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Abstract

We generalize some aspects of the classical Fourier inversion theorem to the class of con-
nected, simply connected, nilpotent Lie groups. In this setting, the generalized Fourier
transform is the operator valued map f 7→ (πl(f))l∈g∗/Ad∗G. These operators are character-
ized by operator kernels. We construct a retract to the generalized Fourier transform which
maps into the Schwartz space S(G), by limiting ourselves to a suitable set of families of
operator kernels. This is done via variable Lie structures. 1

Introduction

This paper participates at the big effort which consists in trying to adapt and generalize results
from harmonic analysis on Rn to general locally compact groups. Among the groups for which
we can hope for the best results are the connected, simply connected, nilpotent Lie groups. One
of the most famous and useful results from harmonic analysis on Rn is the Fourier inversion
theorem. So it is quite natural to look for its counterpart for nilpotent Lie groups. This problem
may be formulated in the following way:
Let G = exp g be a connected, simply connected, nilpotent Lie group. Let’s consider the map
that associates to each f ∈ L1(G) the operator field

(
πl(f)

)
l∈g∗/Ad∗G

of the images of f under

the unitary irreducible representations. This map may be considered as a generalization of the
Fourier transform to the non abelian case. It has been studied and used by a certain number of
authors, among others by Lipsman and Rosenberg ([Li-Ro]). The question of a Fourier inversion
theorem means in this context, whether it is possible, under suitable hypotheses, to reconstruct
the function f from its ”Fourier transform”

(
πl(f)

)
l∈g∗/Ad∗G

. Some partial results are known.
If f ∈ S(G), then the Plancherel formula gives

f(x) =
∫

Ĝ
tr

(
π(x)−1 ◦ π(f)

)
dµ(π),

where dµ(π) is the Plancherel measure on Ĝ. But what if we just have the operator field(
πl(f)

)
l∈g∗/Ad∗G

without knowing that f ∈ S(G)? Or, more generally, if we just have an
arbitrary operator field

(
A(π)

)
π∈Ĝ

? What assumptions are needed for this operator field to
represent the Fourier transform of an L1-function, of a Schwartz function?
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A first, abstract result is the following: Let
(
A(π)

)
π∈Ĝ

be an operator field such that

A(π) is a bounded operator on Hπ, ∀π ∈ Ĝ
π 7→ tr|A(π)| is measurable∫

Ĝ
tr|A(π)|dµ(π) < +∞

‖A(π)‖op ≤ C, ∀π ∈ Ĝ

for some constant C > 0, where |A(π)| =
√
A(π)∗A(π). Then∫

Ĝ
‖A(π)‖2

HSdµ(π) ≤ C

∫
Ĝ

tr|A(π)|dµ(π) < +∞

and, by the Plancherel theorem, there exists a unique f ∈ L2(G) such that π(f) = A(π) for
almost all π (π(f) being taken in the L2 sense). Moreover,

f(x) =
∫

Ĝ
tr

(
π(x)−1 ◦ π(f)

)
dµ(π) =

∫
Ĝ

tr
(
π(x)−1 ◦A(π)

)
dµ(π)

for almost all x ∈ G. In fact, given the hypotheses on
(
A(π)

)
π∈Ĝ

, the function

g(x) :=
∫

Ĝ
tr

(
π(x)−1 ◦A(π)

)
dµ(π)

exists for all x ∈ G and is continuous. Moreover, for any arbitrary h ∈ Cc(G), < g, h >=< f, h >,
as can be checked easily. Hence g = f almost everywhere. In particular, we may assume that f
is continuous and f = g everywhere.
Let now f ∈ L1(G) such that ∫

Ĝ
tr|π(f)|dµ(π) < +∞.

As ‖π(f)‖op ≤ ‖f‖1 for all π, the operator field
(
π(f)

)
π∈Ĝ

satisfies the previous hypotheses. By
the preceding arguments, the continuous function g given by g(x) :=

∫
Ĝ tr

(
π(x)−1 ◦ π(f)

)
dµ(π)

belongs to L2(G) and is such that π(f) = π(g) for almost all π ∈ Ĝ. Hence, for every h ∈ Cc(G),
f ∗h∗ = g ∗h∗ and < f, h >=< g, h > by continuity of f ∗h∗ and g ∗h∗. This proves that f = g
almost everywhere and that f ∈ L1(G)∩L2(G). Examples for functions f ∈ L1(G) for which the
previous result holds are for instance functions of the form f = f∗1 ∗f1 with f1 ∈ L1(G)∩L2(G),
or, by the polarization identity, f = f1 ∗ f2 with f1, f2 ∈ L1(G) ∩ L2(G).
But a lot of open questions remain, such as: Find a characterization of the image of the L1-
Fourier transform f 7→

