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Abstract

We generalize some aspects of the classical Fourier inversion theorem to the class of con-
nected, simply connected, nilpotent Lie groups. In this setting, the generalized Fourier
transform is the operator valued map f — (m;(f))ieg+/ad-c- These operators are character-
ized by operator kernels. We construct a retract to the generalized Fourier transform which
maps into the Schwartz space S(G), by limiting ourselves to a suitable set of families of
operator kernels. This is done via variable Lie structures. !

Introduction

This paper participates at the big effort which consists in trying to adapt and generalize results
from harmonic analysis on R"™ to general locally compact groups. Among the groups for which
we can hope for the best results are the connected, simply connected, nilpotent Lie groups. One
of the most famous and useful results from harmonic analysis on R" is the Fourier inversion
theorem. So it is quite natural to look for its counterpart for nilpotent Lie groups. This problem
may be formulated in the following way:

Let G = expg be a connected, simply connected, nilpotent Lie group. Let’s consider the map

that associates to each f € L!(G) the operator field (m( f))l e of the images of f under
eg* *

the unitary irreducible representations. This map may be considered as a generalization of the

Fourier transform to the non abelian case. It has been studied and used by a certain number of

authors, among others by Lipsman and Rosenberg ([Li-Ro]). The question of a Fourier inversion

theorem means in this context, whether it is possible, under suitable hypotheses, to reconstruct

the function f from its ”Fourier transform” (m( f)) o+ Some partial results are known.
If f € S(G), then the Plancherel formula gives

legr /Ad*

fla) = / tr(n(2) Y o 7(f)) da(),

G

where dpu(m) is the Plancherel measure on G. But what if we just have the operator field
(77;( f)) legr JAd“C without knowing that f € S(G)? Or, more generally, if we just have an

arbitrary operator field (A(W))7r cc.’ What assumptions are needed for this operator field to

represent the Fourier transform of an L'-function, of a Schwartz function?
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A first, abstract result is the following: Let (A(ﬂ'))7r c¢: be an operator field such that

A(r) is a bounded operator on $r, Vre G

7 — tr|A(7)| is measurable

| wlAmldu(m) < +oc
G

JA(T)||lop £ C, Vme G

for some constant C' > 0, where |A(7)| = \/A(7w)*A(x). Then

[ MA@ st < © [ wlamautr) < oo
G G

and, by the Plancherel theorem, there exists a unique f € L?(G) such that w(f) = A(n) for
almost all 7 (7(f) being taken in the L? sense). Moreover,

f(a) = / te(r(z) " o 7(f))dulr) = / tr(r(z) " o A(r))du(r)

G G

for almost all x € G. In fact, given the hypotheses on (14(77))7r ¢ the function

g(x) == /Gtr(ﬂ(:c)l o A(m))du(m)
exists for all z € G and is continuous. Moreover, for any arbitrary h € C.(G), < g,h >=< f,h >,
as can be checked easily. Hence g = f almost everywhere. In particular, we may assume that f
is continuous and f = g everywhere.

Let now f € L'(G) such that

/ tefe( £)|dp(r) < +o.
G

As |7 (f)llop < || f]l1 for all , the operator field (7T(f))7r€Gv satisfies the previous hypotheses. By
the preceding arguments, the continuous function g given by g(z) := [4 tr(m(x) "' o 7(f))dpu(n)
belongs to L2(G) and is such that 7(f) = n(g) for almost all m € G. Hence, for every h € C.(G),
fxh*=gxh* and < f,h >=< g, h > by continuity of f xh* and g*h*. This proves that f =g
almost everywhere and that f € L'(G)NL%(G). Examples for functions f € L*(G) for which the
previous result holds are for instance functions of the form f = fi * f; with f; € LY(G)NL?(G),
or, by the polarization identity, f = f1 * fo with f1, fo € LY(G) N L*(G).

But a lot of open questions remain, such as: Find a characterization of the image of the L'-
Fourier transform f — (7( f))n cc- Which operator fields in the image come from Schwartz
functions? The latter question is particularly important, as Schwartz functions play a major
role in analysis.

In this paper we shall give partial answers to this last question. In order to do this, let’s recall
that for f € S(G), the operator m;(f) is completely characterized by its operator kernel

F(l,z,y) = | flruyb)e <tosv>gy,
B

where P, = expp; for a polarization p; of [, m; = ind%xl and x;(u) = e7*<hlo8v> S the question
of the image of the Fourier transform may be formulated like this: Given such a function F'(I, z,y)
satisfying certain hypotheses, does there exist f € L'(G) such that m(f) admits F(l,-,-) as a
kernel for almost all [?7 When is this function f a Schwartz function?



For one fixed [y € g*, we have the result of Howe ([How]): Let pp = p(ly) be a polarization for
lo, let Py = exp po, let x;, be the character of Py defined by x;, (h) = e~ <lologh> for all h € P,.
Let F € S((G/Py)?,x1,), i e. let’s assume that F is a Schwartz function on G/ Py x G/ Py which
satisfies the covariance condition

F(xh,yh') = xi,(h)x1, (W) F(2,y), Vz,y € G,Yh, I € Py.

Then there exists f € S(G), the Schwartz space of G, such that m,(f) has F' as an operator
kernel. This result has been generalized to exponential solvable Lie groups by Ludwig ([Lul])
and Andele ([A]). But these results deal only with one fixed chosen [y € g* and can therefore not
be qualified as a Fourier inversion theorem, contrary to our main result, which is the following:

Theorem (4.2): Let G = expg be a connected, simply connected, nilpotent Lie group with a
fized Jordan-Holder basis. For everyl € g*, let p; be the corresponding Vergne polarization and
let P, = expp;. Then there exists a Zariski open subset gy, of g (set of generic elements of
g% ), such that for every C* function F : Ggen X G X G — C which, for fizedl € gy, is Schwartz
on G/ P, x G/ Py, with compact support in | (if we restrict to an orbit section) and which satisfies
the covariance relation

F(l7$h7 yh,) - le(h/)F(lwray)y

there exists a unique Schwartz function f € S(G) such that m(f) has F(l,-,-) as an operator
kernel, for everyl € gg.,. The map F'— f is continuous with respect to the appropriate function
space topologies.

This Fourier inversion theorem is then used to construct functions f € S(G) whose generalized
Fourier transform (m( f )) legJAd*G has certain required properties, as, for instance, a generalized
Domar property ([D]). It is also useful to construct Schwartz functions which satisfy certain
conditions as, for instance, fxg = f for some f, g € S(G), or, in the case of the Heisenberg group
H,, f*x(Xp+1Yy) =0,if Xy,...,X,,Y7,...,Y,, Z denote the generators of the corresponding
Lie algebra ([Lu-M1]). Finally, it may be used in the construction of minimal ideals of a given
hull. Let’s insist on the fact that in these applications it is necessary to know that the function
f is Schwartz. So an abstract result as the one presented in the beginning of the introduction
is not sufficient.

The proof of the inverse Fourier transform is a proof by induction. In each induction step, new
parameters appear and they are handled by the use of variable Lie structures. Such variable
structures were already used in ([Le-Lu]) and ([Lu-Mu]). But for the purpose of the proof of
the Fourier inversion theorem, a certain number of refinements of this theory are necessary. The
corresponding results are developed in this paper.

1 Generalities and notations

1.1

Let G = exp g be a connected, simply connected, nilpotent Lie group. We denote by S(G) the
Schwartz algebra of G (see [Lu-M]).
For any linear form [ € g* on g, we write g(l) for the stabilizer of [ in g defined by

g) ={Ueg| <L[Ug] >=0},

an arbitrary polarization of [ in g, i. e. p; is a subalgebra of g such that

and p = p; for
L,[pi,p]) >= 0 and such that dimp, = 1(dimg + dimg(l)) (which means that dimp; is

<



maximal among the dimensions of all the subalgebras p satisfying < I, [p,p] >= 0). We write
P = P, = expyp; for the corresponding subgroup and let x; be the character defined on P; by

Xl(u) — efi<l,logu>’ Yu € Pl

Let m; denote the induced representation m; = ind% x;- Then two different polarizations p; and
po of [ define unitary equivalent representations indg1 x; and indg2 X1, a fact which justifies the
notation m (see [C-G] for more details).

In this paper we shall use the following notation: If X;,..., X, are any vectorsof g, < X1,..., X, >
will denote the subspace generated by Xi,...,X,. Let’s now assume that g is equipped with
a fixed Jordan-Holder basis Zi,...,Z,, i. e. such that [Z;,Z;] C< Zy11,...,Z, > where
r = max(i,j), for all i,j € {1,...,n}. Let’s denote g, =< Zj,...,Z, > and [, = l|g, for all
l € g*. For any [ € g*, the Vergne polarization p; of [ with respect to the given basis is defined

by
pri= k()
k=1

where
gk(lk) = {U € gk | <, [U,Zj] >=0, forj= k‘,...,n}.

If not otherwise stated, the polarizations used in this text will always be Vergne polarizations.
Let’s also recall that G acts on g and g* by Ad, respectively Ad*. Let ; = (Ad*G)(l) = G -1 be
the orbit of [ under the action of G on g*. One knows that m;, and m, are unitary equivalent
if and only if the corresponding orbits €, and €2, coincide. Let g*/Ad*G = g*/G denote the
orbit space with the quotient topology and let G denote the set of equivalence classes of unitary
topologically irreducible representations of G. If G is endowed with an appropriate topology
(Fell topology), then g*/Ad*G and G are homeomorphic under the map ; — [m;] where [m]
denotes the equivalence class of m; (see [B-al], [C-G]).

1.2

If m; is a unitary irreducible representation of GG, we may define the corresponding representation
of L'(@G), also denoted by m;, by the formula

m(f)E = /G F(@) (m ()€ da

for all £ € 9, (the representation space of m). If f € S(G), then m(f) is given by

(m(f)€)(9) = fm (g, w)é (u)du,

G/P

where the operator kernel fr, is obtained by the formula

F(l,g,u) == fr,(g,u) = ; flghu™")xi(h)dh, Vg,u€G.

The function fr, is C*°, satisfies the covariance relation

fr(gh, g'1) = xa(W)xi(R') fr,(9,9"), Vh,h € P,Vg,¢" € G,

and is a Schwartz function on G/P, x G/PF, (i. e. is a Schwartz function in the coordinates if we
work with a fixed basis of g/p;). If f is given, let’s write F'(l, g, ¢") for fx,(g,4").



1.3

The map f +— (m(f))ieg+/ad=G> OF equivalently f — F, where F'(l,-,-) = fr,(-,) is the operator
kernel of m;(f), may be considered as a generalized Fourier transform, because, in the abelian
case, it coincides with the usual Fourier transform. This then raises the question of a Fourier
inversion theorem as in the abelian case.

