such that {X;--- X, } is a basis of 3. Set
Q=>",X? € U(g). Then Q is independent of the choice of the orthonormal basis
of g and 2 is central in U(g).

Let t be a maximal abelian subalgebra of g; and let T = exp(t). Let also Ay, -+, A,
be complex valued linear forms on 3 defined by )\ (X) = 2m(—=1)Y25, ;. Let P be a
Weyl chamber of T'. Let Ay, - -+, A; be defined by Ha )) = 0;;, where ay, - -+ , oy are
the simple roots relative to P and the H,, the correspondmg vectors in t. To every
~ in the dual space G of G corresponds a unlque element A, =" n;\; + Zj m;A,;
with the n; integers and the m; nonnegative integers. Set ||v|| = max; ;{|n;|, m;}.
We know from [Wa, Lemma 5.6.4] (with the notations of that lemma) that for every
v E G and Ty €7

—y () = ((Ay + 0, Ay + p) = (0, )T, =2 ¢(7) I,

where p is half the sum of the positive roots of G related to the Weyl chamber of T
Then by [Wa, Lemma 5.6.6], there are positive constants ¢, ¢y such that

(3.1) a1 < e(v) < eallyl?
and by [Wa, Lemma 5.6.7], the series

(3.2) Y AP+ P

’yeG



converges if s > m Here d(7y) denotes the dimension of the Hilbert space H.,
of .

Also for a real number a, let [a] be the entire value of a and let d(G) denote the
dimension of the group G.

Theorem 3.1. Let G be a connected compact Lie group and let w = u be a self-
adjoint element of A(G), which is differentiable of class [@] + 1. Then there exists
a positive constant C = C(u) such that

(3.3) e || aq) < C(1 + [¢)H D2t e R.

Proof. By (3.1) and (3.2), we know that

d(v)? d(G
(3.4) Z% < oo, Vs> %

veG

Take N € N* and let Gy = {7y € G; ||7|| < N}. Using Plancherel theorem, there
exists an L?-function F,, on G, such that

Y(Em) = WHHWVV € G,

for all real m > @. Then
(3.5) E,x(1-Q)M"g=g

for every k-times differentiable function g on G, where k = 2m if 2m is an integer
and k = [2m] + 1 otherwise. Denote also by Fy the element in L?*(G), for which

Y(Fx) = Tn,, ¥y € Gn, (Fy) = 0 otherwise,
and by E,, y the element in L?*(G), for which
V(EmN) =7(En), VY € G\N, Y(Em.n) = 0 otherwise.

Write now g, for e, t € R. Since u € Cl@)/2+1 we have that g, € ClE)/2+1 o0,
We decompose g; into
g = agn + by,

where a; y and b,y are defined by
Y(arn) = (), V7 € az\u v(at,n) = 0 otherwise,
’y(bt,N) = O7v7 S G\Na V(bt7N) = W(Qt) otherwise.
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Then a; i is a C*®-vector and so by y = g —a; v is of class [@] +1. By the definition
of Fy, we have that

Fy*a,n = ap N

Hence
larnllae) < 1ENllellacnllz < [ ENll2llgellz < 1ENll2llgellzec)-

Now, by [Wa, proof of 5.6.7], if we set n = d(G) for simplicity, we have

N N
IFxl3= > d2<esd j" 0@+ )25 + DI <oy Y5 < esN™
IvlI<N Jj=0 j=0
Hence, since u is a continuous real-valued function, we have that ¢, = e ¢

L>*(G), t € R, and ||gt/lcc = 1 and we see that

ae)
lasxlla@y < N2

for a certain constant C' > 0. Now for the norm of the element b, y we get, using
(3.5) for g = by y and m = %([d(TG)] + 1) (which is easily checked to be strictly larger
than @),

E,x(1-Q)"yn=FE,n=*(1-Q)"g
and so
10e5 1Ay = 1B * (1 =)™ gl A
< [ Emnll2l|(T = Q)™ g¢|2.