(
π(f)

)
π∈Ĝ

. Which operator fields in the image come from Schwartz
functions? The latter question is particularly important, as Schwartz functions play a major
role in analysis.
In this paper we shall give partial answers to this last question. In order to do this, let’s recall
that for f ∈ S(G), the operator πl(f) is completely characterized by its operator kernel

F (l, x, y) =
∫

Pl

f(xuy−1)e−i<l,log u>du,

where Pl = exp pl for a polarization pl of l, πl = indG
Pl
χl and χl(u) = e−i<l,log u>. So the question

of the image of the Fourier transform may be formulated like this: Given such a function F (l, x, y)
satisfying certain hypotheses, does there exist f ∈ L1(G) such that πl(f) admits F (l, ·, ·) as a
kernel for almost all l? When is this function f a Schwartz function?
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For one fixed l0 ∈ g∗, we have the result of Howe ([How]): Let p0 = p(l0) be a polarization for
l0, let P0 = exp p0, let χl0 be the character of P0 defined by χl0(h) = e−i<l0,log h> for all h ∈ P0.
Let F ∈ S((G/P0)2, χl0), i. e. let’s assume that F is a Schwartz function on G/P0×G/P0 which
satisfies the covariance condition

F (xh, yh′) = χl0(h)χl0(h
′)F (x, y), ∀x, y ∈ G,∀h, h′ ∈ P0.

Then there exists f ∈ S(G), the Schwartz space of G, such that πl0(f) has F as an operator
kernel. This result has been generalized to exponential solvable Lie groups by Ludwig ([Lu1])
and Andele ([A]). But these results deal only with one fixed chosen l0 ∈ g∗ and can therefore not
be qualified as a Fourier inversion theorem, contrary to our main result, which is the following:

Theorem (4.2): Let G = exp g be a connected, simply connected, nilpotent Lie group with a
fixed Jordan-Hölder basis. For every l ∈ g∗, let pl be the corresponding Vergne polarization and
let Pl = exp pl. Then there exists a Zariski open subset g∗gen of g∗ (set of generic elements of
g∗), such that for every C∞ function F : g∗gen×G×G→ C which, for fixed l ∈ g∗gen, is Schwartz
on G/Pl×G/Pl, with compact support in l (if we restrict to an orbit section) and which satisfies
the covariance relation

F (l, xh, yh′) = χl(h)χl(h′)F (l, x, y),

there exists a unique Schwartz function f ∈ S(G) such that πl(f) has F (l, ·, ·) as an operator
kernel, for every l ∈ g∗gen. The map F 7→ f is continuous with respect to the appropriate function
space topologies.

This Fourier inversion theorem is then used to construct functions f ∈ S(G) whose generalized
Fourier transform

(
πl(f)

)
l∈g∗/Ad∗G

has certain required properties, as, for instance, a generalized
Domar property ([D]). It is also useful to construct Schwartz functions which satisfy certain
conditions as, for instance, f ∗g = f for some f, g ∈ S(G), or, in the case of the Heisenberg group
Hn, f ∗ (Xk + iYk) = 0, if X1, . . . , Xn, Y1, . . . , Yn, Z denote the generators of the corresponding
Lie algebra ([Lu-M1]). Finally, it may be used in the construction of minimal ideals of a given
hull. Let’s insist on the fact that in these applications it is necessary to know that the function
f is Schwartz. So an abstract result as the one presented in the beginning of the introduction
is not sufficient.
The proof of the inverse Fourier transform is a proof by induction. In each induction step, new
parameters appear and they are handled by the use of variable Lie structures. Such variable
structures were already used in ([Le-Lu]) and ([Lu-Mu]). But for the purpose of the proof of
the Fourier inversion theorem, a certain number of refinements of this theory are necessary. The
corresponding results are developed in this paper.

1 Generalities and notations

1.1

Let G = exp g be a connected, simply connected, nilpotent Lie group. We denote by S(G) the
Schwartz algebra of G (see [Lu-M]).
For any linear form l ∈ g∗ on g, we write g(l) for the stabilizer of l in g defined by

g(l) = {U ∈ g | < l, [U, g] >≡ 0},

and p = pl for an arbitrary polarization of l in g, i. e. pl is a subalgebra of g such that
< l, [pl, pl] >≡ 0 and such that dim pl = 1

2(dim g + dim g(l)) (which means that dim pl is
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maximal among the dimensions of all the subalgebras p satisfying < l, [p, p] >≡ 0). We write
P = Pl = exp pl for the corresponding subgroup and let χl be the character defined on Pl by

χl(u) = e−i<l,log u>, ∀u ∈ Pl.

