Dual topology of the motion groups SO(n) x R™.

MOUNIR ELLOUMI AND JEAN LUDWIG

Abstract

Let n € N* and let M,, = SO(n) x R™ be the corresponding motion group. In
this paper, we describe the topology of the dual space M,, and identifying M,, with
the subspace of admissible coadjoint orbits mf /M,,, we show that this identification is a
homeomorphism.

1 Introduction.

It is wellknown that for a simply connected nilpotent Lie group and more generally for an
exponential solvable Lie group G = expg, its dual space G is homeomorphic to the space of
co-adjoint orbits g*/G through the Kirillov mapping (see [Lep-Lud]). If we consider semi-
direct products G = K X N of compact connected Lie groups K acting on simply connected
nilpotent Lie groups N, then again we have an orbit picture of the dual space of G (see
[Lipsman]) and one can imagine that the topology of G is linked to the topology of the ad-
missible co-adjoint orbits.

In this paper we consider the motion groups M, := SO(n) x R"™ and we show that in this
case the topology of their unitary dual spaces M,, is determined by the topology of the space
of admissible co-adjoint orbits. For every admissible linear functional ¢ of the Lie algebra m,,
of M, we can construct an irreducible unitary representation m, by holomorphic induction
and every irreducible representation of M, arises in this manner. We obtain in this fashion a
map from the set mfl of the admissible linear functionals onto the dual space M,, of M,,. Since
my is equivalent to 7wy if and only if £ and ¢ are on the same M, -orbit, we obtain finally a
homeomorphism between the space of admissible co-adjoint orbits m% /M, and the dual space
Mn of M, in Theorem 5.5.

Some Mathematicians had seen the dual space topology of the motion group M,,. In tl}is case
Kaniuth had showed in [Kan-Ta] that for all compact subset K of M,, and all 7 € M,, the
mapping defined by

Vi (m) = inf (max||r(x)§ — &)
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is continuous on M,\SO(n), that is, on the set of infinite dimensional representations of M,
where M} is the unit sphere in H,, the Hilbert space of 7.

Here is a brief section-by-section description of the contents of the paper. In paragraph 2
we recall the description of the topology of the unitary dual space G of a locally compact



group G. In paragraph 3, we determine the dual space of our motion groups M, the repre-
sentations attached to an admissible linear functional are obtained via Mackey’s little-group
method and the dual space of M,, is given by the parameter space P, := {(r,p),r > 0,p €

—_—

SO(n—1)}JSO(n). In paragraph 4, we link the convergence of sequences of elements of
M, to the convergence in P,. In paragraph 5, we use the convergence in the parameter space
to show that the orbit space mqi1 /M,, and M,, are homeomorphic.

1.1 Some notations and basic facts.
We recall first some basic notions and facts.

e Let GG be a unimodular Lie group with Lie algebra g and let g* be the vector dual space
of g. The Lie algebra g acts on g by the adjoint representation adg, i.e.,

adg(X)Y =ad(X)Y = [X,Y], forall X,Y € g

and the group G acts on g by the adjoint representation Ad, and on g* by the co-adjoint
representation Ad*, i.e.,

(Ad*(9)t, X) = (9.6, X) = ((,Ad(g")X),g € G,L € g*, X € g.

e The set G.£ = {g.l, g € G} =: Oy is called the G-orbit of £. We denote by g*/G the
space of coadjoint orbits and by pg : g* — ¢g*/G the canonical projection. We equip
this space with the quotient topology, i.e, a subset U in g*/G is open if and only pal(U )
is open in g*. The following Lemma can also be found in [Lep-Lud].

Lemma 1.1. Let (Og)ren be a sequence of elements in g*/G. Then (Ok)r converges to
the orbit O in g*/G if and only if for any £ € O, there exist {y, € O,k € N, such that

= lim ¢},.
0= fimts

Proof. If for every k € N, we have an £, € Oy such that khT b, = ¢ € O, then for

——+00
every G-invariant neighborhood U of O in g*, we have that ¢ € U for k large enough.
Hence O C U for all these k’s.

Conversely suppose that the sequence (Of) converges to O in the orbit space. Then for
every £ € O, choose a decreasing family (V},) of relatively compact open neighborhoods
of ¢, such that V,,41 C V,, for every n and such that (|V,, = {¢}. Then the open sets
Uy = Ad(G)V,, are G-invariant neighborhoods of O and so there exists R, > 0, such
that Oy C U, for every k > R,,. We can assume that (R,) is an increasing sequence
with lim R, = 4o00. Choose for R, < k < R,y1 an element ¢ € V,, N Ok. If V is

n—-+o0o

a neighborhood of ¢, then V contains V,, for some n and so £ € V for every k > R,.
This shows that klim b, =£. ]
——400

e Let dg be a left Haar measure on the unimodular locally compact group G and let C..(G)
denote the space of continuous functions on G with compact support. Then C.(G) is
an involutive x-algebra with the convolution product

fi % falz) = /G f1(9) folg ™ )dg
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and involution

e Let 7 be a unitary representation of G on the Hilbert space H,. For all £,n € H,, we
define the coefficient C’g " of the representation 7 by

CE,(9) = (m(9)é,m), g € G.

If G is compact, then for two irreducible unitary representations (7, H,) and (7', H,),
the orthogonality relation says that for all £, € H,, &,7 € Hy,

0 if 7 and 7’ are not equivalent,

(CEn CE ) /an 'y (g)dg = {<s£>< ) (1)

if 7 and 7’ are equivalent,

where d; denotes the dimension of the representation .