If m is an integer then, since €2 is a differential operator of order 2, we have that
(1—=Q)™g, = (1 + t*™)e"™wy ,y,, for some wy,, € L*(G), such that ||wy,|s < C4, for
all £ € R (for some constant C; > 0). If m is a half integer k + % then we use the
following inequality

(3.6) 11— )]s < \/nnna + 3 118
7

for any differentiable 7. Indeed, if n is twice differentiable, then

(1 =)Y2nll3 = ((1—Q)n,n)
= nll3 = > _(Xnn)

J
= Jnll3 + Y I1Xmll3.
J



We can now approximate a one times differentiable 1 with respect to the Sobolev
norm [|nls := (IInll5 + >, | X;nll3)"/? by twice differentiable functions to obtain our
inequality (3.6). Therefore, for 1, := (1 — Q)*g,

(1= Qg3 = 11— )" 2nll3

< |lmell3 +Z Xl
11— gtl\z +Z 1X5(1 = )" g3

N

= [I(1- gtHQ"'ZHX gt”z
= 1+ t%)emvt,klb (L + e w3
for some wy 1, vy € L*(G) with L? norms, which are uniformly bounded in ¢. Hence
(1 =)™ gella < C(L+ ™), t €R,

for some new constant C' > 0 and for m = k + 3.
Therefore we get the following estimate of the A(G)-norm of b, y: for t € R,

1/2

d 2
holae < ¢ | Y 0) (1 + [ty

1 2m
ey ()

1/2
(ZWH ) (14 )" < Gy (15 [P

J>N

Hence, if we let N to be the smallest integer > |t| we obtain

||€itu||A(G) < ||at,N||A(G) + ||bt,N||A(G)

| Q

C
< S+ D2 4 (14 )1

for a new constant C > 0. O

Remark 3.2. In the case of the one-dimensional torus G = T it is shown in [Ka),
that if u = u # const is differentiable of class 2, the estimate (3.3) is sharp, i.e. then
||| a¢ry = v/n. We could also ask for which class of functions v =7 € A(G) of a

compact Lie group G we can have [|e""|| o) ~ ¢ &



3.2 The case of a general non discrete Lie group.

We consider now a Lie group of positive dimension GG and we let G be its connected
component. Choose a basis {X7, -+, X,,} of the Lie algebra g of G and take again
a Laplacian Q@ = """ | X? on G. Let furthermore (h;)i~o be the heat kernel on Gy
associated to Q (see [VSC] for the definition).

Define the function E,,, (m € N, m > @) on Gy by the formula

1 o
(3.7) E,=— / t" e hydt.
0

om)

The function E,, is clearly in L'(Go) C L'(G) and [, En(g)dg = 1, since ||hy|ly =
Jo En(g)dg = 1 for all t > 0.

Furthermore, denoting by A the left regular representation of G on L?*(G), we have
that A(E,,) is the inverse of the operator (1 — 2)™. In fact, let

—Q—/ sd P,
0

be the spectral resolution of —{2. Then
(1-)" = / (1+s)"dP,, A(hy) = e = / 4P,
0 0

by the definition of the heat kernel and

1 oo e}
AMER) = —/ tm_le_t/ e dP,dt
- Jo 0

m)
_ 1 / b / Ootmfle*““)tdtdps
m! J, 0
1 [ 1
- —/ ———mldP, = (1—-Q)™™.
m! Jo (14 s)m

That means in particular that
(3.8) E,x(1—-Q)™f=f

for any f € D(G), the space of compactly supported C'*°-functions of G;
For the estimations of the A(G) norm, we must know that the functions £,,, defined
by En(g) := En(g™"), g € G, are in L*(G) for m > @.

Lemma 3.3. There exists a Laplacian Q on G, such that the functions E,, are in
L*(G) form > 42



Proof. If GGy is not unimodular, let G; be the kernel of the modular function A in
Go. Since A(exp(tU)) = e ®U) ¢t € R,U € g, where § : g — R(U) denotes the
trace of ad(U), it follows that G; is of co-dimension one in G and that G is the
topological product of R with G, since now the function § is not 0. Let g; = ker(0)
be the Lie algebra of G;. We choose the basis vector X = X; in g\ g1 and the
vectors Xo,---, X, in g;. We can also assume that

1 s
(3.9) IX) = 3 i.e Alexp(sX)) =e2, se€R.
It is easy to see then that

(3.10) A(g) < ed”(g),g €q,

where p(g) denotes the Carnot-Carathéodory distance of g to the origin and where
d is some positive constant (see [VSC]).