Let πl denote the induced representation πl = indG
Pl
χl. Then two different polarizations p1 and

p2 of l define unitary equivalent representations indG
P1
χl and indG

P2
χl, a fact which justifies the

notation πl (see [C-G] for more details).
In this paper we shall use the following notation: IfX1, . . . , Xr are any vectors of g, < X1, . . . , Xr >
will denote the subspace generated by X1, . . . , Xr. Let’s now assume that g is equipped with
a fixed Jordan-Hölder basis Z1, . . . , Zn, i. e. such that [Zi, Zj ] ⊂< Zr+1, . . . , Zn > where
r = max(i, j), for all i, j ∈ {1, . . . , n}. Let’s denote gk =< Zk, . . . , Zn > and lk = l|gk

for all
l ∈ g∗. For any l ∈ g∗, the Vergne polarization pl of l with respect to the given basis is defined
by

pl :=
n∑

k=1

gk(lk)

where
gk(lk) := {U ∈ gk | < l, [U,Zj ] >= 0, for j = k, . . . , n}.

If not otherwise stated, the polarizations used in this text will always be Vergne polarizations.
Let’s also recall that G acts on g and g∗ by Ad, respectively Ad∗. Let Ωl = (Ad∗G)(l) = G · l be
the orbit of l under the action of G on g∗. One knows that πl1 and πl2 are unitary equivalent
if and only if the corresponding orbits Ωl1 and Ωl2 coincide. Let g∗/Ad∗G = g∗/G denote the
orbit space with the quotient topology and let Ĝ denote the set of equivalence classes of unitary
topologically irreducible representations of G. If Ĝ is endowed with an appropriate topology
(Fell topology), then g∗/Ad∗G and Ĝ are homeomorphic under the map Ωl 7→ [πl] where [πl]
denotes the equivalence class of πl (see [B-al], [C-G]).

1.2

If πl is a unitary irreducible representation of G, we may define the corresponding representation
of L1(G), also denoted by πl, by the formula

πl(f)ξ :=
∫

G
f(x)(πl(x)ξ)dx

for all ξ ∈ Hπl
(the representation space of πl). If f ∈ S(G), then πl(f) is given by

(πl(f)ξ)(g) =
∫

G/Pl

fπl
(g, u)ξ(u)du,

where the operator kernel fπl
is obtained by the formula

F (l, g, u) := fπl
(g, u) =

∫
Pl

f(ghu−1)χl(h)dh, ∀g, u ∈ G.

The function fπl
is C∞, satisfies the covariance relation

fπl
(gh, g′h′) = χl(h)χl(h′)fπl

(g, g′), ∀h, h′ ∈ Pl,∀g, g′ ∈ G,

and is a Schwartz function on G/Pl×G/Pl (i. e. is a Schwartz function in the coordinates if we
work with a fixed basis of g/pl). If f is given, let’s write F (l, g, g′) for fπl

(g, g′).
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1.3

The map f 7→ (πl(f))l∈g∗/Ad∗G, or equivalently f 7→ F , where F (l, ·, ·) = fπl
(·, ·) is the operator

kernel of πl(f), may be considered as a generalized Fourier transform, because, in the abelian
case, it coincides with the usual Fourier transform. This then raises the question of a Fourier
inversion theorem as in the abelian case.

1.4

Let’s now assume that g = RX ⊕ g1, where g1 is an ideal of codimension one in g. Let’s
write l̃ = l|g1 . Let’s assume that g(l) ⊂ g1. In that case, any polarization p for l̃ in g1 is
also a polarization for l in g. Let’s write P = exp p, πl := indG

Pχl and πl̃ := indG1
P χl̃ for the

corresponding induced representations of G and G1 = exp g1 respectively. Then πl is equivalent
to indG

G1
πl̃, which may be expressed as follows: Let’s write ξ(t, g1) = ξ(t)(g1) := ξ(exp(tX)g1)

for ξ ∈ Hπl
(the Hilbert space on which πl acts). Then, for almost all t, ξ(t, ·) = ξ(t)(·) ∈ Hπl̃