If G is a Lie group, then we denote by Cg°(G) the infinitely differentiable functions with
compact support.

R denotes the real, C the complex, Z the integers and N the entire numbers. We define on R"
the norm ||.|| by || X|| = \/#? + 2% + ... + 22 and we denote by B(X,r) the set of all Y € R®
such that || X — Y| < r, for X € R™ and r positive real.

1.2 Induced representations.

Let H be a closed subgroup of a unimodular Lie group G such that the quotient space G/H
admits a left invariant Borel measure dg. Let (p, H,) be a unitary representation of H. Define
the space of mappings

E(G/H,p) ={£{: G — H,, continuous and with compact support modulo H
such that {(gh) = p(h)*(&(g)), for all g € G, h € H}.

We remark that the space £(G/H,p) is left translation invariant and that for each &, 7 in
E(G/H,p), the mapping g — (£(g),1(g))n, belongs to the space C.(G/H). This relation
allows us to define a scalar product on £(G/H, p) in the following way

€)= /G (€@t i

and an L?-norm by

el = (|, Vetal, i)’

We define the induced representation Ind P of G as the left regular representation of G' on
the completion L?(G/H, p) of £(G/H, p) with respect the norm ||.||2 defined above, i.e.,

(Indfjp)()(€)(y) = &(z~"y), Y,y € G, € L*(G/H, p).
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2 The topology for the dual space of a locally compact group.

Let G be a second countable locally compact group, and G be the space of the equivalence
classes of irreducible unitary representations of G. Let (m,H,) be an irreducible unitary
representation on the Hilbert space H,;.

Definition 2.1. A continuous function p : G — C is said to be of positive type if the kernel
defined on G x G by (g1,92) — cp(gj_lgi) is of positive type, i.e. for all g1,92,...,9n € G and
all ¢1,c¢9,...,cp € C,

> ccgelg;ta) > 0.

i=1 j=1
Proposition 2.2. Let & be a vector in H,. Then the function
Cf:G—C, gr—(m(9),8)
1s of positive type.

Remark 2.3. H; is the completion of the space V := span {/\(g)Cg,g € G}, (where A is
the left regular representation) with respect to the following scalar inner product

(D aMG)CE, D eMg)CE) =Y ciciCE g5 ' i)-

i J i\
Theorem 2.4. ([Dizmier|) Let (7, Hr, )ken be a family of irreducible unitary representations
of G. Then (), converges to w if and only if for some non-zero (res. for every) vector &
in Hy, there exist & € Hrx,,k € N, such that the sequence (Cg:)k of functions converges
uniformly on compacta to C’g.

The topology of G can also be expressed by the weak convergence of the coefficient functions.

Theorem 2.5. ([Dizmier]) Let (1, Hr, )ken be a sequence of irreducible unitary representa-
tions of G. Then () converges to 7 if and only if for some non-zero (resp. for every) vector
€ in Hy, there are §, € Hy, such that the sequence of linear functionals (Cgf)k C C*(GQ)' con-
verges weakly on some dense subspace of the C*-algebra C*(G) of G to the linear functional
C¢.

If G is a Lie group, then we denote respectively by g the Lie algebra of G and by U(g) the
enveloping algebra of g. For a unitary representation (7, H,) of G, let HS° be the subspace
of H, consisting of the C'°*°-vectors for 7.

Corollary 2.6. Let (7, Hr, )ken be a sequence of irreducible unitary representations of the
Lie group G. If (my)r converges to m then for every unit vector & in H°, there exist & €
Hy k€ N, such that the numerical sequence ({dmy(D)&k,&x))k converges to (dm(D)E,§), for

each D € U(g).

Proof. Let £ € H® be a unit vector . It follows from [Dix-Mal|, that there exist f1, -, fs €
C°(G) and linearely independent vectors &i,--- ,&s € Hy, such that £ = 7(f1)& + -+ +
7(fs)&s. Since 7 is irreducible, we can find for any non-zero vector n € H;, elements g;
in the C*-algebra of G, such that §; = m(gj)n,j = 1---,s. Hence & = > 27, 7(f;)m(q;)n-
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Choose now for k € N vectors 7y, € Hy,, such that the coeflicients CJ* converge weakly to
the coefficient C7. Let & := >°_; mk(fj)mk(q;)mk, k € N. Then, for D € U(g) it follows that

I}E&(‘iﬂk(D){hgw = llm ZWk *fj Tk QJ nk,ZM fo)m(qi) )

=1

= Z hm 7r;.C *fi**D*fj*Qj)nkaUk>

Jl
S

= Y _(m(q; * f7 * D f;*q;)n,n)
i,j=1

= (dn(D)§; ).

Example 2.7. Let G = R™. Then G is the set of all characters x¢ defined by

xe(a) = =6

for z, £ € R".

Let € :={e1,--- ,en} be the canonical basis of R". We denote by 9;,j = 1,--- ,n the partial

derivative in the direction e;.

Let ({x)ken be a sequence of linear forms on R™. It is easily seen that the sequence (xy, )k

converges uniformly on compacta to y, if and only if kgrm l, = £. Indeed, let if () converges
oo

to ¢, then for e, > 0 there exists kg = k(e,r) € N such that for any k& > ko, we have that
|6 — £]| < £. Then for each x € B(0,r)

Xt (2) = xe(@)| = e 070 — 1] < |16 — £l al] < e.