Since the linear operators A(h;), t > 0, are self adjoint and the functions h; are real
valued, it follows that

(3.11) hi(g) = he(g™") = Ag)ha(g)

for every g € G. Hence by (3.7), E,, = AE,,. By [VSC], V.4.3 and IX.1.3 and (3.10),
we have then that for some constant C' > 0

1
(3.12) A(g)hi(g) < CW’ 0<t<eged,

for some constant € >.
Define for ¢ > 0 the function p; on R by

pe(s) :=/ hi(exp(sX)g1)dgi, s € R.
G1

The functions p; are then of class C*° and they satisfy the equations

Xipi(s) = ; Xjihi(exp(sX)g1)dg:
1
d
= / d—ht(GXp(—UXj)eXP(SX)gl)u:0d91
G, au

_ / L hu(exp(sX yexp(—u Ad (exp(—5X))X; a1 cods

d
= /G1 %ht(eXp(SX>gl>u:0dgl =0,



for j = 2,--- ,n, and therefore

(50mls) = [ XhlexplsX)an)da

= / Qhy(exp(sX)g1)dg
Gy

(3.13)

0
= / aht(exp(SX)gl)dgh
G1

0
= &Pt(S)-

52 o .
Hence p; is the heat kernel on R and so py(s) = c\/%e_Tt, s € R (for some positive

¢). This shows that
(3.14) s = [ Alghul)dg
G
= /RA(eXp(sX))/G hi(exp(sX)g1)dg1ds

= /egpt(s)ds (by 3.9)

R s 1 _2 ,

= /Re%%e sitds = ce
for some new ¢ > 0.

From the inequalities (3.12) and (3.14) we deduce that for a certain constant C' > 0,

Aok

, t>0,

1

(3.15) by < TR Toor/TARTL < €t €10,
and if t > ¢, then Ah, = Ah;_./o * Ah./, and so
(3.16) |AR|l2 = [|Ahi—cj2 ¥ Ahgyalla < || Ahi—cya]|1]|Abesall2 < Det.
Hence, for m > @,
1Enllz = [|AE.],
1
= — | [ t"e T Ahudt||,
m!" Jg
e 1
<

1 m 1 oom -3¢
%/Otmdt+%/€' tD€4dt<OO.

The unimodular case is similar, but easier.



We can now prove the following theorem.

Theorem 3.4. Let u = u be a self-adjoint element of A(G) N L?(G), which is dif-
ferentiable of class 2([d(G)] + 1) with bounded partial derivatives contained in L*(G).
Then there ezists a positive constant C' = C(u) such that

(3.17) e — 1|4 < C(1+ )22, te R
Proof. Let m = [@] + 1. As in the proof of Theorem 3.1, we see that

(3.18) €™ = E,*(1—Q)™(e"™)
— E ( ZUt+(1—|—|t’2m)€iUtwt7m)
E,,

—1 .
)+ (L4 )™ wrm)

itu

s (1 + itu(

itu

— B x 1+ tE, * (iu(S )+ (14 [EP™) Ep # (€™ wy 1)

= 1+ (1+ ’t|2m>Em * Utm,

for some Wy, Vrm € Lo(G), whose Ly(G) norms are bounded by some constant
C>0.
Hence using (3.18), we obtain:

H itu 1HA (1 —+ |t|)2mHEmH2HUt,mH2

Thus we get
a(G
le™ — 1la) < C(1 + )21, ¢ e R,

for some constant C > 0.
O

Remark 3.5. Let G be a discrete group. Then the Hilbert space (?(g) is contained in
A(G) and for every u € [*(G) we have that ||ul|a) = [|0%u a@) < ||0]l2/lullz = ||ull2
(here § denotes the identity of I!(G)). Hence if u = % is an element of I*(G) C A(G)
we have that

le™ = 1|a@) < COA+t]), t R,

for some constant C' > 0. Indeed,

it
itu

—4)

ity A(G)

eitu_l

T o llul, teR.
ol

. €
[e™ = 1|a) = itu(

< @+
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Corollary 3.6. a) Let G be a connected compact Lie group. Let u = @ be a self-
adjoint element of A(G), which is differentiable of class [d(G)] + 1. Then every func-
tion ¢ of class m > [S5~ (G)] + 1 vanishing at 0 operates on .

b) Let G be a Lie group of positive dimension. Let u = be a self-adjoint element
of A(G) N L*(@Q), which is differentiable of class 2([d(G)] + 1) with bounded partial
derivatives contained in L*(G). Then every function ¢ of class m > 2[ )] +3
vanishing at 0 operates on u.