1.4

Let’s now assume that g = RX @ g1, where g1 is an ideal of codimension one in g. Let’s
write [ = [|5,. Let’s assume that g(l) C gi. In that case, any polarization p for [ in g; is
also a polarization for [ in g. Let’s write P = expp, m := indgxl and 77 := indglxl~ for the

corresponding induced representations of G and G; = exp g1 respectively. Then 7; is equivalent
to indgle, which may be expressed as follows: Let’s write £(¢,91) = &(¢t)(g1) := &(exp(tX)g1)
for £ € 9z, (the Hilbert space on which 7 acts). Then, for almost all ¢, £(,-) = £(t)(-) € Hn;
(the Hilbert space on which 7; acts). The map £ € 95, — &£(-)(-) € Lz(R,ﬁﬂi) (endowed with

the correct covariance relation) realizes the unitary equivalence between m; and indglﬂ[. For

f € S(G), let’s also define f(s)(-) = f(s,:) € S(G1) by f(s)(g1) = f(s,91) := f(exp(sX)g1). We

have
(nn) @ = [ 1o)(mta)e) s
= [ fe(sX)g™e(u)dg
- /R [ Fexp((s = ) X) [exp(tX) g1 exp(—£X)] e (exp(tX )gru)dgs |t

LJGy

=[] 165 teexplex)g exp(~£0))€0 7 w)don
R ~JGy

= [ 166-0) @ v
R =JGy
_ /Rwl~<t(f(s—t)))§(t)(u)dt
for all u € Gy, where ‘p(v) is defined by ‘p(v) = ¢(exp(tX)vexp(—tX)). So

() = [ m( (s =) )stor.

i. e. m(f) may be regarded as the operator defined by the operator kernel 7rl~(t (f(s — t)))

acting on L? (R, 9r;) (endowed with the appropriate covariance relation), as the map ¢ — &(t)
is in L*(R, Hx;)-
In particular, we have the following relation for the Hilbert-Schmidt norms:

Im(f)%s = / Iyt £ (s — 1) |2 sdsdt
RQ



1.5

We shall also need the following result: Let w be a closed subspace of the center 3(g) of g and
let W = expto. Let A € ro*. Then ) given by yx(w) = e *<M8w> for all w € W, defines a
unitary character of W. Let L!(G), denote the set of all measurable functions f on G such that

flaw) = xa(w)f(z) = MEY f(2), Ve G VweW
and such that |f| € L'(G/W). The map

LNG) — LYG),
L Y

defined by
fA(x)—/ f(xw)x,\(w)dw_/ Flaw)ei<Mosw> gy,
W w

is a surjection.

—

Let (L (G) ,\) be the set of topologically irreducible *-representations of L'(G)y and
Gr={meCG|llw=\.
Then Gy = (Ll(G)A)A, the identification map being given by

Gy — (LYG))

7Tl'—>ﬁ'l

defined by
#(f) = / F(g)m(9)di
G/W

This map is well defined and realizes a bijection between G, and (Ll(G) )\)A. In particular, if
f € LY(G)y such that 7;(f) = 0 for all m; € G, then f = 0 almost everywhere (see [C-G]).

2 Variable Lie structures

2.1

In our proofs by induction new parameters and new variations will appear in the formulation
of the problems. This will be handled most easily by the concept of variable Lie structures.
Such structures were already considered by Ludwig and Miiller ([Lu-Mu]), Leptin and Ludwig
([Le-Lu]) among others and we shall heavily rely on their constructions and results. Some of
the constructions we use appear already in the work of Ludwig and Zahir ([Lu-Z]). They will be
recalled and further developed in the next paragraphs. We will among others give a new, useful
characterization of the different indices that appear in the construction. The coexponential
bases to the Vergne polarization will then be constructed by an easy algorithm.



2.2 Definition

a) Let g be a real vector space of finite dimension n and B an arbitrary set. If B is non empty,
we say that (g, B) is a variable Lie algebra if:

(i) For every b € B, there exists a Lie bracket [-, -], defined on g such that (g, [, ]5) is a nilpotent
Lie algebra.

(ii) There exists a fixed basis {Z1, ..., Z,} of g such that the structure constants af’j(b) defined
by

n
Zi, Zlo =Y _ af;(0) Z
=1

satisfy the following property:
For all b € B, for k < max(i,j), ai-“j(b) = 0. This means that {Z1,...,Z,} is a Jordan-Holder
basis for every (g, [, |s).

We shall write g, for the Lie algebra (g, [, ]p)-

If B = 0, we assume that g is endowed with a fixed Lie bracket [-,-] such that (g,[,]) is a

nilpotent Lie algebra. In this case the structure constants afj are really constants.

b) If B is a non empty open subset of a real finite dimensional vector space, we say that (g, B)
is a polynomially variable Lie algebra provided the structure constants afj (b) are restrictions of
polynomial functions in b to B. Similarly, we say that (g, B) is a rationally variable Lie algebra
provided the structure constants afj (b) are restrictions of rational functions in b to B. In that
case there exists a Zariski open dense subset B; of B such that the afj’s have no singularities
in By, i. e. (g,B1) is a rationally variable Lie algebra without singularities. For the rest of this
paper we will assume that all the rationally variable Lie algebras are without singularities.

c) In ([Lu-Mu]) the authors assume that B is an algebraic subset of a real finite dimensional
vector space. But for our purposes, we need B to be open.

d) We then define the associated variable Lie group (G, B) to be the family of connected, simply
connected, nilpotent Lie groups (G, ), where G = g as a set and where -, is the group product
on g constructed by the Campbell-Baker-Hausdorff formula for [-,-],. We shall write G} for
the Lie group (G, ). With these choices the exponential map exp, : g, — G is of course the
identity mapping.

2.3

In this section we shall essentially recall the constructions of Ludwig and Miiller ([Lu-Mul).
First we construct several families of indices.

For every (b,1) € B x g*, let a(b,) be the largest ideal of g, contained in the stabilizer g(l) of I
in gp. If a(b,1) = gp, the corresponding set of indices will be empty. In that case, g,(l) = g, and
[ defines a character on all of Gj. The linear form [ will not be generic (see 2.8 for the definition
of generic), except if g, and Gy, are abelian. Otherwise we define indices ji(b,1) and k1 (b, 1) by

J1(b,1) = max{je{l,....,n} | Z; &a(bl)}
ki(b,1) = max{k € {l,....n} | <0,[Z;@p1),Zklo ># 0}.

By construction, ki(b,1) < j1(b,1). Indices ja(b,1),...,ja(b,1) and ka(b,1),...,kq(b,l) will be

constructed later in a similar way.



Let’s also define indices which are independent of I: For all b € B, we put

J1(b) = max{j | Z; ¢ center(gy)}
kl(b) = max{k ’ [Zjl(b)vzk]b 7& 0}

and

71 = max{ji1(b) | b€ B}
ki = max{ki(b) | be B and ji(b) = ji}.

Again, ki(b) < j1(b) and k1 < j1. Indices ja(b), ..., ja(b); k2(b), ..., ka(b); j2, ..., Ja; k2, - -, ka
will be constructed in a similar way.
Let’s make a first restriction for the (b,1)’s. We put Dy := B x g* and

Dy :={(b.1) € Do | j1(b,1) = j1 and k1 (b,1) = k1 }.

If B is an open subset of a real finite dimensional vector space, D; is a (dense) Zariski open
subset of Dy as
Dy = {(bal) € Do ‘ <, [Zj17Zk1]b >7£ 0}

Let’s put Ip :={1,...,n} and I; := Iy \ {k1}. For (b,1) € D;, we define
p1(b, 1) ={X €e€g| <L[Zjp, X]p >=0}={Xe€g| <[,[Z;,X]p >=0}

and

<L[Zj w0, Zilo >
<L 1Zj60)> Ziy(b1))b > fal

. < l, [Zj17 Zi]b >
< l, [ijZkl]b >

bl) = Z; Zk’l: Vielh

(as (b,l) € Dy). It is easy to see that pi(b,{) is an ideal of codimension 1 in g, and that
{Z}(b,1) | i € I} is a Jordan-Hélder basis for py(b,1) (see [Lu-Z]). Moreover, Z}(b,1) = Z; if
P> k.

Step by step we construct the indices j;(b,1), k;i(b,1), j;(b), ki(b), ji, k; in the following way:

We use the algebra py(b, 1), the basis Z} (b,1), I[,, ) to construct the indices ja(b, 1), k2(b,1), the
algebra pa(b, 1) (which is an ideal of codimension one in py(b,1)), the basis Z2(b,1) of pa(b,1) and
continue in that manner until the process stops after a finite number of steps.

Recursively we also define D;, j;(b), ki(b), ji, ki, I; by

jib) = max{j e L1 | Z (b)) & center(p;i_1(b,1)),Vls. t. (b,1) € D;1}
ki(b) = max{ke L1 |[Z;7(b,1), 2, (b, D]y # 0,V s. t. (b,1) € Dix}
Ji = max{j;i(b) | be B}

>
K
I

.= max{k;(b) | b€ B and j;(b) := j;}
D; = {(bl) €Di—1 | ji(b,l) = j; and k;(b,1) = k;}
I = Ii1\{ki}

This process stops after a finite number d of steps. Then it is known by ([Lu-Z]) that for any
(b,1) € Dy, pa(b,1) is the Vergne polarization of [ in g, with respect to the basis {Z1,..., Z,}.



2.4 Pukanszky jump indices
Let’s note by S(b,1) the set of Pukanszky jump indices for [ in g,. We have

jeSb) e g+ < Zjy1,.... Zn >S oD+ < Zj, ..., Zn > .

The number of Pukanszky jump indices for [ in g, is equal to the dimension of the coadjoint
orbit of [ in g;. The elements of g; in general position in the sense of Pukanszky all have the
same set of Pukansky jump indices noted by Sp. See ([C-G], [Pu], [Pe|, [Pel]) for more details
on the parametrization of co-adjoint orbits. The relation with the newly defined indices is given
by the following proposition:

Proposition 2.5. For every b € B and | € gy, the set of Pukanszky jump indices equals the set
of indices j;(b,1), k;(b,1), i. e.

Sb,1) = {Gi(b, 1), ki(b,1) | 1 < i < d}.

Proof. (i) For every i € {1,...,d}, let’s note p;(b,1) for the stabilizer of [, 4, i. e.

pi(b, 1) :=={X € pi(b 1) | <I,[X,pi(b1)] >=0}.
For i = 0, we put po(b,1) := gp(1). It is then easy to check that
g5(1) = po(b,1) C p1(b,1) C -+ C pa(b,1).
(i) Let’s put Jo := 0 and J,. := {ky, ks, ..., k-}. We then have for all r € {1,...,d},

Zi oD F B D)+ < Z7H 00 [ G+ 1< <0 i & Jra >
Zi N0 & P D)+ < Z N0 R+ 1<k <nk g S >

In fact, let’s assume that
n
Z7No ) =U+ Y ¢Z7N b)) with U € proa(b1).
J=ir+1.j¢Jr—1
Then

<L[Z7N 00,2 0,0 > = <LUZ o0 >+ Y ¢ <L[Z77N b0, 27 (b, D)] >
J=ir+1.j&Jr—1
= 0

as U € p,_1(b,1), as well as Z;_l(b, l) if 7 > j,. This is a contradiction and hence

Z7 N0, 0) & pra (b, )+ < Z7H 0 | g+ 1< <mj & Jp1 >

Similarly for Z,’;:l(b, l).
(iii) We have

Z; (0,1) & ps(b,D)+<Zjb, 1) [jr+1<j<nj&Js>
73 (0,0) & ps(b D)+ < ZE(bD) |k +1<k<mk¢J >



for all r € {1,...,d} and all s <.
For s = r — 1, the result is true by (ii).
Let’s assume that

Z3 (b,1) € ps(b, 1)+ < Z;(b,1) | jr+1<j<mn,j&Js>

and
Z5Hb,0) € par (b, )+ < Z37 b0 | jr +1<j<mj & o1 >

As ps_1(b,1) C ps(b,1) and as Z7(b,1) = Zf_l(b, )+ csin;zS_l(b, [) for some constant ¢ ;,

Z5 N0, 0) € pe(b, )+ < Z7H0 ) | g+ 1< j<n,j ¢ Jo>+RZENb,1)
= ﬁs(b7l)+ < st(ba DIjr+1<j<njgJs> —HRZ;:l(ba 1)

and, by construction,
Z3 (b,0) € (ps(b, 1)+ < Z5(0,1) | jr +1<j<m,j ¢ Js>)®RZ(b,1).