(the Hilbert space on which πl̃ acts). The map ξ ∈ Hπl
7→ ξ(·)(·) ∈ L2(R,Hπl̃

) (endowed with
the correct covariance relation) realizes the unitary equivalence between πl and indG

G1
πl̃. For

f ∈ S(G), let’s also define f(s)(·) = f(s, ·) ∈ S(G1) by f(s)(g1) = f(s, g1) := f(exp(sX)g1). We
have(

πl(f)ξ
)
(s)(u) =

∫
G
f(g)

(
πl(g)ξ

)
(s)(u)dg

=
∫

G
f(exp(sX)g−1)ξ(gu)dg

=
∫

R

[ ∫
G1

f(exp((s− t)X)[exp(tX)g1 exp(−tX)]−1)ξ(exp(tX)g1u)dg1
]
dt

=
∫

R

[ ∫
G1

f(s− t, exp(tX)g1 exp(−tX))ξ(t)(g−1
1 u)dg1

]
dt

=
∫

R

[ ∫
G1

t
(
f(s− t)

)
(g1)ξ(t)(g−1

1 u)dg1
]
dt

=
∫

R
πl̃

(
t
(
f(s− t)

))
ξ(t)(u)dt

for all u ∈ G1, where tϕ(v) is defined by tϕ(v) = ϕ(exp(tX)v exp(−tX)). So(
πl(f)ξ

)
(s) =

∫
R
πl̃

(
t
(
f(s− t)

))
ξ(t)dt,

i. e. πl(f) may be regarded as the operator defined by the operator kernel πl̃

(
t
(
f(s − t)

))
acting on L2(R,Hπl̃

) (endowed with the appropriate covariance relation), as the map t 7→ ξ(t)
is in L2(R,Hπl̃

).
In particular, we have the following relation for the Hilbert-Schmidt norms:

‖πl(f)‖2
HS =

∫
R2

‖πl̃

(
tf(s− t)

)
‖2

HSdsdt
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1.5

We shall also need the following result: Let w be a closed subspace of the center z(g) of g and
let W = expw. Let λ ∈ w∗. Then χλ given by χλ(w) = e−i<λ,log w> for all w ∈ W , defines a
unitary character of W . Let L1(G)λ denote the set of all measurable functions f on G such that

f(xw) = χλ(w)f(x) = ei<λ,log w>f(x), ∀x ∈ G,∀w ∈W

and such that |f | ∈ L1(G/W ). The map

L1(G) → L1(G)λ

f 7→ fλ

defined by

fλ(x) =
∫

W
f(xw)χλ(w)dw =

∫
W
f(xw)e−i<λ,log w>dw

is a surjection.
Let ̂(

L1(G)λ

)
be the set of topologically irreducible ∗-representations of L1(G)λ and

Ĝλ = {πl ∈ Ĝ | l|w ≡ λ}.

Then Ĝλ ≡
(
L1(G)λ

)̂
, the identification map being given by

Ĝλ →
(
L1(G)λ

)̂
πl 7→ π̃l

defined by

π̃l(f) =
∫

G/W
f(g)πl(g)dġ.

This map is well defined and realizes a bijection between Ĝλ and
(
L1(G)λ

)̂
. In particular, if

f ∈ L1(G)λ such that π̃l(f) = 0 for all πl ∈ Ĝλ, then f = 0 almost everywhere (see [C-G]).

2 Variable Lie structures

2.1

In our proofs by induction new parameters and new variations will appear in the formulation
of the problems. This will be handled most easily by the concept of variable Lie structures.
Such structures were already considered by Ludwig and Müller ([Lu-Mu]), Leptin and Ludwig
([Le-Lu]) among others and we shall heavily rely on their constructions and results. Some of
the constructions we use appear already in the work of Ludwig and Zahir ([Lu-Z]). They will be
recalled and further developed in the next paragraphs. We will among others give a new, useful
characterization of the different indices that appear in the construction. The coexponential
bases to the Vergne polarization will then be constructed by an easy algorithm.
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2.2 Definition

a) Let g be a real vector space of finite dimension n and B an arbitrary set. If B is non empty,
we say that (g,B) is a variable Lie algebra if:

(i) For every b ∈ B, there exists a Lie bracket [·, ·]b defined on g such that (g, [·, ·]b) is a nilpotent
Lie algebra.