Proof. a) Let v = uw € A(G) as in Theorem 3.1. Let ¢ : R — C be of class
m > d(G) + 1 such that ¢(0) = 0. Let ¢y be any class m function on R with compact
support such that ¢y = ¢ on the interval [—||u|la@y — 1, |[|ulla) + 1]. Then the
Fourier transform Go(t) = [, wo(x)e ™ dx, t € R, of ¢y satisfies the inequality:

Cop

(3.19) [Po(t)] < W

teR,

where C,, is some constant depending on ¢,. Therefore by (3.3) the integral

v :z/gﬁo(t)en’““dt
R

converges in A(G), hence also in C(G), and so for every s € G, we have by the
Fourier inversion formula that

o(s) = / o)™ dt = o(u(s)) = plu(s)).

Hence p ou = v € A(G). The proof of b) is similar. O

4 Smooth synthesis

Let A be a semisimple, regular, commutative Banach algebra with X 4 as spectrum,;
for any a € A we shall denote then by a € Cy(X4) its Gelfand transform. Let also
E C X4 be a closed subset. We then denote by

I4(E)={a€ A]a'(0) contains E},
JY(E)={a € A|a'(0) contains a nbhd of E} and J4(E) = J4(F).
It is known that [4(E) and J4(F) are the largest and the smallest closed ideals with
E as hull, i.e., if I is a closed ideal such that {z € X4 : f(x) =0forall fe I} =FE

then
Ja(E) C I CI4u(E).
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We say that E is a set of spectral synthesis for A if J4(F) = I4(E) and of weak
synthesis if 14(E)? = J4(E) for some integer d (see [W]).

Let A* be the dual of A. For a € A we set supp(a) = {z € X4 :a(z) # 0} and
null(a) = {z € X4 : a(x) = 0}. For 7 € A* and a € A define ar in A* by
at(b) = 7(ab) and define the support of 7 by

supp(7) = {z € X4 : ar # 0 whenever a(x) # 0}.

It is known that supp(7) consists of all € X4 such that for any neighbourhood U
of x there exists a € A for which supp(a) C U and 7(a) # 0. Then, for a closed set
EC Xy

Ja(E) = {r € A* : supp(r) C E}

and F is spectral for A if and only if 7(a) = 0 for any a € A and 7 € A* such that
supp(7) C E C null(a).

In what follows we write I4(E) for Ia)(E) and J4(E) for Ja)(E).

Let G be a Lie group. For a closed subset E of G, we denote by Jp(E) the space of
all elements of D(G), which vanish on E. Let

B(E) :={A(u) :  a bounded measure on G supported in E}.

Here A\(p) f = p  f denotes the convolution of the function f with the measure pu.
The closure of B(E) is the annihilator of I4(F) in VN(G), where the closure is
taken in the weak® topology o(VN(G), A(G)).

Definition 4.1. The closed subset E of GG is said to be of smooth synthesis if
Jp(F) = I4(E).

Let us remark that in the papers Miiller [M] and Guo [G] the word "weak ” is used
instead of "smooth”.

Remark 4.2. Let G be a Lie group and f an element in D(G). Then by (3.8) we
have for any integer m > @, f = E,*g, where g = ((1 — Q)™ f) € D(G). Here
i(x) ;= u(x™!) for a function v on G and x € G. Hence, for t € G, denoting by p(t)
the right translation by ¢, we have that

p(t)f(z) = [lat)
= /GEm(u)g(tlxlu)du

- /GEm(u))\(t)g(x_lu)du
= Enx (Mt)g)(x).

This shows that the mapping ¢ — p(t) f from G to the Banach space A(G) is smooth.
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Theorem 4.3. Let G be a Lie group of dimensionn. Let M be a smooth submanifold

of dimension m < n and let E be a compact subset of M. Then JD(E)[?]Jrl = Ja(E).