The direct sum is justified by the fact that

ps(b, )+ < Z;(b,1) | jr +1<j<n,j & Js >C ps(b,l)
and that ps_1(b,1) = ps(b, 1) ® RZ,‘;_I(I), [). The direct sum implies that

Z5 (1) € ps(b, 1)+ < Z7(b,1) | jr +1<j<n,j & Js >,
which is a contradiction. Hence

Z; (b,1) € ps(b, )+ < Z;(0,1) [ jr+1<j<nj¢Js>

for all r € {1,...,d} and all s <r. Similarly for Z} (b,1).
(iv) For s = 0 we get

er (b7 l) € gb(l)+ < er-‘rl(ba l)? EER) Zn(b7 l) >
Similarly for Zj, (b,1). So

(v) As pq(b,1) is the Vergne polarization for [ in g, associated to the Jordan-Holder basis
Ziy..., 2y and as
gb - RZkl (b7 l) EB cte @ ]Rde (b) l) EB pd(b) l)7

n—d = dimpy(b,!) and 2d is the dimension of the orbit of [ in g;, i. e. the number of Pukanszky
jump indices. This proves that

S(b,1) = {ji(b, 1), ki(b,1) | 1 < i < d}.

10



2.6 Local jump indices

For any k € {1,...,n}, let’s put gy s, for the subset generated by Zy, ..., Z, in g, and I = I|g, , -
We say that k is a local jump index for (b,1), if

Okt + Ok(l6) S Gok + Gok(lk) = ook

where
or(le) ={X cagr | <L [X, gprlp >=0}.

This means that k is a Pukanszky jump index for I in gp . The local jump indices are charac-
terized by the following proposition:

Proposition 2.7. For every b € B and every | € g;, the set R(b,l) of local jump indices equals
the set of the indices ki(b,1) constructed in (2.3), i. e.

R(b,1) = {ki(b,1) | 1 <i < d).

Proof. The proof is done in several steps.
(i) Every local jump index is a Pukanszky jump index. In fact, assume k is a local jump index
for (b,1), i. e.

Sokt1 + 00k (lk) S ook + g0k (lk) = Go -

Then Zi, & gpi+1 + Ok(lx) and, for all U € gpry1, Zk + U & gpi(lx). Given such a U, there
exists V = V(U) € gy, such that < [, [Z, + U, V], >=< I, [Z; + U, V], ># 0, which means that
Z+U & gp(l), for U € gp 11 arbitrary. Hence Zy & gy r+1 + 95(1) and k is a Pukanszky jump
index.

(ii) Let pp(l) = > 4 0s,k(lx) be the Vergne polarization of ! associated to the Jordan-Holder
basis {Z1,...,Z,}. Let R = {i1,...,is} be the set of local jump indices for (b,1). Then
{Zi,,...,Z;,} is a complementary basis to py(l) in gp. In fact, if k is a local jump index,
Ok+1 + 0k(lk) G gpk- In that case, gpr(lk) C gprt1 and hence gy x(lx) C Gppr1(lks1). If
we write Py p11(lp+1) and ppx(ly) for the corresponding Vergne polarizations in gi1; and gy
respectively, we hence have py g1 (lk+1) = po.r(lx) and we may add Zj, to a complementary basis
to P k+1(lk+1) in @p 41 to get a complementary basis to p, 1 (lx) in gy k. Moreover, it is easy to
see that Zy & o, (Ir) = >_7_, 8, (1;) for all v < k. In fact, by assumption,

Z & po(le) = gok(le) + D 965() C goksr + ().
=kt

Hence < Iy, [Zk, po,k (k)]s > 0 as otherwise py 1 (I) + RZj, would also be a polarization for [
in gp %, which is impossible, by the maximality of the polarization p; . So there exists Yj €
ok (k) C por(ly) such that < 1, [Zg, Yi]p ># 0 and Zj & ppr (1), for any r < k. On the other
hand, if & is not a local jump index, Zi, € gp 11+ gk (Ik), dimpy (1) = dim pp g1 (le41) +1 (by
[C-G]) and no vector has to be added to the complementary basis. This shows that {Z;,,..., Z;,}
is a complementary basis to py(l) in gp.

(iii) The point (ii) of the proof shows that the number of local jump indices for (b,1) is equal to
dim (gb / pb(l)) =d, i. e. is equal to half the dimension of the coadjoint orbit. But the dimension
of the coadjoint orbit is equal to the number of Pukanszky jump indices. So, by (i), half of the
Pukanszky jump indices are local jump indices.

(iv) The k;(b,1)’s are local jump indices for [ in gp. In fact, let’s first notice that by the successive
construction steps, we have for fixed 1,

Z;i;(};,l) = Zi,b0) + Z cr(0, 1) Z, (v,
1<r<i—1:ki (b,l)<kr (b))
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and
i1
Ziwy = Zisoh) T > dr (b, 1) Zy, (b,0)
1<r<i—1:k; (b,1) <kr(b,1)
for certain constants ¢, (b,1) and d,(b,1), with d,(b,1) = 0 if k.(b,1) < 7;(b,1). Let’s assume that
k;(b,1) is not a local jump index, i. e. that

Zrb0) € Oy (b1)+1 T ki (v,0) Uy 0,0))-

As
ooy | 1< <i = L ki(0,1) < ki (0,1)} C By 0,0) 415

we also have

A i(i,l) € Ok (b,1)+1 T Bky(bD) (lki(b,z)%

k
i. e. we may write Z,i:(}) p =U+V withU =U(b,1) € gg,(p1y11 and V =V (b,1) € Gk, o.1) (ks (6,)-
Moreover, as k;(b,1) +1 < j;(b,1), we also have

Zjiv.0) Z;,-_(z},l) € Bk (b)) +1 © Bk (b,0)-

Hence < 1, [Z;i_(; Ve >= 0 as V € gr 1) (ko)) and < 1 [Z;i_(; »»Uly >= 0 by definition of
k;(b,1). This gives < [, [Z;Z_(; ) Z,ii_(}) l)]b >= 0, which is a contradiction.

(v) The points (iii) and (iv) prove the proposition. O

2.8 Generic elements

If B is an open subset of a real finite dimensional vector space, the set
Dgen =Dy = {(b,l) € B x g* | ]Z(b, l) = j; and k‘i(b, l) = k‘i,V’i} C B x g*

is a Zariski open subset of B x g*, called the set of generic elements of B x g*, by an argument
similar to the one we used for D in (2.3). Hence, for (b,l) € Dyep, = Dy, the indices j;(b, 1) and
ki(b,1) are equal to j; and k; respectively, and are independent of (b,l) € Dye,. In particular,
all the elements of Dy, have the same set of Pukanszky jump indices which we shall denote
S = {ji,k; | 1 < i < d}, and the same set of local jump indices which we shall denote R =
{k;i | 1 <i<d}.

If B=0,i. e. if there is no variable structure, then Dy, is identified with a Zariski open subset
Ggen Of g*, called the set of generic elements of g*. One has

*

* * *
ggen C 9puk € Omaz € 9

where gy, denotes the elements of g* which are in general position in the sense of Pukanszky
(with respect to the basis (Z;);) and g, the set of elements of g* whose coadjoint orbit is of
maximal dimension ([Lu-Z], [C-G]).

Let’s notice that D,, r € {1,...,d} and Dy, are Ad*G-invariant, i. e. that for all g € G,

(0,1) €Dy = (b, (Ad7g)(1)) € Dy
(b,1) € Dgenn & (b, (Ad*g)(1)) € Dyen

(see [Lu-Mu]). This allows us to restrict ourselves to orbit sections, which may be done in the
following way:

12



For any fixed b € B, let S, be the set of jump indices in the sense of Pukanszky for the algebra
g and the elements in general position in gj, and let T, = {1,...,n}\ Sp. Let Vi, = >, ., RZ}.
It is known that each coadjoint orbit in (g;)pur meets Vr, N (g;)pur in exactly one point and
conversely. Hence V7, N (g;)puk represents a section of the coadjoint orbits of (g;)pur. Let’s
also note that | € Vg, if and only if < [, Z; >= 0 for all the Pukanszky jump indices j € S,
(see [C-G] for this construction). In many situations we want to restrict ourselves to these orbit
sections, because this will allow us to assume that the linear forms [ are zero in the coordinates
corresponding to the Pukanszky jump indices. To do this, let’s call 7 the union of these orbit
sections, or, more precisely,

T = | J{b} x Vi, and Dy gen = Dgen N T.
beB
Then Dr gep is a Zariski open subset of 7. Let’s now consider
By = {beB|dleg s t. (b)) € Drgen}
= {beB|deg s t. (b]) € Dyen}.

Let’s notice that By is open in B. In fact, it is the projection onto the first variable of the open
set Dyen.

Let (b,1) € Dyepn. One knows that this [ is also in general position in gj in the sense of Pukanszky
(see [Lu-Z]). Moreover, the set of Pukanszky jump indices Sy, of g; coincides with the set

and is hence independent of b, if b € By. Hence, for all b € By, the sets Sy, resp. T} coincide.
Let’s write T for this common set and Vp = >, RZ}. It is then obvious that

DT,gen = Dgen N (Bl X VT).
If B =0, then Dy gey, is identified with

* ok
9T gen = Bgen nvr,

the set of generic elements contained in the orbit section V7.
In the rest of this paper, we shall restrict ourselves to By and we may hence assume that B = B;
and DT,gen = Dgen N (B X VT).

2.9 New parameters

Let ji; and ki be as in (2.3). Let’s put X = Z,,,Y = Z; and Z}, = [Zy,, Zj, s = [X,Y]s.
Let’s write V;, =< Zj 41,..., 4, > for the vector subspace generated by < Zj 11,...,%2, >.
As (Z;); is a Jordan-Hoélder basis for all the gp’s,

[Zjla U]b - Vj1 C 3(9b)>VU € Ob,

where 3(gp) denotes the center of gj, and the definitions of p1(b,1) and of the basis (Z}(b,1));
depend in fact only on I[y, , and even on its kernel ker(l|y, ). For pi(b,l) this is clear by
definition. For the basis vectors Z}(b,1), let’s first notice that one may write

Vi =RZ, @ kel"(lh;jl ),
that, for fixed b, [ ]yjl is completely determined by its value on Z, and by ker(l ]le) and that

W70 depends only on ker(l]y,,) (if (b,1) € Drygen and so < 1, [Z,, Zi,Jp >4 0).

hence — T 5T —
AR
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From this point of view, varying [ means, at this level, considering all the codimensional one
subspaces V' (b) of V;, such that Z, ¢ V' (b). So, instead of characterizing p; (b, 1) by (b,1), we may
also characterize it by b and a subspace V (), respectively by b and a vector basis of V' (b). This
leads to the following parametrization: Let m := n — j; and let’s identify V;, with R™ thanks
to the basis {Zj,+1,...,Zn}. A codimensional one subspace of V;, is hence characterized by a
b= (b1,...,bm_1) € (R™)™ ! such that the b;’s are independent, i. e. by a Zariski open subset
of (R™)™~1, The subspaces V (b) considered here verify the supplementary condition Z, & V (b),
which may be expressed by det(Zp, 51, e ,l;m_l) # 0, which again gives a Zariski open subset
of (Rm)m~1,

Let

) € B x (R™™ ! | b’s independent }
) e& ‘ det(Zb,l;l, e 7[~)m—1) =+ 0}

& = {(
& o= {(

b,b

b,b

Similarly to what has been done in (2.3) we may then define, for all (b,b) € &1,
pL(b,b) :={U € gy | [Z;,,Uly €< b >},

where < b > denotes the vector subspace generated by bi,...bm—1. In order to define the basis
of p1(b,b), let’s first notice that as

Vi, =RZ,® < b >,
there exist for each Z; a unique «; € R and a unique v; €< b > such that
(Zj,, Zilp = 0.2y + v = & Z,, Zj, |b + i
The number «; is given by

o — det([Zjl, Zi]b; 61, ey Bm_1)
' det([Zk:Uij]babl)'"7bmfl)’

(2.1)

and is a rational function in b, b, if (g, B) is a rationally variable Lie algebra.
Let’s also notice that a; = 0 if i > ky, because then [Z;,, Z;], = 0. We now define

ZHb,b) = Zi + i Zy,, fori # ky.