Conversely, it is enough to prove that
lim (0, ;) = (£, ¢5) (2)
k—+oo

for each j = 1,...,n. We choose a function ¢ in C2°(G) such that

50 = [ e paydn = 1. Q
(From Theorem (2.5), it follows that
Jim (xe, 950) = (xes 9j)- (4)
In addition, we have
0y == | o BTl = it €5)5(00) (5)

Thus, by (3), (4) and (5) we obtain (2).
Hence, we get the (wellknown) result that the dual space of R™ is homeomorphic with R”.



2.1 The Motion groups.
We consider now the rotation group SO(n) acting on the abelian group R™ by automorphisms.

In this text, R™ is identified with the space of n x 1 real matrices. Hence, we can form the
semi-direct product M, = SO(n) x R", equipped with the group law

(A,2).(B,y) == (AB,z + Ay). (6)

Throughout this paper, we identify (1,x) with the vector z, (A,0) with the matrix A, and we

write also x . A for the element (1,z)(A4,0) = (A,x) of M,.
We denote by m,, = so(n) & R” the Lie algebra of M,,, and m} the vector dual space of m,,.

Then, for all (A4, a) € M, et (B,b) € m,, we get
d

Ad((A,0) (BL) = | Ad((A@) )P, 50)
- % (A (@B sh) . (4,0)
= % S:O(At, —Ala). (e*B A, e*Ba + sb)
_ % (AP, APt sah — Ala)

= (A'BA,A'Ba + A').
(From this identity we deduce the Lie bracket
[(A,2), (B,y)] = (AB — BA, Ay — Bx) (A, B € so(n), 2,y € R"),
On the Lie algebra m,,, we have the natural scalar product:
1
((A,z),(B,y)) = §tr(ABt) + 2ty (A, B € so(n),z,y € R").

This scalar product can now be used to identify m} with m,, and (R™)* with R". Every linear
functional F' on m,, corresponds to a unique element £ € m,,, such that

F(éF) = <§F777>777 € my.
It follows that for all (A, a) € M, (B,b) € m, and (U,u) € m},

(Ad*((A,a))(U,w), (B,b)) = ((U,u), Ad((A,a)"")(B,b))
= ((U,u), (A'BA, A'Ba + A')))

_ %tr(UAtBtA) +ut(A'Ba) + u' (A'D)
= Sir((AUA)BY) + (Au)'(Ba) + (Au)'p

On the other hand, the fact that B = (B;;)1<i j<n is a skew-symmetric matrix, implies that

1 1
tr((va’ —a)BY) = 3 Z (viaj — aiv;) Bij
1<i,5<n
= Z viBijaj
1<i,5<n

= v'Ba, forall v € R".
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Hence, we obtain
(Ad*((A,0))(U,u), (B,b)) = ((AUA" + ((Au)a’ — a(Au)"), Au), (B, b)) (7)
ie.
Ad (A, a))(U,u) = (AUA" + [(Au)a’ — a(Au)'], Au). (8)
Therefore, for u # 0, the co-adjoint orbit Oy, is given by

Ovu = Ad*(M,)(U,u)= {(AU A" + [(Au)a' — a(Au)'], Au), A € SO(n),a € R"} (9)
= {(AUA', Au), A € SO(n)} + (AW, A, 0),

where W,, = {ua’ — au’,a € R"} is a subspace of dimension n — 1 of s0(n). We deduce from
this expression that the orbit O, is closed and that the M,-invariant measure d3y,, of the
orbit Oy, can be written as

/ (@) dBualq) = / / S((AUA, Au) + (ABA®,0))dBdA, ¢ € Co(Op,).  (10)
Ov,u SO(n) w

2.2 The dual space of SO(n).

We need a precise description of the irreducible representations of SO(n) (see [Knapp| for
details). A Cartan subalgebra of so(n) can be taken to consist of the two-by-two diagonal

0;
blocks ( —6, 0
the largest integer smaller then m). For an integer j € [1, [n/2]] denote by e; the associated
evaluation functional on the complexification of the Cartan subalgebra. When n is even, say
n = 2d, the roots are the functionals +e; & e; with 1 < i < j < d. When n is odd, say
n = 2d + 1, the roots are the functionals +e; & e; with 1 <7 < j < d and also the +e; with
1 < j < d. We take the positive roots to be the e; £ e; with ¢ < j and, when n is odd, the e;.
The dominant integral forms A for SO(n) are given by expressions

) ,j=1,--+,[n/2] starting from the upper left (here [m],m € R, denotes

A€l + ...+ Ageg «— A = ()\1,...,)\d) (11)
. A1 > o> M1 > |Agl| whenn =2d
with
AM>...>X>0 whenn = 2d + 1,

with all the \;’s understood to be integers. Hence the dual space of SO(n) is determined by
the representations 7y, given by its highest weight .

If &, is the highest weight vector in the space H) of 7y, then 7)\(T)&) = xaA(T)&) for every T
in the maximal torus T,, of SO(n), where x) is the character of T,, determined by A.

The branching theorem for SO(2d+1) with respect to SO(2d) states that the representation of
SO(2d+1) with highest weight (A1, ..., \g) restricted to SO(2d) decomposes with multiplicity
one and the representations of SO(2d) that appear are exactly those with highest weights
= (g1, ..., 4qg) such that

A > > X > 1o > s > N1 2> fld—1 > Ag > |pal- (12)

descoado
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Similarly the branching theorem for SO(2d) with respect to SO(2d — 1) says that the repre-
sentation of SO(2d) with highest weight (A1, ..., Ay) decomposes on S(2d —1) with multiplicity
1 and the representations of SO(2d — 1) that appear are exactly those with highest weights
= (u1,..., tg—1) such that

AL > Ao > e > > Ao > fa—1 > Al (13)

3 The dual space of M,,.

3.1 Description of M,

The dual space of M, has been described by G. Mackey (for details, see [Mackeyl] and
[Mackey2]).