Proof. 1t suffices to show that Jp(FE)[2141 € J4(E). Let f € Jp(F). We will use
first a procedure given in [H] to estimate the distance between fI1+! and J4(E).
For 0 < e < ||f||co let

We = {zeG:|px)f — fllag <&}
C U={recG: |p)f—fllo<e}

Since f is a C*°-function with compact support, the mapping g — p(g)f € A(G) is
C*™ by Remark 4.2. Therefore there exists a constant K > 0, an open neighbourhood
W of 0 in the Lie algebra g of G, such that

lp(exp(X))f = fllae) < K[ X]

for every X € g and some fixed norm ||| on g. Let for ¢ > 0, V. = exp(B;), where
B, denotes the ball of radius 5% of center 0 in g. There exist constants C; > Cy > 0
such that for every € > 0

CléTn > |‘/€’ > CQ&Tn

and V. C W, C Q.. In particular, for every x = zgv € EV,, xqg € E, v € V., we have
that f(zo) = 0 since f € Jp(£) and therefore

[f(@)] = |f(zov)]
< |f(zov) — fzo)| + | f(0)]
= |(p(v)f = f)(w0)|
< p)f = Pl <e.
Hence

Take v = fI21*1 on EV, and v = 0 elsewhere and let u(z) € Ly(G), u(x) > 0 such
that [, u(z)de =1 and supp(u) C V.. Consider now the function

p(s) = (B —v) xa(s) = / (FE —v)(styu(t) dt.

G

Clearly ¢ € A(G), and ¢(s) = 0 if s-supp(u) C EV.. As E C {s: s-supp(u) C EV.}
and the set {s : s-supp(u) C EV.} is open, supp(¢p) is disjoint from E and therefore
v € J4(E). We have

FERY o = (I — B ) 1y
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As supp(u) C Vi C We, and ||fI21 — p(2) fI21HY| 4q) < Ke for all @ € W, and
some constant K = K (m) > 0 which is independent of ¢, it follows that

1P — 5 el a) = || / (P — p(a) fE u(e)de | age
< / 115 — p() /121 | agyule)do < Ke.
G

We have also ||v * @4 < [|V]]2 - ||ul|2. As the greatest lower bound for ||ul|; is
|V.|~'/2, we obtain

dist (12141 J4(E))

IN

12— ol ae)

1/2

Ke + V|72 </ |f[7;]+1(x)|2dx>
EV:

Ke+ V|72 sup |14 (2)[|EV.['/?

rzeEV,

IA

IN

01/2

2

IN

Let us estimate |EV.|. Since F is compact, we can assume that E'V is covered by a
finite number of charts and hence is contained in one chart: ¢ : U — R™ x R*™™,
such that (M NU) C R™ x {0}. Furthermore, there exists a constant C' > 0 and
a bounded set B in R™, which do not depend on ¢, and a rectangle R, of measure
Ce™™ in R such that ¢ ((M NU)V.) C B x R.. Since there exists a continuous
positive function F' : U — R, such that

/ o(g)dg = / F(@)p(d~ (x))dz, € C(U),
U P(U)

we get for every small ¢, that
|EV.| = / F(z)dx < / F(x)dx < C'e"™.
Y(EVE) BxRe

Hence, for € > 0 small enough,
dist(f51H JA(E)) < Ke + C"e 25 H1lmm)/2 — [ge 4 O el5iH-m/2

for a new constant C” which does not depend on . Thus fIz1+1 € J4(E). It follows
now from standard arguments, that Jp(E) 2/ c J4(E).
]

Corollary 4.4. Let E be a compact subset of a smooth m—dimensional sub-manifold
of the Lie group G. If E is a set of smooth synthesis, then E is of weak synthesis
with 1y(E)M/2H = J,(E).
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Definition 4.5. 1. Let G be a group and let Aut(G) be the group of au-
tomorphisms of G. Let ¢ € G and a € Aut(G). We call the mapping
G — G, s — af(ts) an affine transformation of G.

2. Let GG be a Lie group. We say that a group A is a group of affine transformations
of G if A is a Lie group which acts smoothly by affine transformations on G.
Smoothly here means that the mapping A x G — G, (a, x) — a(x) is smooth.

Definition 4.6. Let G be a Lie group and let M be a smooth m-dimensional sub-
manifold of G. We say that a subset E of M has the cone property

1. if F is closed in G,

2. if for every x € F there exists an open neighbourhood U, of z in G and a C*
mapping 1, from an open subset W, C R™ containing 0 into a Lie group of
affine transformations A, on G such that ¢,(0) = Ig and if there exists an
open subset W2 in W, such that

(a) 0 is in the closure of W2,

(b) for every y € U, N E, 1, (W?)y is contained in FE and open in M and the
mapping W2 — ¢, (W2)y; t — 1,(t)y is a diffeomorphism.