(ii) There exists a fixed basis {Z1, . . . , Zn} of g such that the structure constants ak
ij(b) defined

by

[Zi, Zj ]b =
n∑

k=1

ak
ij(b)Zk

satisfy the following property:
For all b ∈ B, for k ≤ max(i, j), ak

ij(b) = 0. This means that {Z1, . . . , Zn} is a Jordan-Hölder
basis for every (g, [·, ·]b).

We shall write gb for the Lie algebra (g, [·, ·]b).

If B = ∅, we assume that g is endowed with a fixed Lie bracket [·, ·] such that (g, [·, ·]) is a
nilpotent Lie algebra. In this case the structure constants ak

ij are really constants.

b) If B is a non empty open subset of a real finite dimensional vector space, we say that (g,B)
is a polynomially variable Lie algebra provided the structure constants ak

ij(b) are restrictions of
polynomial functions in b to B. Similarly, we say that (g,B) is a rationally variable Lie algebra
provided the structure constants ak

ij(b) are restrictions of rational functions in b to B. In that
case there exists a Zariski open dense subset B1 of B such that the ak

ij ’s have no singularities
in B1, i. e. (g,B1) is a rationally variable Lie algebra without singularities. For the rest of this
paper we will assume that all the rationally variable Lie algebras are without singularities.

c) In ([Lu-Mu]) the authors assume that B is an algebraic subset of a real finite dimensional
vector space. But for our purposes, we need B to be open.

d) We then define the associated variable Lie group (G,B) to be the family of connected, simply
connected, nilpotent Lie groups (G, ·b), where G = g as a set and where ·b is the group product
on g constructed by the Campbell-Baker-Hausdorff formula for [·, ·]b. We shall write Gb for
the Lie group (G, ·b). With these choices the exponential map expb : gb → Gb is of course the
identity mapping.

2.3

In this section we shall essentially recall the constructions of Ludwig and Müller ([Lu-Mu]).
First we construct several families of indices.

For every (b, l) ∈ B × g∗, let a(b, l) be the largest ideal of gb contained in the stabilizer gb(l) of l
in gb. If a(b, l) = gb, the corresponding set of indices will be empty. In that case, gb(l) = gb and
l defines a character on all of Gb. The linear form l will not be generic (see 2.8 for the definition
of generic), except if gb and Gb are abelian. Otherwise we define indices j1(b, l) and k1(b, l) by

j1(b, l) := max{j ∈ {1, . . . , n} | Zj 6∈ a(b, l)}
k1(b, l) := max{k ∈ {1, . . . , n} | < l, [Zj1(b,l), Zk]b >6= 0}.

By construction, k1(b, l) < j1(b, l). Indices j2(b, l), . . . , jd(b, l) and k2(b, l), . . . , kd(b, l) will be
constructed later in a similar way.
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Let’s also define indices which are independent of l: For all b ∈ B, we put

j1(b) := max{j | Zj 6∈ center(gb)}
k1(b) := max{k | [Zj1(b), Zk]b 6= 0}

and

j1 := max{j1(b) | b ∈ B}
k1 := max{k1(b) | b ∈ B and j1(b) = j1}.

Again, k1(b) < j1(b) and k1 < j1. Indices j2(b), . . . , jd(b); k2(b), . . . , kd(b); j2, . . . , jd; k2, . . . , kd

will be constructed in a similar way.
Let’s make a first restriction for the (b, l)’s. We put D0 := B × g∗ and

D1 := {(b, l) ∈ D0 | j1(b, l) = j1 and k1(b, l) = k1}.

If B is an open subset of a real finite dimensional vector space, D1 is a (dense) Zariski open
subset of D0 as

D1 = {(b, l) ∈ D0 | < l, [Zj1 , Zk1 ]b >6= 0}.

Let’s put I0 := {1, . . . , n} and I1 := I0 \ {k1}. For (b, l) ∈ D1, we define

p1(b, l) := {X ∈ g | < l, [Zj1(b,l), X]b >= 0} = {X ∈ g | < l, [Zj1 , X]b >= 0}

and

Z1
i (b, l) := Zi −

< l, [Zj1(b,l), Zi]b >
< l, [Zj1(b,l), Zk1(b,l)]b >

Zk1(b,l) = Zi −
< l, [Zj1 , Zi]b >
< l, [Zj1 , Zk1 ]b >

Zk1 , ∀i ∈ I1

(as (b, l) ∈ D1). It is easy to see that p1(b, l) is an ideal of codimension 1 in gb and that
{Z1

i (b, l) | i ∈ I1} is a Jordan-Hölder basis for p1(b, l) (see [Lu-Z]). Moreover, Z1
i (b, l) = Zi if

i > k1.