For each linear form ¢ on R" and any irreducible unitary representation p of the stabilizer Sy
of £ in SO(n), we have that

T(p,0) = PO Xt (14)

is an irreducible unitary representation of Hy, = Sy X R™ whose restriction to R™ is a multiple

of x¢, and the induced representation m(, ) := indg’;a(p@ is an irreducible representation of

M,. If £ and ¢ are in the same sphere centered at 0, then ¢/ = A - ¢ for some A € SO(n) and

Sy = ASyA'. The representations m(, ¢ and 7y ;) ( where p'(B):= p(A'BA), B € Sy) are

equivalent (cf. [Mackeyl] paragraph 3.9). If » > 0 is the radius of the sphere, one notes Y,
0

the character associated with the linear form ¢, which is identified with the vector

r
The stabilizer Sy, of £, is the subgroup SO(n — 1). Let us write p, instead of p for the
representation of SO(n — 1) with highest weight y and 7, ) instead of T (ppslr)-

In this way we obtain all the irreducible representations of M,,, which are not trivial on its
normal subgroup R".

On the other hand, every irreducible unitary representation 7, of SO(n) extends to an irre-
ducible representation (also denoted by 7)) of the entire group M,,, defined by

z(A,z) :==7\(A),A € SO(n),z € R".

Now Mackey’s theory tells us that

Proposition 3.1. SOW R™ is in bijection with the set of parameters Py, 1= SOZL\— 1) x
R: JSO(n).

3.2 Co-adjoint orbits attached to irreducible representations.

We associate to the representation 7, ,y the linear functional (J,, ¢;) in m;, where

wJ ... 0 0
R |
g 0 pgJ 0

0 0 0



if n =2d + 1 is odd and if n = 2d is even, then

mJ ... 0 00
Ju = 0 ... pg—J 0 0
0O ... 0 00
0O ... 0 00

We see that the stabilizer M,,(¢) of £ = (J,¢,) in M, is equal to M, (¢) = SO(n)(£) x R™(¢).
Indeed, by (8), we have that
M,(0) = {(A,a) € My; (AT, A" + (Alya' — a(AL)Y), Al) = (T, 6,)}
= {(A,a) € My; A€ SO(n —1), AJ, A" + (pa’ — a(6,)') = J,}
= {(A,a) € Mp;a € Rl A€ SO(n—1),AJ,A" = J,},
)

since AJ,A" € so(n — 1) and

0o ... 0 —ray
leat —a(l)t =
0o ... 0 TQp—1
ray ... Taj—1 0

Therefore a € Rl, = R"(¢) and A € SO(n)(¢). Hence, ¢ is aligned (see [Lipsman] Lemma
4.2'). A linear functional £ € m} is called admissible, if there exists a unitary character x of
the connected component of My (), such that dx = iy, (p)- It is clear now that the linear
functionals (J,, ;) are all admissible and so, according to [Lipsman], the representation of
M, obtained by holomorphic induction from the linear functional (J, ¢,) is equivalent to the
representation m(, ) (see [Lipsman]).

For 1), we take the linear functional (Jy,0) of m} defined in the following way:

Let J = < _01 (1) > We identify the linear form A with the element Jy in so(n) where
AMJ ... 0
0 ... XgJ
if n =2d is even. If n = 2d + 1 is odd, then we put
M .. 0 0
e ) L
0 AaJ 0
0 0 O

Then the representation of M,, obtained by holomorphic induction from (Jy,0) is equivalent
to Ty.

We denote by O, the co-adjoint orbit of (Jy,0) and by O,y the co-adjoint orbit of (J,,, ;).
Let mqi1 C my, be the union of all the O,y and of all the O and by mi’t /M, the corresponding

set in the orbit space. It follows now from [Lipsman], that mﬁ is just the set of all admissible
linear functionals of m,,.



4 The topology of the dual space of the motion group M,

In this section, we characterize the topology of the dual space of the semidirect product

—

M, = SO(n) x R™ in terms of the data (r > 0, p,, € SO@E 1), 7 € SO(n)).

4.1

Let us first write down explicitly the representation

ind%:o(pmgr). Its Hilbert space
Hr,., can be identified with the space

) =

L*(M,,/SO(n — 1) x R™, 0(,,.0,)) = L*(SO(n)/SO(n — 1), p,).
Let £ be a unit vector in Hr, . For all z € R", and all A, B € SO(n) we have

(W(u,r) (A7 x)é)(B) = (Tr(,u,r) (l‘ . A)g)(B)
= A'B(B .27 B)
= (B l.z71.B)(A!B).

However
B l.z'.B=(1,-B '2) = —B 'z
Therefore
(%) (A, 2)€)(B) = e~{Brrlg (471 B). (15)

It follows that

Cl (A z) = / e BTN E(ATIB),E(B))n,, dB. (16)

SO(n)

4.2

Let us use the notations of the subsection (2.2). By the theorems of Murnaghan and Frobenius
(see subsection (2.2)), we have

) 2 7\ ESO(2d+1) ™ (ifn=2d+1)
. 1S0(n A >pu1> 0 > A1 > pd—1 > A > pal
Ty =T ~ ind = Zp1Ze> > >Ag>
M (1,r)|SO(n) SO(n—1)Pu ‘ B
) 7, €S0 (2d) TA (if n = 2d)

A >p1> 2> g1 2> pd— 12> | Al

SO(n—1)

(7)
Since py, is a subrepresentation of indy "

B Xu, We can identify the Hilbert space Hriur of

the representation 7, ) with a closed subspace L? of the space L*(SO(n)/T,_1,x,). Here
T,—1 C T, denotes the maximal torus of SO(n —1). Now every irreducible representation 7
of SO(n) can be realized as a subrepresentation of L?(SO(n)) via the intertwining operator

Uy : Hy — L*(SO(n)); Un(€) (k) = (€, ma(k)€x), k € SO(n).