Remark 4.7. Let B be a Lie group acting continuously by continuous automor-
phisms on our Lie group G. Then the group B acts also continuously by continuous
automorphisms on the Fourier algebra A(G), since for any b € B, the representation
Ao b is equivalent to .

Theorem 4.8. Let G be a Lie group such that A(G) has an approzimate identity,
let M be a smooth m-dimensional submanifold of G and let E C M be a subset with
the cone property. Then E is a set of smooth synthesis.

Proof. Let T be an element of Jp(E)*. We must prove that T annihilates 14(F).
Since A(G) has an approximate identity, we can assume that 7" has compact sup-
port. In order to prove that (T, I4(FE)) = {0}, it suffices to show that 7" can be
approximated in the weak *-topology by elements T, = \(m,,) of B(E).

We shall show first that for every o € E, there exists an open neighbourhood U? of
x contained in U, such that for any T' € Jp(FE)* which is supported in E N U2 we
have that T is the weakx-limit of a sequence {7, € B(E)},.

Let us now fix x. To shorten the notation, we shall omit the index x for neighbour-
hoods and mappings.

We can assume that U = U, is the domain of a chart S : U — R", for which

S(MAU) = B x {Ogn-m}
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and B is an open subset of R™. By shrinking if necessary W° = W? and U, we can
also assume that there exists an open relatively compact subset O in B, such that
S(z) € O x {Ogn-m } and such that ¥ (¢)(S™(O x {Ogn-m})) C M NU for all t € W2,
Let for t € W0 = W2

(b(t) :0 — B; (¢(t)(c)70) = S<w(t)(s_l((c> 0))))7 te Wa?v ceO.

We assume now that 7" is supported in U N E and let us consider 7" as a distribution
on G. We transform this distribution into a distribution 7" on R™ x R™™ via the
diffeomorphism S. Since the support of T is contained in U N M, we have that the
support of T is contained in B x {Ogn-m} and so by the classical formula of L.
Schwartz, there exist a finite collection of distributions d® on B (8 € N*=™), such
that for any f € D(G),

(T, f) = (T, foS7") =) (d°,0](fo5)(-,0)),
B

where the partial derivative d; acts on the variable in R*™". It follows from the
property of T, that T vanishes on every function a in D(R"), which is zero on
R™ x {Ogn-m }. Therefore, by standard arguments, see for instance [KM], we have
that d” = 0 for any 3 # 0 and so

(4.21) (T,f>=<T,fOS_1>=(dov(fOS_l)(-,0)>:Z/B%(f‘)@“(foé”_l)(ﬁ@)dﬁ

where the @, are continuous functions and the partial derivatives 0% act only on the
variable r € R™.

Choose a decreasing sequence (W,), of open neighbourhoods of 0 in W and let
Wo,, = WON W, for all v. Since 0 is contained in the closure of W we know that
W, # 0 for v large enough. Let y in O and let V,,, := {é(t)y :t € Wy, }. Then
V,. 1s an open subset of B and the mappings ®,, : Wy, — V..t — ¢(t)y are
diffeomorphisms by the condition on . We can assume that there exist an open
subset, By, which is contained in O and such that S(x) € By X {Ogn-m}, for every
v a small open set Wy, in W, ,, and an open neighourhood C¥ of 0 in R™, such
that the open subset O,, = {¢(t)(y) + 2z : t € Wi,,y € By,z € Cf} of B is
contained in V,,, for every v € N. We denote for z € Cj and y € B, the open subset
{o(t)(y) +z: t € Wi} of Oy, by Of . Let pf , be the restriction to O}, of the
inverse of the mapping W1, — O}, - t — é(t)y + .

Let now 3, € C®(W;,), such that 5,(t) > 0 for all ¢ € Wy, and such that
le’V B,(t)dt = 1. Hence for every f € D(B), y € Bf and z € C§ we have by

the change of variables formula

(4.22) - Bu(t)f(d(t)(y) + 2)dt = By, (r))Jac(py, ) (r) f(r)dr.