In particular, Z}(b, b) = Z; if i > ki. It is then easy to check that pi(b,b) is an ideal of

codimension one in gp. Let’s write [-, -](b j) for the Lie bracket in p1(b,b) (which of course
coincides with [, -];). We have the following result:

Proposition 2.10. {Z}(b,b) | i € I} is a Jordan-Hélder basis of pi(b, b) and the structure
constants for this basis in p1(b,b) are rational functions in b,b, if (g,B) is a rationally variable
Lie algebra.

Proof. Let’s first show that Z} (b, b) € p1(b,b). If i > ki, this is due to the fact that then
Z1(b,b) = Z; and that [Z},, Z;], = 0 by the definition of k. If i < ki,

Zj,, ZE(6,0)]o = 2y, Zilo + il Zj,, ZpyJp = v €< b >

and hence Z}(b,b) € p1(b,b).
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By construction the vectors Zz-l(b, 5), @ € I, are independent and hence they form a basis of
p1(b,b), as p1(b,b) can at most be of dimension n — 1 because Zy, ¢ p1(b,b). So

gy = RZy,, @ p1(b,b) = RX @ p1(b,b).
It is easy to compute the structure constants &fj(b, b) for the basis ZH (b, b) in p1(b,b). One gets:
af;(b,b) = af(b) ifi,j>k
a;(b,b) = afi(d) +ouay ;(b) ifk>j>k >
Similarly if £ >4 > k; > j. Moreover:
af(b,b) = afi(b) if max{i,j} <k <k
Ezfj(b, l~)) = a (b) + aia’glj(b) + ajafkl(b) if max{i,j} <ki <k

ij

The other structure constants are zero.

If (g, B) is a rationally variable Lie algebra, then «; is a rational function in b, b. So the same is
true for the structure constants. The formula (2.1) for ; shows that the new structure constants
depend only on b and < b>. O

2.11 Coexponential basis

Let’s recall that for (b,l) € Dyen, Z, = Zi,(b,1),...,Zx, = Zk,(b,l) form a complementary
basis to the polarization py(b,l) = p) in g. Let’s also recall that the k;’s are the local jump
indices for I € gy, for all (b,1) € Dgyep. This basis is a coexponential basis if the Zy,’s are correctly
ordered (In fact, the indices k; are not necessarily decreasing as defined in (2.3), whereas the

indices are ordered if the Z,’s are constructed as local jump indices!). Let’s write Xi,..., Xy
for this (ordered) basis, which is the same for all (b,1) € Dyep.
Let’s now consider {Z (b,1) = Zy,, Z,(b,1), .. .,Zg;l(b,l)} which forms also a coexponential

basis to pg(b,1) in gp, with the property that

Zy ' (b,1) € pia(b, 1) \ pi(b,1).
Moreover, the definition of the basis in (2.3) shows that both bases are linked by relations of
the form

Zp (b)) = Zy

ZL (b)) = Ziy +e(2,1) 7,
Z20,1) = Ziy+¢(3,2) 2k, +c(3,1) 2,
ZEb,0) = Zigtcldd—1)Zk, , + -+ c(d, 1) Zg,

and

Zry, = Zp,(b,1)+(2,1)Z] (b1

Zry = Zp,(b,1)+(3,2)Z,(b,1) +c(3,1)Z} (b,1)

: ”c;—l / d—2 / 0
Zry = Zp 0,0+ (d,d=1)Z5 2 (b,1) 4 -+ (d, 1) Z], (b, 1)
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where the c(4, j) and ¢/ (i, j) are rational functions in (b, /) whose denominators are not annihilated
if (b,1) € Dyen. Similarly if we consider the dependence in (b,b) instead of (b,1) and get the
basis Z}C:I(b, b). Again, the coefficients appearing in the change of basis are rational functions in

(b, I;) whose denominators are not annihilated, by the restrictions put on the parameters (b, l~))

2.12 New variable structures

Originally, < b > was taken for ker(l |Vj1)- So we want to consider only those linear forms

on p1(b,b) which annihilate < b >. To this effect, we take the quotient by < b > and get new
variable structures. The details of these constructions are the following: Let’s recall that p; (b, b)
the basis (Z}(b,b))rer, and the structure constants for the Lie bracket in p1(b,b) with respect
to this new basis depend only on b and < b>. We may hence define a new rationally variable
Lie algebra (q1,&1) by ) . .

ql(b7 b) = P1<b7 b)/ <b>,

by taking in qi (b, I;) the Jordan-Holder basis
{Z}(b,b) mod <b> | kel k<ji}U{Z mod <b>}

and by identifying this basis with a fixed basis in a real vector space q; of dimension j;. Then
the dependence on b and b is entirely put into the Lie bracket [-, | ) and (q1, 1) may be viewed

as a rationally variable Lie algebra, whose associated variable Lie group will be noted (Q1, &1).
Similarly we define a rationally variable Lie algebra (v1,&1) by

t1(b,0) == p1(b,b)/ < Zj,,b >= qu(b,b)/ < Z;, >,

by taking in t1(b,b) the Jordan-Holder basis

{Z}(b,b) mod < Zj,,b> | k€ I,k <41} U{Zy mod < Zj,,b >}

Let’s write Z}(b,b) = Z}(b,b) mod < Zj,,b > if k € I1,k < j; and Z Jrl(b b) = Z, mod <
Jl,b > for this basis. We then make the same type of identifications as before and we write

(R1, &) for the associated variable Lie group.
2.13

Let’s now consider the new variable structure (v1,&1). All the preceding constructions may of
course be made for this new structure. We shall write 7, T(b’b) T, VT( , Vi, DT gen (b, 1),

I;i(b, b, l~), 7:(D, IN)), ki (b, 5), Ji» ki, Dy, Ij for i > 2 (as i = 1 corresponds to the level of g) for the
corresponding objects associated to (tv1,&1). Here the indices are defined with respect to the
Jordan-Hélder basis given in (2.12). In particular, 7 = U, 5 o {(b,0)} x V’f(b,ﬁ). We define

by

where [ € g* is given by

<LU> = <I,U> VYU €p(b,b)
<LX> = 0,
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with U = U mod < Zjl,l; >. In this manner [ is completely characterized and < [, X >=<
[,Y >= 0, l|_j. = 0. Let’s notice in particular that this [ is zero on the basis vectors corre-
sponding to the Pukanszky jump indices of gp, i. e. that [ € V7, and hence that (b,1) € 7. We
then have the following lemma:

Lemma 2.14. The map ® is well defined, one-to-one and continuous. The families of indices
j and k satisfy . )
Ji=Jgi and k; =k, Vi€ {2,...,d}.

Moreover,

DT,gen = (I)(D I

Tgen) N Dl'

Proof. The continuity of ® is obvious, by definition.

For any U € p1(b,b), let’s write U for U mod < Z;,,b >€ t1(b,b). Let’s first show that
Dy NT C Jmd. To this effect, let (b,1) € D1 NT. Hence <[, [Zy,, Zj;]p ># 0. Let’s choose a
basis b of ker(l[y; ) and let’s define [ € vy(b, b)* =t by < [,U >=<1[,U > for all U € t1(b,b).

This [ is well deﬁned as <1,Zj >=0 (asl € Vg,) and as l| ;. = 0 (by choice of b). Moreover,

(b,b,1) € T as the Pukanszky jump indices of [ in v;(b,b) coincide with the Pukanszky jump
indices of [ in g that are smaller than j; and different from £; and ji. By the choice of [ and b,
Zy = [Zry, Zj\ o €< b > and (b,b) € &;. Hence (b,b,1) € T and ®(b,b,1) = (b,1) by construction.
So D1 NT C Jmd.

Let’s now notice that Df gen
contained in Jm®, as D7 gep, C D1 NT C IJm®. By continuity of &, &~ (DT gen) 1S @ nonempty
open subset of T. Moreover, D is a Zariski open subset of T . Hence DT gen” i (DT gen) 7
0.

We see that ja(b, b, 1) = ja(®(b,b,1)) = ja(b,1), ja(b,b) = ja(b), jo = jo, for any (b,b,1) € T. In
fact, the passage from py(b,b) to t1(b,b) is obtained by taking the quotient with a subspace of
the center of py(b,b). This does not effect the definition of these indices.

Let’s now show that kg = ko. For this purpose, let (b,b,1) € Dz, N ® ' (Drye,) and (b,1) =

®(b,b,1). Then

N <I>_1(DT,gen) # 0. In fact, Dr gen, is a nonempty open subset of 7

T,gen

T,gen

<1,[Z},(b,b), 2} (0, b)wi) ># 0

(as jo = jo = ja(b, b, 1), ky = ko(b,b,1)) and hence

<1,[Z],(b.0), Z; (b,D)]s ># 0,

with (b,1) € D1 gen. S0 kg < ka(b,1) = ko. Conversely, as (b,1) € Dr gen, and (b,1) = ®(b, b, 1),
< 1,[Z]},(b,1), Z4, (b, )], ># 0,

which implies that o . -
<1,[Z},(0,b), Zp, (b,0)] 5 ># O,

(with jo = jo = ja(b, b, 1)) by the definition of I. Hence ky < ko(b,b,1) = ky as (b,b,1) € 25:5 gen
So ko = k. Let’s put Dy = {(b,b,1) € & x v} | ®(b,b,1) = (b,1) € D1, ja(b,b,1) = jo =
jo and ka(b,b,1) = ky = kp}. Then ®(Dy N 7:)~— Dy N T. In fact, let’s first notice that
DoNT CD1NT C Imd. Let then (b,1) = ®(b,b,1) with (b,1) € D2 N T. In particular

<124, (0,0), Zj, (b,D)]y ># 0
as ja(b,1) = jo and ko(b,l) = ko. Because of the definition of @,

<1, [Z},(b,0), Z},(b,b)] 3 ># 0.
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This shows first that Z 1 (b, b) & v1(b, )(~) (stabilizer of [ in (b, b)) and hence that j, = jy <
5.0

G2(b,b,1). As we always have Jjo(b,b,1) < jo, we have in fact jo(b,b,1) = jo. But then we must
have ks = ky < kg(b b l) As the converse inequality is always true, we have kg(b b l) = ko
and (b,b,1) € Da. As (b,1) = ®(b,b,1), DoNT C ®(DyNT). The converse inclusion is proven
similarly.
We may now proceed by induction. Let’s assume that j, = js and ks = kg for s < i — 1,
@(ﬁi_l N ’j') =D;,1NT (ﬁi_l being defined in a similar way then 152) and let’s prove the
same relations for ¢. Similar to the case i = 2 we see that Gi(b, b, 1) = 5;(®(b,b,1)) = ji(b,1),
7:(, b) = j;(b) and j; = j; for any (b, b, l) € D;_1. The same argument as in the case i = 2 shows
that k; = k;. So, if D; = {(b,b,1) € Di_1 | ji(b,b,1) = j; = j; and k;(b,b,1) = k; = k;}, then
(D N T) D; NT. For i = d the procedure stops and we have the final result.
O

3 Function spaces

3.1

Let (G,B) be a rationally variable Lie group. Let {Z1,...,Z,} denote the fixed basis as in
(2.2). A function h on Gy is identified with a function on R™ by the formula h(xy,...,z,) =
h(expy(z121) b - -+ b expy(xnZn)). Let r € N. If B is a non empty open subset of a real finite
dimensional vector space, we define S(G, B,R") to be the set of all functions
f:BxR' xR*" — C
(bya, (1, ..., 2p)) +—  f(bya,expy(z1Z1) b b expy(TnZn))

that are C*° with respect to all variables and such that

B2,C,C2

= sup sup |a™ 2t

be K;a€R™;x€R™ - |a|<A;|r;|<Bj;|s;|<Cjii,5€{1,2}

8(1 61"2 882
bt Bors e ] 0 exy (@1 20) -y expy(a )|
< +0o0

for any compact subset K of B and A, B;,C; € N. If B = (), we just omit the variable b as
well as %, sup,cy in the previous definition. Let now B = U,enKy, the Kp,’s being compact
sets such that K, C int(K,41) for all m. If K runs through the K,,’s and A, B;, C; through
N, then we get a countable family of semi-norms that define the topology of S(G, B,R"), which
becomes a Fréchet space.