Step by step we construct the indices ji(b, l), ki(b, l), ji(b), ki(b), ji, ki in the following way:

We use the algebra p1(b, l), the basis Z1
i (b, l), l|p1(b,l) to construct the indices j2(b, l), k2(b, l), the

algebra p2(b, l) (which is an ideal of codimension one in p1(b, l)), the basis Z2
i (b, l) of p2(b, l) and

continue in that manner until the process stops after a finite number of steps.

Recursively we also define Di, ji(b), ki(b), ji, ki, Ii by

ji(b) := max{j ∈ Ii−1 | Zi−1
j (b, l) 6∈ center(pi−1(b, l)),∀l s. t. (b, l) ∈ Di−1}

ki(b) := max{k ∈ Ii−1 | [Zi−1
ji

(b, l), Zi−1
k (b, l)]b 6= 0,∀l s. t. (b, l) ∈ Di−1}

ji := max{ji(b) | b ∈ B}
ki := max{ki(b) | b ∈ B and ji(b) := ji}
Di := {(b, l) ∈ Di−1 | ji(b, l) = ji and ki(b, l) = ki}
Ii := Ii−1 \ {ki}

This process stops after a finite number d of steps. Then it is known by ([Lu-Z]) that for any
(b, l) ∈ Dd, pd(b, l) is the Vergne polarization of l in gb with respect to the basis {Z1, . . . , Zn}.
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2.4 Pukanszky jump indices

Let’s note by S(b, l) the set of Pukanszky jump indices for l in gb. We have

j ∈ S(b, l) ⇔ gb(l)+ < Zj+1, . . . , Zn >$ gb(l)+ < Zj , . . . , Zn > .

The number of Pukanszky jump indices for l in gb is equal to the dimension of the coadjoint
orbit of l in g∗b . The elements of g∗b in general position in the sense of Pukanszky all have the
same set of Pukansky jump indices noted by Sb. See ([C-G], [Pu], [Pe], [Pe1]) for more details
on the parametrization of co-adjoint orbits. The relation with the newly defined indices is given
by the following proposition:

Proposition 2.5. For every b ∈ B and l ∈ g∗b , the set of Pukanszky jump indices equals the set
of indices ji(b, l), ki(b, l), i. e.

S(b, l) = {ji(b, l), ki(b, l) | 1 ≤ i ≤ d}.

Proof. (i) For every i ∈ {1, . . . , d}, let’s note p̃i(b, l) for the stabilizer of l|pi(b,l), i. e.

p̃i(b, l) := {X ∈ pi(b, l) | < l, [X, pi(b, l)] >≡ 0}.

For i = 0, we put p̃0(b, l) := gb(l). It is then easy to check that

gb(l) = p̃0(b, l) ⊂ p̃1(b, l) ⊂ · · · ⊂ p̃d(b, l).

(ii) Let’s put J0 := ∅ and Jr := {k1, k2, . . . , kr}. We then have for all r ∈ {1, . . . , d},

Zr−1
jr

(b, l) 6∈ p̃r−1(b, l)+ < Zr−1
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Jr−1 >

Zr−1
kr

(b, l) 6∈ p̃r−1(b, l)+ < Zr−1
k (b, l) | kr + 1 ≤ k ≤ n, k 6∈ Jr−1 >

In fact, let’s assume that

Zr−1
jr

(b, l) = U +
n∑

j=jr+1,j 6∈Jr−1

cjZ
r−1
j (b, l) with U ∈ p̃r−1(b, l).

Then

< l, [Zr−1
jr

(b, l), Zr−1
kr

(b, l)] > = < l, [U,Zr−1
kr

(b, l)] > +
n∑

j=jr+1,j 6∈Jr−1

cj < l, [Zr−1
j (b, l), Zr−1

kr
(b, l)] >

= 0

as U ∈ p̃r−1(b, l), as well as Zr−1
j (b, l) if j > jr. This is a contradiction and hence

Zr−1
jr

(b, l) 6∈ p̃r−1(b, l)+ < Zr−1
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Jr−1 > .

Similarly for Zr−1
kr

(b, l).
(iii) We have

Zs
jr

(b, l) 6∈ p̃s(b, l)+ < Zs
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js >

Zs
kr

(b, l) 6∈ p̃s(b, l)+ < Zs
k(b, l) | kr + 1 ≤ k ≤ n, k 6∈ Js >
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for all r ∈ {1, . . . , d} and all s < r.
For s = r − 1, the result is true by (ii).
Let’s assume that

Zs
jr

(b, l) 6∈ p̃s(b, l)+ < Zs
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js >

and
Zs−1

jr
(b, l) ∈ p̃s−1(b, l)+ < Zs−1

j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js−1 > .