For 7y € SO(n) we take an orthonormal basis B» = {qb;\;j =1,---,dx} of H,, consisting
of eigenvectors for T, of H,, (d) denotes the dimension of 7), and for every eigenvalue
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Xv of T,_1 appearing in 7, we denote by I(\,v) the set of indices i for which 7(A)¢} =
xv(A)¢?, A € Tp—y. Tt follows then from the theorem of Peter-Weyl, that

Be ¥ Y X 18) [pigbasis]

my€50(2d+1) 1SI<dri€l(A,p)
TANET

where for simplicity of notations, we have written Cl-): = C")

¢A’¢>\7 1 < 7'7.7 < d/\-

4.3

In the proofs of the following theorems, we shall often make us of the fact that the Laplacian
A= =1 8]2 on R” is central in the enveloping algebra of g.

Lemma 4.1. For every irreducible representation 7, ) (r > 0,p, € SO(n — 1)) of M, we
have that
dﬂ-(u,r) (A) = —7‘2]1.

Proof. 1t follows from (15), that for all B € SO(n) and alli=1,...,n

Ay (€)E(B) = | _ mu (te)&(B) = =i Bly, e:)€(B). (19)
Hence
dn(ur)(€])E(B) = —(Bly, e;)*¢(B). (20)
Therefore
(A (D)EE) = = D (dmun(el)é,€)
1

-/ (X (Bl.e)?)e(B)an
50(n)/SO(n—=1) * 1<y,

- -/ e Ple(B)PaB = -
S0(n)/SO(n—1)

O

Theorem 4.2. Let r > 0 and p,, € SO? 1). Then a sequence (m(,n ,, )k of irreducible

representations of M, converges in M, to ™ if and only if (ry)k tends tor as k — +00

(psr)
and p* = u for k large enough.

Proof. Suppose at first that klim ri, = r and p* = p for k large enough.
+oo
We choose ¢, = & for all k € N. Thus for f € C°(SO(n) x R™) and for every k € N we have

= [ [ {4 ) €A B) B a AR, (21)

Then, by Lebesgue’s theorem ((C;(”k”), f))k converges to (C’g““”,f}.

Conversely, suppose that (W(ukﬂ‘k))k converges to m, . It follows from Corollary 2.6 that

11



for a unit vector £ € ’Hoo , there exist &, € My ,  such that HfchHﬂ< — 1 and
Tk whorg
(AT (it ) (D)€ Ec) Dk converges to (dm,r)(A)E,§). By Lemma 4.1 we have that

_Tk = <d7Tu rk)( )£k7§k> < ( )§ §>

Thus, rj, tends to 7 as k — 4o00. It remains for us to show that u* = p for k large enough.

Let ¢ be any unit vector in Hy,

- S0 by theorem (2.5) there are §j € Hﬂwk : such that
5 Tl

o)

Tk o . .
HfchHw( by = 1 and (C’gk(“ k)Y, converges uniformly on compacta to Cg( . In particular,
HST

we have that

lim C¢™" " (4,0) = lim (7 1, (A, 006k, &) (22)

k—o00
= lim & (A7 B)&(B)dB
k—o0 J50(n)
= lim ¢(A™IB)¢(B)dB
k—o0 Js0(n)

— C"(A0).

uniformly in A € SO(n). However, by (18) we can write

-r T v 23)

ry,€50(n) 1SG<d eI (N puk
T)\GTI' k

and

/\
RN D DD DI~ (24)

7y €50(n) 1ST<dx ieI(\,uk)
T>\E7T k

In addition, for all A, B € SO(n)
A 1 -
CM(AT'B) = (1\(A7'B)¢}, ¢}) = C i (4) qb?(B). (25)

Consequently, by using the orthogonality relation (1), we have

C ™ (4,0) =

Y Y X PO e ) (26

2 €50(m) 1<0:0" <dx 4,0 €T (A, pF)
TAET

O

= Y Y Y MR

7y, €50(n) 100" <dx i,4' €T(A, k)
TAETF,Lk

()\ k) (A\k)

DD MD S e MY

75, €50(n) 10,0 Sdx i€ T (A, u*)
TAEﬂ' k
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Let i = (p1y ey pa—1, |ptal) if n = 2d+1is odd and @ = (p1, .., ta—1,0) if n = 2d is even. Then
I(f1, ;1) consists of one point, since /i is dominant integral and we can take I(f, u) = {1}. We
choose now 5# =¢:=./d C B gh € L2 and we obtain

CI™M(4,0) = A'B)¢(B)dB
foao = f oy AT BIED)
= dj <C¢Z (A)¢M=C¢Zv¢g>
= < 177_#( )¢M> ¢ 7¢ﬂ(A)aAE SO(’I’L)

It follows from (22) and (26), that the numerical series defined by

Si = (Ca Y (,0),6{" 7 (,0))
(Ak) (Ak)

- ¥ Y Y ey

ry,€50(n) 150,5' Sdx i€ T (A, p)
7’>\€7T k

ol

(k e N)