3.2

Let’s use the notations of (2). If B # 0, let U be a non-empty open subset of D7 ge,,. Hence U
is disjoint from B x {0}, as (b,0) never belongs to Dr gen. For any [ € Vp = Vg, (as b € By),
let p(,) denote the Vergne polarization of [ in g, with respect to the given basis. We know
that pgy = pa(b, 1) if (b,1) € Drgen (see 2.3). Let x5y denote the unitary character defined
on P, j) = expypp,y by the formula xpy(u) = e~i<blogyu> Tt 4y,..., i4 be the (ordered) local
jump indices (for all 1). Let X1 = Z;,,..., X4 = Z;, be the coexponential basis of g, with respect
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to ps,) as in (2.11). Thanks to this basis, G}/ Py may be identified with RZ. Let r € N. The
space of kernels N (G,U,R") is defined to be the set of all C* functions

F:B xVpxR xR*xR* - C

such that the following two conditions are satisfied:
(i)

F(b>l7'a'v') =0if (b,l) qu
so in particular if (b,1) € (B1 x V1) \ D1 gen-

(i)
£

K,A,C,D1,D2,E1,E2,F1,F>

= sup sup \adlxelyfl
(bl)eK;a€R";x,y€R? ~ |a|<A;|c|<C5ld1|<D1;|d2| < Dajler | <E1sles| < Easl f1|<F1;| f2| < F2
9% 9°¢ 92 g2 Pl
'77777F(b7l7a7x7y)‘:|

< +00

for any compact subset K of U and A, C, Dy, Do, Eq, Es, F1, F5 € N.
If B = (), we again omit the variable b, as well as %. In this case U is taken to be an open
subset of g7, gen

Let U = UgenKs, the K,'s being compact sets in U such that Ky C int(K,qq) for all s. If
K runs through the K’s and A, C, Dy, Ds, FE1, Fo, FY, F5 through N, then we get a countable
family of semi-norms which define the topology of N(G,U,R") and which turns N (G,U,R")
into a Fréchet space.

3.3

Finally let’s note N.(G,U,R") for the subspace of N(G;U,R") formed by all the functions F
defined in (3.2), which also satisfy the following two conditions:

(ili) For every b € By (i. e. such that (b,1) € Dr gepn for at least one [), there exists a compact
set K(b) in Vp such that {b} x K(b) C Dy gen and F(b,l,-,-,-) = 0if | ¢ K(b). In particular,
0 ¢ K(b) as (b,0) € D gen.

(iv) There exists an open neighborhood V of the set (B x Vr) \ Dr gen in By x Vp such that
F(b,l,-,-,-) =0 for all (b,1) € V (If (b,1) € D1 gen, then F(b,l,-,-,-) = 0 by definition of F', so
that (iv) is a condition on V N Dr gep).

The space N.(G,U,R") is no longer a Fréchet space for the given semi-norms.

3.4 Remarks:

a) For (b,1) € Dr gen, F(b,1,a,-,-) may also be considered as a function on G,/ Py x Gp/ Py
by writing

Fb,l,o,z,y) = F(bl, o expy(a1X1) - -p expy(raXa),
expy(Y1X1) b - -+ b €xpp(YaXa))

or even as a function on Gy x Gy if we introduce the covariance relation

F(b7 lya,o-h,y- h/) = X(b,l)(h)X(b,l) (h/)F(ba l,a,z, y) Vr,y € Gy, Vh, W e P(b,l)‘
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b) We may also extend F' as a function in [ to the whole orbit of [ by setting
F(b7 (Ad*g)(l), aaxvy) = F<b7 la o,r-g,y- g) Vg,l"y € Gb'

This is done in order to reflect correctly the unitary equivalence between m; and 7(44+¢)(), and
its incidence on the corresponding operator kernels.
In this paper we shall write F' for any one of the preceding meanings of the function.

c) If B =10, 1. e. if there is no variable structure but a fixed Lie group, Dyen, = Ogen and, if U
is an open subset of g;.,, N Vr, we define similarly S(G,R") (the Schwartz space), N(G,U,R")
and N.(G,U,R"), using the corresponding semi-norms to define their respective topologies.

d) If r = 0, we just write S(G), N(G,U), N.(G,U) for the corresponding spaces.

e) We could also have defined N (G,U,R"), No.(G,U,R"), N(G,U), N.(G,U) using the coexpo-
nential basis Zgl (b, l),ZliQ(b,l), . .,Z,‘:;l(b,l) (resp. the Z,i;l(b, b)’s) instead of X1,..., Xy In
that case we identify (z},...,2/,) € R? with exp(a) Zp ) - exp(m&ZﬁJl). As the change of bases
(in both directions) is characterized by rational functions with non-vanishing denominators, if
(b,1) € Dy gen, we get the same function spaces.

4 The Fourier inversion theorem

We first prove a variable Fourier inversion theorem:

Theorem 4.1. Let (G,B) be a rationally variable Lie group with a fized Jordan-Hdélder basis
Ziy...,Zy. Let’s note By := {b € B |3l € g*s. t (bl) € Drgen}. Let R = {i1,...,iq}
be the set of local jump indices for all (b,l) € Drgen. For (b,1) € Drgen, let p(b,l) be the
Vergne polarization (with respect to the basis Z1,...,Zy,) and {Z;, | i, € R} the coexponential
basis to p(b,1) in gy defined by using the local jump indices. Let Py = expp(b,1) and 7 ) =
indg(”b o X1 With the previous choices, we have the following result: For every r € N and every
F e NC(G;DTWH,R’”), there is a unique f € S(G,B1,R") satisfying: For every (b,l) € Dr gen,
the operator w1y (fo(a)(-)) has F(b,l,a,-,-) as a kernel (if we write fy(a)(-) for f(b,a,)).
Moreover, w1 (f) = 0 for every b € By and every | € (g; \ (g9s) The map F — f is
continuous in the given topologies.

;en) .

This theorem has of course the following consequence, obtained if B = (), i. e. if there is no
variable structure, but a fixed nilpotent Lie group.

Theorem 4.2. Let G be a connected, simply connected, nilpotent Lie group with a fized Jordan-
Holder basis Z1, ..., Zn. Let gy, be the set of generic elements of g*. Let R = {i1,...,1q} be the
set of local jump indices for all | € gg,,,. Forl € gy, let p(l) be the Vergne polarization (with
respect to the basis Z1,...,Zy,) and {Z;, | i» € R} the coexponential basis to p(l) in g defined by
using local jump indices. Let P, = expp; and m; = ind}G;le. With the previous choices, we have
the following result: For every function F' € Nu(G,g5.,) there is a unique function f € S(G)
satisfying: For every | € gp.,,, the operator m(f) has F(l,-,-) as a kernel. Moreover, m(f) =0
for every l € (g* \g;en). The map F — f is continuous in the given topologies.

The proof of (4.1) will be given in (6). Because of remark (3.4), it will also be possible to work
with the variable exponential basis Zl(c)l (b,0),..., Zg;l (b,1) in the proof, instead of the fixed basis
Ziyy -5 2Z;,. Once the results of theorem 4.1 and of theorem 4.2 are known, the observations
made in the introduction allow us to compute the function f € S(G) with the Plancherel formula.
We get:
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Proposition 4.3. Under the hypotheses of theorem 4.2, the function f € S(G) is obtained by
1 \n-d
f@ = ()™ [ ([ Pl wdn) )
2m v Ja/p,

where (i)nid]Pf(l)]dl is the realization of the Plancherel measure on Vi, if n = dimg and 2d
the number of Pukanszky jump indices.

Proof. We use the Plancherel formula

@)= | tx(rla) o m(s)dur)

G

and notice that the Plancherel measure is given by (i)n_dw f()|dl,l € Vp where the Pfaffian
Pf(l) is defined by

[N

(Pf(1)| = (det(< 1,[Zi, Z;] >)ijes)?.
Moreover,

71071' = Tu,u)au.
tr(mi ()~ o m(f)) /G | Fz

5 Results on the Radon transform

5.1

In this section we recall some well established facts on the Radon transform (see [H]), with the
purpose to be able to recover a function f, if we know its integrals over all hyperplanes. For the
proofs we refer to ([H]).

Let f be a function on R™ integrable on each hyperplane of R™. Let P™ be the space of all
hyperplanes of R™. Let £ € P™ and let du denote the Euclidean measure on £&. We then define:

Definition: The Radon transform Rf of f at £ is defined by
RS = [ 1@nte)

Let’s now parametrize the hyperplanes of R in the following way:
E(w,r)={z eR" | <z,w>=r}

where 7 € R and where w is a normal unit vector to the hyperplane £. Note that (w,r) and
(—w, —r) characterize the same hyperplane £. We may hence write

RIQ =RIwr)= [ f@ut

and we have Rf(w,r) = Rf(~w, —r), with (w,7) € S™~! x R, S™~! being the unit sphere in
R™.
We also consider the following Schwartz spaces:

Definition: (i) The Schwartz space S(P") on the space of hyperplanes is defined by

SP™):={p e SS™ ! xR) | p(w,7) = p(—w, —1),Y(w,r) € S"! xR},
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with ¢ € S(S™~! x R) if and only if ¢ is a C> function such that
l

d
sup [(1+ |T|k)W(DSD)(w,T)| < 400
(w,r)eSm—1IxR r

for all k,1 € N, for all differential operators D on S™~!. The Radon transform maps S(R™) into
S(P™).
(ii) We denote S*(R™) the space of all functions f € S(R™) such that

f(z)P(x)dx =0 for all polynomials P.
]Rm

(iii) Similarly, we denote S*(P™) the space of all functions ¢ € S(P™) such that
/ @(w,m)p(r)dr =0 for all polynomials p on R,Vw € S™ 1.
R

We have the following result, proven in ([H]):

Theorem 5.2. The Radon transform is a bijection from S*(R™) onto S*(P™).