Oy,v
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Hence, differentiating in z this equation and using again the change of variable
formula for the mapping ¢ — ¢(¢)(y), for every multi-index o € N we see that

423) [ B F((t)y)dt = /O Py (1) (r)dr = / dou (6, ) F(S(8))dt

w9 wo

for some function p, ,,, € D(0,,, ), which is C* in y, and some function g, ,(-,y) in
D(Wy,,), which is also C* in y.

Since (t) is affine for every ¢t € W, and since the mapping (¢,s) — ¥(t)s € G is
continuous (even C'*),; it follows that for every u € A(G) the mapping W, > ¢ —
Y(t)u, where ¥(t)u(x) := u(¢(t)x),x € G, is also continuous and so u,, defined by

Uy = ﬁu “u = 5u(t)¢(t)Udta
Wi

1.e.

u,(g) = By (t)u(y(t)g)dt, g € G,

Wi

is an element of A(G). Furthermore, since the support of 3, is contained in Wi,
and since 1(0) = I, we have that lim, ., u, = u. This tells us also that the new
elements T, € VN(G), v € N, defined by

(T,,u) :=(T,u,) = (T, 53, -u)
converge in the weak-x- topology to T'.
Let now U? := S™1(By x R"™ N S(U,))
Then by (4.21) and (4.23), for f € D(U?), we have that
<TV7 f> = <T fl/>

= [ e tros w0
- Z//w ©a(y) B, (1)0%(f o S™1)((t)y, 0)dtdy
= Z//W (V)G (t,y)(f 0 S™H)(0()y, 0)dtdy.

This shows that T}, is in fact a measure for every v. Furthermore if f is zero on FE,
then for any y € S(U2 N E), we have that

0=f(W(t)y) = fo S (s(t)(S(y)),0), forallte W,

since ¥ (t)y € E for all y € UL and ¢t € Wy ,,. Hence (T, f) = 0 for all v. This implies
that (T, u) = 0 for every u € A(G) which vanishes on E.
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Let now T € Jp(E)* with compact support. Since supp7 is contained in E, there
exists a finite set L in E, such that suppT C (U, UY. For every x € L, let o, €
D(G) C A(G) such that supp(y,) C U and such that 3 _; ¢, = 1 on a compact
neighbourhood C of supp T'. Then ¢, T is in € Jp(E)* and has its support in U'NE

for every x € L and T'= ) _, ¢,T. Therefore, by what we have seen above,
o, T = w* lim A(m), with m? € B(F)

and so T' = w*lim, A(d_, ., m?).

The following corollary generalizes the result of Kirsch-Miiller in [KM].

Corollary 4.9. Let G be a Lie group and let B be a group of affine transformations
of G. Let w C G be a closed m-dimensional B-orbit in G. Then w is a set of weak
synthesis with I4(w)™A+ = J4(w).

Proof. Let z € w and let By be the stabilizer of z in B. Then w ~ B/B, via the
diffecomorphism B/By — w; tBy — t(z) =: tBy - z. We choose neighbourhoods
M C L in B/By of I, such that L is the domain of a chart S : L — S(L) C R™
(for some m € N) and such such that b := S(M) is a closed euclidean ball with
center 0 and such that S(I mod Bj) = 0. We can also suppose that there exists a
smooth section ¢ : L — B and that o(M)M C L. Furthermore, since the mapping
t — o(S7(t)) mod By is regular in a neighbourhood of 0, we can assume that b is
small enough so that the mappings b 3 t — o(S71(¢))S™!(u) € B/By are regular
and so diffeomorphisms onto their images for every v € b. In the chart S': L — R™,
we can write

(4.24) S(e(S71w)) - S Hu)) = u + R(u)v + vo(u),v,u € b,

where R(u) is linear invertible mapping of R™, which depends smoothly on u and
where vy(u) is a vector in R™, which varies also smoothly with «, and which is of
length o(||v||)||v]|, where ||| denotes the euclidean norm on R™.