- ¥

i€I(\puk) “

converges to the number <C’2(“’”(.,0),0;“‘”)(.,0» = % # 0. Hence by the orthogonality

relation (1) and (11), we must have that 7; € m, for k large enough, since otherwise the
right hand side of Sy is 0 for an infinity of &’s. Therefore we deduce from (17) that

p >y = > g = g > gl = pll(resp. pn > pt = > o > g = (paoal > |woy))

and also that

/f) 2
hm Z ‘ =1. (27)
Z61(>\u’“)
Whence, by (24)
DI T e S S
A 1<5<dy i€T(\uk) 2<j<dp ieI(A,puk) @i

T s
AET K

Thus, we have & = Y5 4t 0t CF, + By, where Ej, € L2, with lim [|Eyll; = 0 (k € N).

Let g := 3 icr00u0) ag’fi’k)Cﬁi, k € N. Since the sequence (p*)y is seen to be bounded, we can
decompose it (apart from a finite number of indices) in a finite union of constant subsequences.
Let us show that all these constant subsequences are equal to u. Take such a constant
subsequence (u*7);, i.e, we have that u% = p/,j € N, with g > p} > ... > g0 > ptly o+

13



Then, we obtain for x € R™ that

T k.
(W9 r ) T(u! vy
C

€k; T (L) = C&kv T (1,2)

J

:/ e g (B)2dB

SO(n)

:/ e~ iB0-a) |y (B)dB + e, (x),
SO(n)

where ¢y, (z) tends uniformly to zero as k tends to infinity. Since by (27) (for another sub-

sequence) Mk, = D icr(x ) ag’i’ ])C’{fi tends to an element & = > e 7y ) agﬁ)Cﬁi € Li/, we

have

th ‘7"“1"(1,:5): / e UBt2) ¢/ (B)|2dB. (28)
ki S0(n)

k—oo

Consequently, we find

/ e "Bl (B)|2dB = / B, (B)|*dB. (29)
S0(n) SO(n

We define two measures J,, and J,, on R" by

5u(f) = /S oo TBLEB) B

and

5ulf)= [ HBL)gBIFE.
SO(n)
for all f € C°(R™). From (29), it follows that 5; = (i; ie. 6, =0, and |{,| = |{| Hence

0 # (@, ¢}) = €)= lew @)l = | > al(ef, o).

ieI()
This implies that < 1.0 1~1) # 0 for at least one i € I(f, ). This proves that u = p'. O
Let us use again the notations of the subsection (2.2).

Theorem 4.3. Let (7, ,,))k be sequence of irreducible representations of My, Then (7(, ) )k

converges to Ty in My, if and only if klim 7y =0 and 7\ € Tk for k large enough.
—00

Proof. Suppose first that n = 2d + 1 is odd. Then the condition 7\ € m, means that

o
A > b > > Aoy >k > Ay > |pk|. Suppose now that this condition is fulfilled or k
large enough and that hrn re = 0. Hence the sequence (u*); is bounded and we can again

k—o0
write (u*);, as a finite union of eventually constant sequences. Take such an infinite subset
I C N, such that p* = p = pu(I) for all j € I. We choose a unit vector £ € H,, C ’Hﬂ(

Hence we have that

pkore)

(A, O,y = ((indGorr) ) p)(A)E, ) o
— [ (€A B)&(B)w, B
SO(n)

14



for all A € SO(n). Thus, we can choose &, = § for all j € I. We obtain, for all f in
C*(SO(n) x R™)

T k.
(uf,rk) um)

<C§ch ’ f> < ’ f>
L] @ s BBy, dbids.
n JSO(n) JSO(n)

This integral converges to

[ [ ran [ e B) By, aniai
SO(n) JR" SO(n)

-/ F(A, 2)(r(A, 2)6, O, dAda
SO R™
— (P f).

By considering all possible subsets I' of this kind, we see that m
representation 7.

ukry) Das as limit point the

Conversely, it is clear from Lemma (4.1), and Corollary (2.6) that klim rr = 0, since 7y is
400

trivial on R™. It remains for us to show that \; > ,u’f > > Aoy > u’;fl > A\g > |,u§| for k
large enough. We use the notations and proceedings of the proof of Theorem 4.2.
Let £ € Hy = #? be a unit vector associated to the heighest weight A\. Then there exist

& € ’HW(M”) of length 1 such that for all A € SO(n) we have kli_}n;oC';:“k’r’“)(A, 0) = C? (A).
Then by (18) we can write
Z Z Z ()\ k) CO\/.

7y €50(n) LSS dr i€ I(N, 1)
T>\/€7Tuk

and
k) |2

EICEED S YD S

7 €50(n) 1SISdyr i€ (N pk)
’r)\/€7r k

The numerical series Sj, defined by

Tk o
Sy = <C§k<u vk)(.70),CT,\)£<.7O)>
(Vok) (N k)
bij Y N A
= Z Z Z T<Cj] ?Cl7l>
A/ESO(n) 1<jzj/<d/\/ ’LEI N, k)
T)\/Eﬂ' k

converges to <C’?, C’?) = % # 0. By the orthogonality relation (1), it follows that 7, € m
for k large enough, i.e. that \; > ,u’f > > A1 > ;/371 > N > |,u§| for k large enough.
The same reasoning applies if n is even. ]

15
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Remark 4.4. It follows from the preceding theorems that a sequence (7, ,,))x can only have
a limit point if the sequences (,uk) i and (rg)r are bounded. Furthermore we see that subspace

SO@\— 1) xR% of M,, has a Hausdorff topology, but that sequences in S O@t 1) x R% which

o —

converge to elements in SO(n) have infinitely many different limit points.