5.3

The previous theorem says in particular that for every ¢ € S*(P™), there exists a unique

f € 8*(R™) such that ¢ = Rf. As a matter of fact, f may be computed from ¢ by an inversion
formula (see [H]):

flz) = 271),,1 /sw1 :/(:OO (/+OO e_iSTRf(w,r)dr)eis<x’w>sm_1ds] dw

— 00

- —+o00 +oo ) )
/ (/ e_mgo(w,r)dr)e’s<x’w>sm_1ds} dw
sm—1 LJo

) oo

1 AR —1 jis<zw>
= o) /sml -/0 P (w, )M et ds}dw

—~

2

I
| =
3
—_

—~

where ¢? denotes the partial Fourier transform in the second variable. But, as ¢ € S*(P™), ¢?
and all its partial derivatives with respect to the second variable are zero at s = 0. Hence the
function v defined by

s 1P (w,s) ifs>0
1/’(“”8)_{ 0 ifs <0
is a C* function and belongs to S(S™™1 x R). Finally
1 +oo :
flz) = / [ P(w, S)ew<$’w>ds} dw
(27T)m Sm—1 —00

= @ /Sm1 P (w, — < z,w >)dw

where 12 € S(S™! x R).
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6 Proof of the Fourier inversion theorem

6.1

If n =1, g, = R for all b and there is no need for a variable structure. The result is just the
classical Fourier inversion theorem.

6.2

Let’s now proceed by recurrence on dimg. Assume that dim g = n. For the rest of this paper
we shall just write x - y for the product in Gy, i. e. instead of x -, y. We use the construction
and the definitions of (2). Let’s consider in particular the new rationally variable Lie algebra
(t1,&1). Let’s recall that we put X = Z;,,Y = Z;, (the same for all b by the choice of Dgycp)
and Zy = [X,Y];. Let’s consider the function ® : 7 — 7 defined in (2.12) and let’s recall that

DT,gen = (I)(ﬁ’f,gen) ND;.

Let F € No(G, D1 gen, R") and let’s define F S Nc(Rhﬁ R"+2) by

T,gen7
F(b7 Ba Z;S,t,a;gl,gi) = (27‘-)2‘ < lv [X7 Y]b > | ' F(bal;a;epr((s + t)X) : glaepr(tX) ' gll)v

for (b, bl) € & xtt,s,t € Roa € R",¢1,d, € Ri(b,b), where (b,1) = ®(b,b,1). In particular,
(b bl ) =0if (b, b, l) ¢ DT gens 85, in that case, (b,1)  Dr gen and hence F(b,1,-,-, ) =

0. This function is well defined, because | =0 and < Y,B > is contained in the center of

<Y;b>
p1(b,b) and hence in the polarization py(b,b). It has the correct covariance condition as F' does
and it is C°° It is bounded for the appropriate semi-norms, as F' is. For every (b, b) such that
(b,b,1) € ,, for at least one I, there exists a compact set K (b,b) in V . = Vi (the section

let K (b) be the compact subset of V7, = Vr mtroduced in (3 3)and L, 3 = {teVr |l ;. =0},

which is a closed subset of V. Then A(b,b) = K (b) ML, is a compact subset of V7 and L(b, D).
Moreover the map

defined by I(i1) = I(u) for any u € p1(b, b) such that @ = w mod < Y,b > is a continuous
bijection from L, ; onto V. Let K (b,b) be the image of A(b b) under this map. Hence K (b, b)

is a compact subset of Vi such that 0 ¢ K (b b). By construction, | € Vi \ K (b,b) implies that

(iii) of (3.3). o o
To prove (iV) of (3.3), let’s take (bo,bo,lo) S (51 X Vi ) \ DTgen Let (bo,lo) = q)(bo,bo,lo).
By (2.14), (bo,lo) & Dr gen- Hence, by (3.3), there exists V), open neighborhood of (b, lo)
in B x Vr such that F(b,l,-,-,-) = 0 for every (b,1) € V(). Then <I>_1(V(b07lo)) is an open
neighborhood of (by,lo) in & x V. Let (b,b,1) € @1V, 1)) and let’s put (b,1) = ®(b,b,1).
Then (b,1) € V(y,,1,) and hence F'(b,1,-,-,-) = 0. But then, by definition of F,Eb,b, ) =
0. .

So the function F satisfies the hypotheses of theorem (4.1).

Let’s write T30 for the irreducible unitary representation of R;(b, b) the polarization P

of I in 1 (b, b) being given by

Pwii) = Py mod < Y,b >=pq(b,1) mod < Y,b >,
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where p, ;) = pa(b, 1) is the Vergne polarization for [ in g5. Then Pw.5.0) is the Vergne polarization
for [ in v1(b, b) with respect to the given basis. By the recurrence hypothesis there exists fy €
S(Ry, &1, R™2) such that the operator %(b’gj)(fo(b, b, st a, -)) has ﬁ’(b, bl s, t, ;- -) as a kernel
for every (b,b,1) € D In particular, for any fixed (b,b), fo(b,b, s, t,a,-) € S(P1(b,b)/exp, <

~ T,gen’
Y, b>).

6.3

Assume that 7, ¢< b >. Let’s recall that Vj, =< Zj +1,...,Z, >. Then Vj,/ < b >=
RZ, mod < b > for all (b,0) and < Y,Zj 41,...,Zy, >/ <b>=<Y,Z, > mod < b >. For
le L(b,lE) such that < 1, Z, ># 0, let’s put ¢; =< 1, Z, > (# 0) and write X(bp1) for the character
defined on }

exp(bg)( <Y, Zji1,....2n,> ] < b>) =expy(<Y, 2, >)

_i<l»10g(bj,) —ircy

by X(b,é,l)(u) =e “Z In particular, X(b,B,cl)<eXpb(er>) = X(bm)(epr(er)) =e
We then define a function f; by

fl(bv E,S,t,a,gl,l) = fﬂ(ba 67571;70‘791 ’ Z)X(b,l;,l)(z)dz

/eXp(b,E) (Vi /<b>)
= / fo(b, b, s,t,c, g1 - expy(vZy))e”Udv  if Zy ¢< b >
R

for g1 € Ry(b, l;) = exp, g)tl(l% 5) We write f1(b, B,S,t,a;gl,cl) and notice that, for fixed
(b, b, s,t, a), fi(b, b, s, t, -, c) € S(Pr(b, I;)/epr <Y, Zji41,-- 52y >, X(bl;c))’ which means that

it is a Schwartz function on P (b,b)/exp, < Y, Zji4+1,- -, Zn > (for any fixed basis), satisfying
the covariance condition

fl (b7 i)a s,t,a5 01 - eXpb(yY> ’ eXpb(ZZb) * Zpy C) = eiczfl (bv 57 s, t, a5 g1, C)

for any z; € expy(< b >) (covariance for the character Xbje) = Xt O0 < Y, Zp, b >=<

Y, Zj 41,...,Zy >, where the linear form [, satisfies < l.,Y >=< [.,b; >= 0 for all j and
<ley Zp >= c¢). It is Schwartz in s,t,a, c and C* in .b, b, Moreover, as F(b, b1, g ;) =0if
I ¢ K(b,b), there exists a constant C(b, b) such that T [)(fo(b, by, ) =0if | <1, 2y > | =

let] < C(b,b) (as K(b,b) C D

T gen 1S compact and as < I, Zy >0 for | € K(b, I;)) In that case,

7LT(b,I;,Z)(fo(ba [;a'v"'f")) = / - ﬁ(b,i),[)(gl)[/ fO(ba Z),-,~,-,glepr(ZZb))e_iclde] d.gl =0
Ry (bb)/€xXp,(RZy) R

for any [ such that |¢;| < C(b,b) and hence
fl(b7 Ba Yy g1, Cl) = / f()(b, 57 g1t eXpb('ZZb))eiiZCldz == 07
R

by (1.5), if |e| < C(b, b). This is in particular true if < I, Z, >= ¢, = 0. Let’s now define a
function RF' by

RNF(b, l;,a,epr(sX) cg1,1) = RNF(b, l~), a,expy(sX) - q1,q) := / f1(b, l~), s,t,a,gft,cl)dt
R

if ¢ =< 1,2, >, where g;" = exp,(—tX) - g1 - exp,(tX) and g1 € Pi(b, b)/exp,(< b >). For
g1 = w - expy(yY) - expy(2Zp) mod expy(< b >), the computation shows that

. - 1 . .t A
RF(b,b, a,expy(sX) - w - expy(yY) - expy(22p), ¢) = e’cz/ f1(b,b,s, -, a,w_%,c)e_’tydt,
C R C
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if ¢ # 0 and ]fF(b, é, a,-,0) = 0. Let’s notice that for fixed b, b this is a Schwartz function in
a, s,w,y,c, as fi(b, b, -, ;-,¢c) =0if |¢] < C(b,b) (especially if ¢ = 0) and

RE(b,b,a,-,c) € S(Gb/epr(Zb,l;),x(b’;)’c)) = S(Go/expy < Zji11,- -+ Zn >;X(b,5,c))
i. e. it satisfies the covariance condition
RF (b, b,a, g expy(22p), ¢) = e"*RF (b, b,a, g, c)

as f1 does.
Finally we get a function RF by

RF(b,b,a,g) := / RE(b,b, v, expy(sX) - w - expy(yY) - expy(22p), ¢)de
R

= /R~F(b, b, ar, expy(sX) - w - expy(yY), ¢)e'“de
R

if g = expy(sX) - w - expy(yY) - expy(22Zp) mod exp,(< b >). As RF is Schwartz in ¢, RF is

Schwartz in 2. In particular, for fixed b,b, o, RFE(b,b,a,-) € S(Gy/ < b >). Let’s also notice

that F depends only on b, < b > (instead of b,b). So the same is true for fo, fi, RF, RF. By
construction, RF' is C* in b,l; and Schwartz in «. So, for fixed b, a, we have defined a Schwartz
function on Gy /expy(< b >) for all b such that Zy €< b >.

The Fourier inversion theorem implies that

. N - 4 1 - -
RFZb(b, b,a,g,c) = / RF(b,b,cr, g - expy(22p))e” "Fdz = Q—RF(b, b,a,g,c),
R ™

o2 . . . . .
where RF”" denotes the partial Fourier transform in the direction of Zp.

6.4

Let £, & be as in (2.9). Let’s recall that we have defined RF'(b, b,-,-) for all (b,b) € &, i. e. for
all (b,b) such that Z, €< b >. Let’s also recall that by assumption on B there exists at least
one [ € g* such that (b,1) € D gen. We now define

RE(b,b,-,-) :=01if Z, e<b> .