Lemma 4.10. The closed subset E, = o(S7(b))(2) of w has the cone property.
Proof. Fix a point x = o(S7!(u))(2) € E.(u € b). Using 4.24, we choose a small
open cone C’ in R™ containing 0 in its closure, such that for the radius r of b we

have that
r— |l + | > K]

for all 4’ in an open neighbourhood ¢ of w in b and for all ¢ € C” (for some constant
K > 0) and such that C' := R(u)"*(C’") C b. We then have for ¢ = R(u)~!¢ €
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C,u' € ¢, that

r=[S(e(S7He) - STHWNI = r—lu' + R(w)e + o)

r— [l + N = [|R() R(u) " (') = /]| = [leo(u)
K|l = IR R(u) = (') = ¢/l = [leo(u) |

0,

\ARAVARLY,

for small enough €. This implies by 4.24 that

(4.25) S(e(S7He)) - S7Hu)) € b

for all v’ € € and ¢ € C, if we choose £ small enough. Let
Ve =10(S7H0) - 2 = 0(S71(E))(2)-

Then V, is an open subset of E, containing x. Let U, be any open subset in GG, such
that U, N E, = V,. Define also

W, :=b, W?:=C and ¢,(c) := a(S ! (c)) € B, c € W,.
Then for every y = (S~ (v))(2) € V,, v’ € € we have by (4.25) that
Ya(0)(y) = 0(S71(e)) S (u)) - z € 0(S7(b))z € E.
for any ¢ € C'. This shows that E, has the cone property. O]

Since w is the union of the sets E,,z € A, and since being of smooth synthesis is

a local property, w is set of smooth synthesis and so by 4.4 it is of weak synthesis
with T4 (w)™2+ = J,(w).
O

5 Some applications to the Varopoulos algebra
V(@) and linear operator equations.

Let C(G) denote the algebra of continuous complex-valued functions on a compact
group G and let
V(G) = C(G)&C(G),

the projective tensor product of C'(G). V(G) is the Banach algebra of complex-valued
continuous functions w on G x GG which admit representations

w(s,t) = Z pi(s)i(t)
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(w= Zfil ©; @ 1;) such that

(o]
ZH%HooWiHoo < o0
=1

with the norm defined by
llly = inff> Heillelltello s w0 = 3 i 0 45
i=1 i=1

V(@) is a semi-simple regular commutative Banach algebras with spectrum G xG. In
[V] Varopoulos proved that the question on spectral synthesis for the Fourier algebra
A(G) is closely related to the one for the algebra V' (G), where G is a compact Abelian
group. This result was extended in [ST] to arbitrary compact groups G.

Let for a closed subset E, put E* = {(t,s) : st™! € E}. Repeating mainly the
arguments in [ST, Theorem 4.6] one obtains also the following

Proposition 5.1. Let G be a compact group, E C G a closed subset. Assume that
IA(E)™ = Js(E) for some m € N*. Then Iy (E*)™ = Jy(E*).

In [ShT2, LT] it was shown that spectral synthesis for A(G) can be applied to the
study of linear operator equations. Below we will see that the results of Section 4
are also applicable to the equations of this type.
Let us consider the space V*°(G) of all (marginal equivalence classes ([A, ShT2]) of)
functions w(s,t) that can be written in the form

w(s,t) = an(s)gn(t)
with f, € L>*(G,m), g, € L>°(G,m) and

SN Ifls)P<C seG D laMPP<C ted.
n=1

n=1

In tensor notations V*°(G) = L>(G, m)®w*hL°°(G,m), the weak*-Haagerup ten-
sor product ([BSm]). For w € V*°(G) one defines null w as the largest (up to a
marginally null set, see [A, Sh'T2]) set, where w is zero.

For w € V*(G), we denote by A,, the operator 7' +— w - T = > M, TM;, on
B(Ly(@G)) (the sum converges in the strong operator topology). For a linear operator

A on B(Ly(G)) we will mean by the ascent, ascA, of A the least positive integer
such that ker(A™) = ker(A™*"1).
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Proposition 5.2. Let G be a locally compact group. If I4(E)™ = Js(E) for a
closed subset E C G and m € N* then ascA,, < m for any w € V>°(Q) such that
null w = E*.

Proof. By [ShT2, Proposition 5.1], if w*-T = 0 for k € N* then supp(T') C null w =
E* (see [ShT2]| for the definition of the support of operator). On the other hand,
under assumptions of the proposition one can prove, using arguments similar to one
in [LT], that w™ - T = 0 for any T supported in E*. Thus we have the following
inclusions

{T : supp(T) C E*} C ker(A™) C ker(A™)  {T : supp(T) C E*},

giving the statement. O]
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