—

Of course the subset SO(n) has the discrete topology.

5 Convergence of co-adjoint orbits.

We have previously seen that the dual space of our motion group M,, = SO(n) x R™ consists
(n) xR™

(n—1)xgnPu @ Xr where 7 runs over 10, 400 and

. . .. 150
of all induced representations m(, ) := indg

—

pp € SO(n — 1), and all extensions of irreducible unitary representations 75 of SO(n) on M,,.
The subspace Wy, of Formula (9) is generated by the vectors (E,, j—E; ) 1 < j < n—1, where
{E; ;}1<ij<n is the canonical basis of the space of n x n real matrices. Then, by definition,

the space mh /M, is the set of all orbits

Oy = LA, + We,) A, ALy) /A € SO(n)) (30)
and all orbits

Oy = {(AJ\A',0)/A € SO(n)}, (31)
J, and Jy are well-defined in the subsection 3.2. In this way we have
m} /M, = N UNIL x Zx]0, +o0]
ifn=2d+1is odd. If n = 2d is even we have
mi /M, = N1 x ZUN1x]0, +ool.

Theorem 5.1. Let (O,
verges to O,y in mﬁ/Mn if and only if klirn re =1 and p* = p for large k.
—0Q

))ken be a sequence of orbits in mh /M,. Then (Ot r) ke con-

Proof. If ry tends to r an J,» = J,, for k large enough, then of course lim (Jx, 4y, ) = (Jy, &r)

k—o0
and so klirroloO(uk7rk) = O(ur)-

Suppose now that (O, ,,))x converges to O, . If n = 2d+1 is odd, there is then a sequence

0 0o ... 0 0 —by (k)
0 0 ... 0 0 —by (k)
Be=l0 0 0 —bog 1 (k) (32)
0 0o ... 0 0 —baa(k)
bi(k) bo(k) ... bag_1(k) bog(k) 0

in Wy, and (Ag)r C SO(n), such that klim Ap(Jx + Bp)Aj, = J, and klim Aply, = ;.

Therefore, there exists a subsequence (Ay;)jer which converges to an element A, which is
necessarily contained in the stabilizer SO(n — 1) of the linear form ¢,.. Then we obtain that

16
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j&%(J“kj + By,) = AL J,As. In addition, we have for £, = O that (Jukj + By )l =
r

—b1(k;)

—bg(kj) * x* 0
r : and (A% J,Ax )l = 0 since A’ J,As = 0

~baa(k;) 0 ... 00

0
Hence it follows that By; converges to zero and lim J »;, = AioJquo- Since the matrices
j—00

J, are diagonal, so is the matrix A% J, A and the fact that A € SO(n — 1) implies that

AéOJMAOO = Jy- By considering all possible converging subsequences (Ay;);, we have wk=p
for k large enough. The argument for n = 2d is similar. O

Theorem 5.2. Let (O, ., ))ken be a sequence of orbits in mh /M,. Then (Ot ) ke con-
verges to Oy in m}z/Mn if and only if 1Jirm7“k =0and \ > u’f > g > ,u’Q“ > > > |u§\ fork
JT00

large enough (if n = 2d+1 is odd) resp. 1Jirmrk =rand\ > b >N >pk > > /‘]3—1 > | A\l
j+oo

for k large enough (if n = 2d is even).

Before beginning the proof of this theorem, we need to show some technical lemmas.

Lemma 5.3. For any integer n > 2 and any scalars X1, ..., Xp_1,Y1,....Y, with Y; #Y; for
every i # j, we have

L wow " (%)

Proof. According to the Lagrange’s interpolation theorem, if P is a polynomial of degree
<n—1, then

P =3 re) T1 =y (34)
In particular, for P(X) = [['-(X — X;) we have
n—1 n n—1 n
[Tx-x)=>T[v:i-x) ] H (35)
=1 j=1i=1 i=l,i#j " J g

By differentiating (n — 1) times the polynomial P, we obtain

n n—1
-1t = 3 TT0 = X0 Ly
J=li=l iLitg

17



Ag > 0, where the \’s and u’s are
Ad > |pal if only if there ezists a

Lemma 5.4. Let p1 > ... > pg—1
integers. Then, we have A1 >
skew-symmetric matrix

(AVAIAY]
AV

0o 0 ... 0 0 —by
0o 0 ... 0 0 —bo
B — o . : : : (36)
0o 0 ... 0 0  —bag—1
0 0 ... 0 0 —bag
b1 bg A bgd_l bgd 0

such that spectrum(J, + B)={0, i\, £iXo, ..., FiNg}.