We have to prove that this extension of the function RF' to & is C* in (b, b). To achieve this,
let (bp, b0) € & such that 7, €< by >. We shall~show that there exists an open neighborhood
O of (bo, bo) such that RF'(b,b,,-) = 0 for all (b,b) € ON&;. This will imply that the extension
of RF is C* in (b,b) at (bo, bo).
Let [ € g* such that I|y, # 0 and let’s write

Uy, =lj1Zj i+ + iy
Hence ker(l|y; ) is a hyperplane of V;, which admits \/%Uﬁﬂ, ..., In) (expressed in the

G
basis Z7, 11, ...,Zy) as a unit normal vector. In fact, (aj,+1,...,an) = aj41Zj, 11+ +anZy €

ker(lly; ) if and only if aj,41lj,+1 + - + anly, = 0. So

Zy € kel“(lh;jl) ~ (lj1+1, .. .,ln) - Zy =0
(lj1+17"'?ln)'Zb —0

R =
I R A A
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where - denotes the scalar product and where Zj, is also expressed in the basis Z;, y1,..., 2.
Let’s consider
N = {(b,l) € By x Vr ’ <l,Z, >= O}

and (b, lo) € N such that kerlo\yj1 =< by >. Let K be any compact neighborhood of (bo, lo) €
By x Vp and let int(K) be its interior. By (3.3, (iv)), there exists for all (b1,l;) € N an open
neighborhood V, ;,) in By x Vp such that F(b,1,-,-,-) =0 for all (b,1) € Vi, ;,). Let’s put

V= U V(bl,h)‘
(b1,l1)€/\/ﬁ/€
Then V is an open subset of By xVp, F(b,l,-,-,-) = 0 for all (b,]) € V and K1 := KN ((Bl X VT)\V)
is compact. By construction, < [, Z, >7# 0 on Kj.
Let’s now define

W:={leg"| ”le # 0}
(Zariski open subset of g*) and

f:KNW—-R
by
fbl _’ ]1+17‘--7ln)'Zb ‘
Bt + B2

This function f is continuous and strictly positive on the compact set . It represents of
course the cosine of the angle between the directions of V;, given by Z;, and by a normal vector
to kerlly, . Let
e:=min{f(b,1) | (b,1) € K1}.
Then € > 0 and c
U :={(b]) €eint(K)NW | f(b,1) < 5}

is a nonempty open subset of B; x Vp, contained in K, containing (bg, ly) as f(bo,lo) = 0.
We then define

\1125, — 81XVT
(0,0) (b, (b1 A+ Abpy_1)")

where (by A - A by_1)* is defined by
(by A -
(by A - /\bmfl)*(gj):() forj=1,...m—1
(b1 A

Obviously, (131 A Ny 1) € Vr, as its coordinates at the Pukanszky jump indices are zero. Of
course, the coordinates of (bl A-- /\bm 1)* in the basis Z* FRERE . Z} coincide with the coordinates

of b1 AN bm,l in the basis Z;,41,..., Zn.
The function ¥ is a continuous map. Let’s also notice that Jm¥ N # 0. In fact, let [ € Vi be
such that the angle of Z;, with a normal vector to ke1rl|yj1 is very close to 7, but different from

it, so that 0 < f(bo,l) < §. Take now b to be an arbitrary basis of ker(l|y;, ). Then Z,, ¢< b >,
(b1 A by 1) = k:l\vjl for some constant k£ and f(bg, (l~)1 Ao A i)mfl)*) = f(bo,l) < 5. So
(bo, (by A=+ A bm,l)*) € UNJImVU. Hence O = U~ 1(U) is a nonempty open subset of &',
containing (bo, Bo) as f(bo, ((50)1 A A (Bo)m_l)*) =0.
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Let now (b,b) € ONE&f, i. e. such that Z, €< b >. Let (b,1) = ®(b,b,I) with I = (b1 A -+ A
bm—1)* € Vy and [ the correspondmg element of t] (see 2.13 for the definition of ®). In particular,
(b, l) (b b) eU and f(b I) < §. Hence (b,1) € K\ Ky, i. e. (b,]) € V and F(b,1,-,-,-) = 0.

constructions of (6.3). ThlS proves our claim.

6.5

Let’s again assume that Z, ¢< b>. Let [ € py(b,b)* (I being in the chosen orbit section) such
that I| ;. =0 and <[,Y >= 0. Then the representations of Py(b,b) and P1(b,b)/exp,(< b >)
induced from the character X(b,5,7) Act on the same L2-space and may be identified. Let’s write

ﬁ(béi) for both of them. We have, for ¢ =< I, Z, >, for RFE(b,b, o, expy(sX)(-)) considered as a
function on Py (b,b)/ < b >,

Ruan(REO D acexmy(6X)() = [ [ [ REGDacexmy () - expyyY)
expy(22))7 g,y (w - expy(yY) - expy(22p))divdydz
= ///RF(b,l;,a,epr(sX)'w-epr(yY)
'eXPb(ZZb))TNF(b@f)(’w)eficzdwdydz
- ;r//gF(b’g’a’eXpb(SX)'w'eXPb(?/Y)7C)ﬁ(b,é,i)(w)dwdy

1 = _
= 5 [ [ [n0hstawt emwr)- e -pizi).o
bbl( w)dwdydt

= ///f1 (b,b,s,t,,w™, c)e ’Cytfr(b’w)(w)dwdydt

Let now | € g*NV7 such that (b,1) € Dr gen and I ;o = 0. In particular, < [, X >=<1[,Y >=0,
by the choice of the orbit section, and ¢ =< l,Z, ># 0 as (b,l) € Drgen. Let Zbe the
corresponding linear form on v;(b,b) and T30y the associated representation of Ri(b,b). Let’s

also notice that m(,; may be considered as a representation of Gy and of Gy/exp,(< b>), as
< b > is included in the polarization of I and as | <j> = 0. This identification will be made in
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the following computations:
(”(b,l)(RF(bJ;,a, '))E)(S)(gl) = /ﬁ(b“)<RF(b,Z),a,epr(s—t)X-(-)t)>§(t)(gl)dt
= / / / / RF(b,b, v, expy(s — 1) X - (wexpyyY expyzZs)t)
by (W)eCE(t) (g1)drdydzdt
= / / / RF(b, b, a, expy(s — )X - (wexpyyY ), )
7 b,y (W)E(8) (1) duivrdydt

_ /// /flbbs t,u, @, (wexpyyY )t Y )du)

T l)( w)&(t) (g1)didydt

_ / / / / Filbybys — t,u, v, w! ™ expyyY expy(t — w)yZa, )

T(bb l)( w)&(t)(g1)dudwdydt

= ////flbbs tuaw“,)lc(t—u)y

7,5,y (W)E () (91) dudivdydt

_ //// /fobbs t,u, o, Wt bexpyr Zs e Wdr)

0 (w)&(t)(g1)dudwdydt

b”
= ///fgbbs t,t, a, wexpyrZy)e”

T (b,5]) (w)&(t)(g1)dwdtdr
= ///fo s —t,t, o, wexpyrZy)
7,5,y (wexpyr Zo)§ (1) (g1 ) dubdtdr

_ (L)Qi bbz(fo(bbs Lt a, ()€ (Gt

271' ]c|

_ / / F(b,b,1s —t.t, 0,91, 4))E()(d))dddt
Rl(bb/ (6,5,1)

= // i F(b,1,a,expysX - g1, expptX - g)
P1(b,0)/ Py

E(expytX - g1)dgdt

where P(b 5.0 = XDy ) P b5, Py,1) = expy, p(p,1) and where the respective polarizations P and
P, satisfy Pwih = P mod < Y,b >. We hence have constructed a function RF (b, b, a,g),

with § € Gy/expy(< b >) for fixed b, b with Z, €< b >, such that the operator (1) (RE (D, b,a,-))
has F'(b,l,,-,-) as a kernel for every [ such that l|<8> =0, if m(p) is considered as a represen-
tation of Gp/expy(< b >).
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6.6

Now we have to construct a function f(b,«, ) = fp(a)(:) on all of G} such that the operator
7 (fo(a)()) has F(b,l,, -, -) as a kernel for (b,1) € Dr gen, if m( ) is considered as a represen-
tation of Gfy. This will be done via the Radon transform. For this purpose, let’s first change the
parametrization, in order to meet the hypothesis of the theory of the Radon transform. Let’s
note £(b) for the sign of Zy- (b1 A+ -Abm_1) = det(Zy, by, . .., bym—_1), in the case where Z; ¢< b >.
Let’s then define _ _
wy = e(B) A N
[[b1 A v+ Abm—1]

i. e. wp is the normal unit vector to the hyperplane < b > pointing to the same halfspace than
Zy. Let’s put k(b,b) = Zy - wj (- being the scalar product). Then k(b, b) is a C* function in
b,b which is strictly positive if Z, ¢< b >. Bach element u of V;, admits then two different
decompositions

u=aib + -+ am1bm—1 + amZp = fib + -+ B1bm—1 + Bmwy,-

Then

B = - wp = am(Zy - wy) = amk(b, )

and . .
Zy = k(b,b)w; + a(b, )

for some a(b,b) €< b >, the coordinates of a(b, b) being C* functions of b, b.
Let’s now define a function

. 1 ~ . 1 ~ . 1
9o (@) (W3 (wy, 7)) == mRF(b, b, a, wexpy(rwy)) = mRF(b, b,a,wepr(erb)),

with w € G}, /Vj, (expressed in a fixed basis) and where the last equality is justified by the fact
that RF is defined mod exp;(< b >) and that a(b,b) €< b >. Moreover, let’s put

Jpi)(@() =0, if Z, e<b>,

The function g is defined mod < b >, C* in b,b by (6.4), Schwartz in wy,w,r (as it is C* in wy
and as wj is bounded). Moreover, as rw; = (—7)(—wj), we have

In order to apply the special result of the Radon transform (see 5.2), we still have to check that

1

Fg. o (a)(w; (wp,r))dr = [ rF—— o, Wwex 1 r=
[ st e = [ R ey ez =0, k€N

Let’s notice that this is equivalent to the fact that

3k

@RAFZI’(I), b, i, ¢)|eco = 0, Vk €N,

where RF % denotes the partial Fourier transform in the Z, direction. In order to check that
this is true, let’s recall that F(b, l, N ) =0ifl ¢ K(b), where K (b) is a compact subset of Vr

a certain neighborhood of 0. As in (6.3) this 1mphes that there exists a constant C(b, B) such
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that fi(b, B,-,~,-,-,c) = 0 and RF(b, 5,-,-,0) =0 if |¢] < C(b, 5) Finally, as RF(b, I;,-,-,C) =
QWEFZb(b, b, ¢), this proves that

ok s
@RF (b, b, a, W, ¢)|e=0 =0, Vke&N.
By the results on the Radon transform (5.2), there exists a unique f € S(G, B, R") such that
f(b, a, wexpy(rwy)expyv)dv = / f(b, a, wexpyu)du
<b> rwp+<b>

= Yo (@) (w; (wg, 7))

1 - 1
= — RF(b, b, a, we —17
U Dol

Finally, if ker(l\yjl) =< b > and Z, ¢< b >, in particular if (b,1) € Dr gen,
mon) (£0,0.9))€(9)

_ / | fas g (90)€(9)dudgy s T (v) = 1
G/<b> J<b>

— / / £ (b, v gexpy (res o) s (gexpy (rs) )€ (g) dudrdgs
G/vy, <b>

_ /G . / [ SO o) (oo rh)
epr(—k(bll;)a(b, b))&(g)dvdrdgs
_ /G . / /mb+<b> (b, @, goexpyu)dul
(o) (026 pb<k(b e rd as w<bl><epr<—k(;5)a<b,é>>=1
-/ . ] 001y(@) 2, () e T P
= /G - /R mRF(b,B,a, ngpr(l@er))nw)(gQ)
7 (b,1) (€xPy( 0 b)TZb))S(g)drdQQ