As p̃s−1(b, l) ⊂ p̃s(b, l) and as Zs
i (b, l) = Zs−1

i (b, l) + cs,iZ
s−1
ks

(b, l) for some constant cs,i,

Zs−1
jr

(b, l) ∈ p̃s(b, l)+ < Zs−1
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js > +RZs−1

ks
(b, l)

= p̃s(b, l)+ < Zs
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js > +RZs−1

ks
(b, l)

and, by construction,

Zs
jr

(b, l) ∈
(
p̃s(b, l)+ < Zs

j (b, l) | jr + 1 ≤ j ≤ n, j /∈ Js >
)
⊕ RZs−1

ks
(b, l).

The direct sum is justified by the fact that

p̃s(b, l)+ < Zs
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js >⊂ ps(b, l)

and that ps−1(b, l) = ps(b, l)⊕ RZs−1
ks

(b, l). The direct sum implies that

Zs
jr

(b, l) ∈ p̃s(b, l)+ < Zs
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js >,

which is a contradiction. Hence

Zs
jr

(b, l) 6∈ p̃s(b, l)+ < Zs
j (b, l) | jr + 1 ≤ j ≤ n, j 6∈ Js >

for all r ∈ {1, . . . , d} and all s < r. Similarly for Zs
kr

(b, l).
(iv) For s = 0 we get

Zjr(b, l) 6∈ gb(l)+ < Zjr+1(b, l), . . . , Zn(b, l) > .

Similarly for Zkr(b, l). So

{ji(b, l), ki(b, l) | 1 ≤ i ≤ d} ⊂ S(b, l).

(v) As pd(b, l) is the Vergne polarization for l in gb associated to the Jordan-Hölder basis
Z1, . . . , Zn and as

gb = RZk1(b, l)⊕ · · · ⊕ RZkd
(b, l)⊕ pd(b, l),

n−d = dim pd(b, l) and 2d is the dimension of the orbit of l in g∗b , i. e. the number of Pukanszky
jump indices. This proves that

S(b, l) = {ji(b, l), ki(b, l) | 1 ≤ i ≤ d}.
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2.6 Local jump indices

For any k ∈ {1, . . . , n}, let’s put gb,k for the subset generated by Zk, . . . , Zn in gb and lk = l|gb,k
.

We say that k is a local jump index for (b, l), if

gb,k+1 + gb,k(lk) $ gb,k + gb,k(lk) = gb,k

where
gb,k(lk) = {X ∈ gb,k | < l, [X, gb,k]b >≡ 0}.

This means that k is a Pukanszky jump index for lk in gb,k. The local jump indices are charac-
terized by the following proposition:

Proposition 2.7. For every b ∈ B and every l ∈ g∗b , the set R(b, l) of local jump indices equals
the set of the indices ki(b, l) constructed in (2.3), i. e.

R(b, l) = {ki(b, l) | 1 ≤ i ≤ d}.

Proof. The proof is done in several steps.
(i) Every local jump index is a Pukanszky jump index. In fact, assume k is a local jump index
for (b, l), i. e.

gb,k+1 + gb,k(lk) $ gb,k + gb,k(lk) = gb,k.

Then Zk 6∈ gb,k+1 + gb,k(lk) and, for all U ∈ gb,k+1, Zk + U 6∈ gb,k(lk). Given such a U , there
exists V = V (U) ∈ gb,k such that < l, [Zk +U, V ]b >=< lk, [Zk +U, V ]b >6= 0, which means that
Zk + U 6∈ gb(l), for U ∈ gb,k+1 arbitrary. Hence Zk 6∈ gb,k+1 + gb(l) and k is a Pukanszky jump
index.
(ii) Let pb(l) =

∑n
k=0 gb,k(lk) be the Vergne polarization of l associated to the Jordan-Hölder

basis {Z1, . . . , Zn}. Let R = {i1, . . . , is} be the set of local jump indices for (b, l). Then
{Zi1 , . . . , Zis} is a complementary basis to pb(l) in gb. In fact, if k is a local jump index,
gb,k+1 + gb,k(lk) $ gb,k. In that case, gb,k(lk) ⊂ gb,k+1 and hence gb,k(lk) ⊂ gb,k+1(lk+1). If
we write pb,k+1(lk+1) and pb,k(lk) for the corresponding Vergne polarizations in gk+1 and gk

respectively, we hence have pb,k+1(lk+1) = pb,k(lk) and we may add Zk to a complementary basis
to pb,k+1(lk+1) in gb,k+1 to get a complementary basis to pb,k(lk) in gb,k. Moreover, it is easy to
see that Zk 6∈ pb,r(lr) =

∑n
j=r gb,j(lj) for all r ≤ k. In fact, by assumption,

Zk 6∈ pb,k(lk) = gb,k(lk) +
n∑

j=k+1

gb,j(lj) ⊂ gb,k+1 + gb,k(lk).