Proof. 1t is easy to prove that, for all z € R, det(J, + B —izl) = i(—1)1zP(x) where

d d d
P(z) = Hx — 47) Z(%—l‘f‘b% H z? — i} ) (37)
i=1 j=1 1=1,i#j

Hence we remark so that zero is always an element of the spectrum and that

e lim P(x)=+oo,

T—-+00

d
o P(um)=—07+05)]J(d — 1) <0,

=2
d

o Pluo)==03+0) ] G3-ud) =0,
d

o Plu)=—3+b0) ] Gi-ud) =0,

o P(ua)=-3+8) [[ (i) =0,
i=1,i#4

and so on, i.e P(u;) < 0 if ¢ is odd and P(p;) > 0, if 7 is even. We deduce that if
+iAq, £idg, ..., £i\g are the elements of the spectrum of J, + B, (i.e. £, £\g,...,£); are
all possible roots of the polynomial P), then we necessarily have

AL > > A > > g > A > |l (38)

Conversely, assume first that all p; are two-by-two distinct. We can choose the skew matrix
B such that

GO =) T =) T — )
T2 w2 = ) TIZ) (2 = i2) TIES iy (02 — 12)

18



for all j =1,...,d. It follows, by the preceding lemma, that for all 1 <k <d

d zd d
EESWIN | (TR o (V=G htli N | VSRS

i=1 j=1 7, 1 z;éj ('ul 'uj) i=1,i#j

d d i=d
A7
_ H()‘i—/i?) 1_ZHZ 1z¢k( N]) —o.
i=1 j=1 Hz 11;&]( ,U,])

Then the spectrum of the matrix J, + B is equal to the set {0, £i)\;, £idg, ..., £idg}.

Assume now that there exist two families of integers {p;}1<;<s and {g;}1<i<s such that 1 <
P1 <@ <p2<@q<..<ps<qs<d,and forall 1 <1 <5 ppy = plp+1 = ... = flg—1 = Mg,
g, 7 Mg +1 and p, 1 # pp,. Hence, if we denote by

p1 p1—1 pa—1
HH Hw—mv =11 II - Hw—m
i=li=q1+1 1=qs+1 i=1 i=q1+1 i=qs+1

p1
and Q;(x H H H )\2 ,ul

i=li=q1+1 i=qs+1
I i) i#j

then det(J, + B —ial) = i(—1)™ & [];_, (2 — p2 )" ~P P(z) where

q1 qs
Pa) = Q) — (3 Y B +8,) Q)
Jj=p1 j—pg
p1—1 p2—1

Yy Ly (831 + 83))Qs ().

Jj=1 j=q+1  j=qs+1
We can choose the skew-symmetric matrix B such that

i= d
Hz %(AQ - M?) le 1 Hz qa+1- Hi:q5+1()‘12 - /’LJQ)

d d
Hz 1,i#5 (Mz M?) le 1 H'L qi+1- Hi:qs—i—l (M? B M?)
i#] i#£]

b1 + b3 =

forall j=1,...;1— 1,1 +1,....,ps —1,¢gs+1,....,d and

d
fll fiqﬂrl Hz qs—i-l(/\ lUJpl)

1 —1 d
le HfQ 41 Hi:qs+1(/‘i - Npl)

forall { =1,...,s. It is easy to see that if A\, = 1, then P(£X;) = Q(£Ax) = 0. On the other

Dopy—1 e Uy + 03y, =

19
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hand for all A\ # pyp,

- 1 Hz 1°- Hz s 1()‘2 /”L2 )
P(E0) = Q(£)) — (Z T -
il | A S '-'Hi=qs+1(“z‘ — 1)

pi—l pa—1 PTI T (V2 = 13)
SRS o e L

7j=1 j=q1+1 j=qs+1 =1 1= q1+1"']._[i=q5+1(lu‘l /.Lj)
i#j i#j i#£j

)@

d
s %% fi_qﬁ-l”'nz qs+1()‘ _Mpz)
STl p L —
I=1 le Hfzqﬁl“'nz qs+1('“ “pz)

d
p1—1 p2—1 ?11 f2q1+1 Hz qs—',-l()\ lu’_])

n Z Z Z ( P1 = d#k

=1 j=q+1  j=qs+1 i=111li= q1+1"'Hz QS+1(’LL _MJ)
i#] i#j i#j

p1 d HZ% Hz =q1+1"° Hg qs—i-l()‘ ,Uy)
— QM) [1—2 Z Y ( C—— )]

Jj=lj=q+1 j=qs+1 1 Hz a+1 Hz qs+1(,u M])
7] i£]
= 0
by using the preceding lemma. Thus, det(J, + BE A ) =0forall k =1,...,d. O

Proof. (of the theorem (5.2)) Let n = 2d + 1 be odd. Suppose that A\; > ,u’f > g > ulg >
.. > Mg > || for k large enough. So there is at least one subsequence (u*i);e; such that
pFi = p for all j in I where p depends on I and Ay > 1 > Ao > po > ... > Ag > |pal.
We have proved in the preceding Lemma that there exists an skew-symmetric matrix B
defined in (36) such that the spectrum of the matrix J, + B is given by zero and the complex
numbers +i\1, £ilo, ..., £iAg. On the other hand, there is an orthogonal matrix A such that
A(J,+ B)A" = J, (cf [BGLR] paragraph 7). If A € SO(2d + 1), then we can take Ay, = A
and By, = B for all j in I.

Conversely, it is clear that klingork = leIEOHAkgmH = 0, and for all j = 1,2,...,d one has

klim det(J,x + By £ i\) = klim det(Ag(Jx + By)Af, £ iMT) = 0. Then, by the preceding
—00 —00

Lemma, A\; > b > X >pb > ... > Ny > ]/ﬂé\ for k large enough large.

If n is even i.e. n = 2d, then the same proof applies. The only exception is the choice of the
matrix A in O(2d) satisfying A(J,+ B)A! = Jy, if det(A) = —1. In this situation, we multiply
the last line of the matrix A by —1. Then we obtain det(A) =1 and A(J, + B)At J5 such
that A = (A1, ..., Ad—1, —Aa)- O

We have finished the proof of

Theorem 5.5. The dual space of the group M, = SO(n) x R™ is homeomorphic with its
space of admissible coadjoint orbits mﬁ/Mn
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