= T(b,1) (RF(b7 57 «, )g(g)
- / F(b,1,,g,)(g)dd/
G/Puy

This proves that f(b,a,-) is the function we were looking for. The uniqueness of the function
[ comes from the fact that if (b,1) runs through Dr gep, then, for fixed b, I runs through a
dense open set of g; N Vy. So, if we assume that there are two different functions f; and fo
such that 7, (fj)(a) has F(b,l,a,-,-) as a kernel for j = 1,2, for all (b,1) € Dy gepn and all a,
70y (f1(by @, 0)) = T (f2(b, o, -)) on a dense subset of gj, and this implies that fi(b,c,-) =
fa(b, o, ) (everywhere by continuity). Let’s finally notice that all the constructed functions are
C* in all the variables, because, in particular, this property is respected by the construction of
the inversion of the Radon transform. In fact, f € S(G, B1,R").
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Let’s now prove that 7@, ;)(f) = 0 for every b € By and every | € g \ (g;)gen. Let by € By
be fixed and ly € g, \ (gZO)gen. Let’s take a sequence (l,)nen+ which converges to ly in 9,
and I, € (gj )gen for all n. Let {I,} = Q, N Vr be the intersection of the orbit with the
section (gj )gen N Vr. Let K(bg) be the compact subset of Vr, given by 3.3 (iii), such that
F(bg,l,-,-,-) = 0if | ¢ K(by). We shall show that there exists Ny such that n > Ny implies
that I, ¢ K(bp). This will have as a consequence that F(bo, [, ,",") = 0, 7,0 (f) = 0 and
T(bol,) (f) = 0 by conjugation. But we may identify the topological spaces g; /Ad*Gy, and
Prim, L' (Gy,) (with the hull-kernel topology), as the group is *-regular (see [Bo-L-Sch-V]). So,
as (In)n converges to lo, Np>noKerm(y, ;) C Kermp, j0). Hence m(y, 10)(f) = 0 and it remains to
prove that I/, & K (bg) for all n > Ny, for some Ny. To do that, we have to distinguish two cases:
If lo € (95,) Puk \ (8, )gen, then (1), converges to Iy in (gj ) pur N V. So, if infinitely many I;,’s
belong to the compact K (by), lj, € K(by) C (84, )gen, as K (bo) is closed in (g ) pukr NV (Which is
Hausdorff). So, as (gj, )gen is Gp,-invariant (see [Lu-Mu]), lo € (g, )gen, Which is a contradiction.
Let’s now assume that [y € QZO\(QZO) puk- Let’s recall that there exists a Gy, -invariant polynomial
P such that

(see [C-G]). By continuity of P and because K (by) is compact in the Hausdorff space Vr,

d= min |P(l)] > 0.
I€K (bo)
Let’s again assume that infinitely many I/, belong to K (by) and hence satisfy |P(l},)| > . These
I, converge to [}, in Vp and hence, by continuity of P,

[P(lp)| = |P(lo)| = 6 > 0.

This proves that Iy € (g;jo) Puk, contrary to our assumption.

So we have shown that m, 1,)(f) =0, if lo € gj, \ (95, ) gen-

Finally, by construction, the map F' — f is one-to-one and continuous with respect to the given
topologies.

7 Applications

7.1

The result on the inverse Fourier transform makes it possible to construct functions f whose
associated operators m;(f) have certain prescribed properties almost everywhere. This is useful
in some analysis problems.

7.2 Rank one operators

Let Zi1,...,Z, be a fixed Jordan-Holder basis of g. Let p; be the Vergne polarization with
respect to that basis and let X1, ... Xy be the coexponential basis to p; as in (2.11). Let’s recall
that we may take Xi,..., X, fixed for all | € gj.,,. Thus we identify G/FP, with R thanks to
this fixed basis.

Let £(,z),n(l,z) € S(@T gep, ¥ RY) = S(97 gen» G/ 1, xa) such that (1,-) = 0 if [ is outside a
compact subset of g7, .. Let’s write §(-) := &(l,-) and ni(-) := n(l,-). Then there exists a
unique f € S(G) such that m(f) has § ® 7 as an operator kernel, for every I € g7 ... This
means that 7;(f) is a rank one operator or 0 for all [ € g*, as m;(f)§ =< &, m > & ifl € 97 gen VT
and m(f) = 0if 1 € g* \ gyep-
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7.3 The Heisenberg group

The case of the Heisenberg group H, = exp b, with b, =< X1,..., X, Y1,...,Y,, Z > is treated
in ([Lu-M1]). For A # 0, let’s put I\(x,y, 2) = Az, xa(2,¥, 2) = e* and 7\ = ind%x)\, where
P\ =exppy =exp < Yi,...,Y,,Z >. These linear forms [, form an orbit section of (h})gen. If
A < 0, the function ay(s) = e2 Ti=1% in 9, = L2(H, /Py, X)) satisfies

dﬂ',\(Xk—iYk)a,\:O, kzl,...,n.

Let now 7 € S(R x R"™) such that suppy(\,s) C [-K, —¢] x R™ for arbitrary fixed 0 < ¢ < K
and let’s consider F(\, s,t) := ax(s)y(A,t) for s,t € R™. The function F satisfies the hypotheses
of theorem (4.2). So there exists f € S(H,,) such that 7)(f*) has F(A,-,-) as a kernel, i. e. such
that m\(f*) = Pa, 4, (Where y(-) =7(A,-)). Hence

dmy(Xp — iYe)ma(f*) = 0 k=1,....n;A#0
(f* (Xk+iYy) = 0 k=1,....,m;A#0

and hence
f*(Xp+iYy) =0 k=1,...,n.

In ([Lu-M1]), this retract f has been computed explicitly.

7.4

In ([Lu-M2]) the work on the Heisenberg group is generalized to arbitrary connected, simply
connected, nilpotent Lie groups. If

d = max{dim(g/p) | 3l € g" s. t. p =p(() is a polarization for [ in g},

one constructs families of elements of the enveloping algebra Vi.,..., Vg, € #(g) and maps
(1, z) € S(Vr x R?) where Vi is the usual orbit section, such that &.(1,-) = & (-) = 0 outside
an open subset A: of gj., N Vr and such that

dm (Vk,a)ga,l =0.

One then concludes as for the Heisenberg group by applying the inverse Fourier theorem: Given
any ne,(s) = n:(l,s) € S(Vr x R?) such that 7.(l,-) = 0 outside a compact subset of A, there
exists 0 # f € S(G) such that m(f) has §.; ® 7., as a kernel and hence that

dm(Vk7a)7Tl(f) = 0 kZl,...,d;VlEVTﬂg;en
m(f** Vi) = 0 k=1,....,d;Vl € Vr N g,

So
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7.5

Let d be as in (2.3). Let B be any operator on R? defined by a Schwartz kernel G(z,y), i. e. for
any ¢ € L?(RY), B¢(x = Jra G( (y)dy. Let now C be any compact subset of g, gen a0d N
an open nelghborhood of C w1th compact closure contained in g7 .. Choose ¢ € S (Vr) such
that suppg C N and ¢ = 1 on C. Let’s define F' € No(G, 97 .,,) by7 F(l,z,y) == ¢(1)G(x,y). By
(4.2) there exists f € S(G) such that m(f) = B for all [ € C and m(f) =0ifl € g7 ., \ N or
leg\ Ggen» Provided the polarizations and coexponential bases are chosen as previously. This
may be considered as a generalized Domar’s property (see [D]).

7.6

The result of (7.5) may for instance be used to construct functions f, g € S(G) such that fxg = f.
In fact, take any &,1 € S(RY) and ¢ € C> (g gen) Such that ¢(l ) = 0 outside a compact subset of

G gen: Let's define F(l,,9) i= ¢(DE()n(y) and G(L,2.y) i= o On(@)nly). Let f.9 € (@)
be the functions given by (4.2) such that m;(f) and m;(g) have F(l,-,-) and G(I,-,-) as operator
kernels respectively, for every [ € a7, gen As

/]Rd F(x,y)G(y,z)dy: F(.%‘,Z),

we have
ﬂ—l(f * g) = 7Tl(.]l.)wl(g) = ﬂl(f)? Vi e g;“,gen'
This implies that fxg = f.

7.7 Minimal ideals:

As in ([Lu2]), the construction of (7.6) allows us to prove the existence of minimal ideals of
a given hull, provided this hull contains Gsmg =G \ Ggen, where Gsmg and Ggen are defined
in the following way: Let g3;,, := 6% \ 8jc,,- Let K : g" — G be defined by K(I) := [m] (the
equivalence class of 7;) and Giing == K (8%ing)» Goen = K (@en)- Again, it is sufficient to work
in the orbit section. We have the following result:

Theorem 7.8. Let C' be a closed subset ofé such that ésing C C. Let m(C) be the set of all
Schwartz functions f € S(G) such that for all | € Gpen = Bgen N V1, the operator m(f) has
an operator kernel of the form ®(1)§ ® ), where ® € C°(g;.,, ) with @‘K—I(C)mgzen - =0 and
0#&n € S(RY (d = dim(g/p;)). Let j(C) be the closed ideal of LY(G) generated by m(C).
Then j(C) is the minimal closed ideal of L'(G) whose hull, in G, is C, i. e. such that

h(j(C) = {[m] € G | m(j(C)) =0} = C.

Proof. By (4.2), m(C) # 0. Let now [m] € C and f € m(C). Ifl € g}, 1 N K~1(C), then m(f)
has an operator kernel of the form ®(1)§ ® 77 and m;(f) = 0, as ®(I) = 0. By conjugation, this
remains true for every I € g%, NK~1(C). If | € Bring NK~Y(C), then m(f) = 0, by (4.2). Hence
C C h(i(C)).

Conversely, let Iy € g* \ K~(C). Then Iy € Oens Dy assumption on C. We may even assume
that Iy € g;en’T (by replacing, if necessary, lp by the element of €, in the orbit section).

So we may choose ® € C°(gy., N Vr) such that ®(lp) # 0 and (I)‘K—l(c)mg;en’r = 0, and

0 # ¢,m € S(R?) arbitrary. We construct f such that m;(f) has ®(1)¢ ® 77 as an operator kernel.
Then f € m(C) C j(C), but m,(f) # 0, as ®(lp) # 0. So lp € h(j(C)) and h(j(C)) = C.

Let now f € m(C) be arbitrary. Let ®,&,n be such that m;(f) has ®(1)§ ® 77 as an operator
kernel for all I € g}, N Vr. Let ¥ € C(gl.,, N Vr) such that ¥ =0 on K~1(C) N Gyen, and
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U =1 on supp®. Let’s put G(I,z,y) := 2z ¥(1)&(z)E(y) and let g € S(G) such that m;(g) has

€113

13
G(l,-,-) as an operator kernel for all [ € g;.,, N V. By construction,

Gl,z,y)F(l,y,z)dy = F(l,z,z), Vle€ gzen N Vr,
G/P,

m(g) om(f) = m(f) VIE gge,, NV,

and hence g x f = f. Moreover C' = h(j(C)) = h(m(C)) C h({g}). So, by a result of Ludwig
([Lu], Lemma 2), 5(C) C J for any closed two-sided ideal J of L!(G) such that h(J) C C. Hence
j(C) is minimal. O

In particular, if C = Gsmg, then the minimal closed ideal whose hull in G is G sing, 18 generated
by the functions f obtained in the following way: There exists ® € C2°(gj,,, N Vr) (in particular

® vy = 0), 0 # &, € S(RY) such that m(f) has ®(1)¢ ® 77 as an operator kernel.

Fsing
This result appears already in ([Lu2]), although there the Fourier inversion theorem has not
yet been proven explicitly. In that sense, our result fills the gap in ([Lu2]). Another method,
using functional calculus, gives the same result on the existence of minimal ideals of a given
hull without the restriction ésing C C. But the retract method of this paper yields a better
characterization of these minimal ideals.

7.9 Final remarks:

The results of (7.2, 7.6, 7.8) have already been obtained through the use of functional calculus
(see for instance [Lu]). But the method of the Fourier inversion theorem seems more natural and
elegant. Unfortunately it has one big disadvantage. The Fourier inversion theorem as presented
in this paper is restricted to kernel functions whose support in [ is contained in the set of generic
elements gj.,, (a Zariski open dense subset of g*). It is still an open question how to extend the
Fourier inversion theorem to all of g*, as for singular elements of g*, the orbit dimension is very
often not maximal. For the results of (7.3) and (7.4), the Fourier inversion theorem is absolutely
necessary. Moreover, the Fourier inversion theorem as presented in this paper is necessary in
all the situation where one wants to make sure that the function obtained by the Plancherel
formula is a Schwartz function (see introduction).
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