Hence < lk, [Zk, pb,k(lk)]b >6= 0 as otherwise pb,k(lk) + RZk would also be a polarization for lk
in gb,k, which is impossible, by the maximality of the polarization pb,k. So there exists Yk ∈
pb,k(lk) ⊂ pb,r(lr) such that < l, [Zk, Yk]b >6= 0 and Zk 6∈ pb,r(lr), for any r ≤ k. On the other
hand, if k is not a local jump index, Zk ∈ gb,k+1 +gb,k(lk), dim pb,k(lk) = dim pb,k+1(lk+1)+1 (by
[C-G]) and no vector has to be added to the complementary basis. This shows that {Zi1 , . . . , Zis}
is a complementary basis to pb(l) in gb.
(iii) The point (ii) of the proof shows that the number of local jump indices for (b, l) is equal to
dim

(
gb/pb(l)

)
= d, i. e. is equal to half the dimension of the coadjoint orbit. But the dimension

of the coadjoint orbit is equal to the number of Pukanszky jump indices. So, by (i), half of the
Pukanszky jump indices are local jump indices.
(iv) The ki(b, l)’s are local jump indices for l in gb. In fact, let’s first notice that by the successive
construction steps, we have for fixed i,

Zi−1
ki(b,l)

= Zki(b,l) +
∑

1≤r≤i−1;ki(b,l)<kr(b,l)

cr(b, l)Zkr(b,l)
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and
Zi−1

ji(b,l)
= Zji(b,l) +

∑
1≤r≤i−1;ki(b,l)<kr(b,l)

dr(b, l)Zkr(b,l)

for certain constants cr(b, l) and dr(b, l), with dr(b, l) = 0 if kr(b, l) < ji(b, l). Let’s assume that
ki(b, l) is not a local jump index, i. e. that

Zki(b,l) ∈ gki(b,l)+1 + gki(b,l)(lki(b,l)).

As
{Zkr(b,l) | 1 ≤ r ≤ i− 1; ki(b, l) < kr(b, l)} ⊂ gki(b,l)+1,

we also have
Zi−1

ki(b,l)
∈ gki(b,l)+1 + gki(b,l)(lki(b,l)),

i. e. we may write Zi−1
ki(b,l)

= U+V with U = U(b, l) ∈ gki(b,l)+1 and V = V (b, l) ∈ gki(b,l)(lki(b,l)).
Moreover, as ki(b, l) + 1 ≤ ji(b, l), we also have

Zji(b,l), Z
i−1
ji(b,l)

∈ gki(b,l)+1 ⊂ gki(b,l).

Hence < l, [Zi−1
ji(b,l)

, V ]b >= 0 as V ∈ gki(b,l)(lki(b,l)) and < l, [Zi−1
ji(b,l)

, U ]b >= 0 by definition of

ki(b, l). This gives < l, [Zi−1
ji(b,l)

, Zi−1
ki(b,l)

]b >= 0, which is a contradiction.
(v) The points (iii) and (iv) prove the proposition.

2.8 Generic elements

If B is an open subset of a real finite dimensional vector space, the set

Dgen := Dd = {(b, l) ∈ B × g∗ | ji(b, l) = ji and ki(b, l) = ki,∀i} ⊂ B × g∗

is a Zariski open subset of B × g∗, called the set of generic elements of B × g∗, by an argument
similar to the one we used for D1 in (2.3). Hence, for (b, l) ∈ Dgen = Dd, the indices ji(b, l) and
ki(b, l) are equal to ji and ki respectively, and are independent of (b, l) ∈ Dgen. In particular,
all the elements of Dgen have the same set of Pukanszky jump indices which we shall denote
S = {ji, ki | 1 ≤ i ≤ d}, and the same set of local jump indices which we shall denote R =
{ki | 1 ≤ i ≤ d}.

If B = ∅, i. e. if there is no variable structure, then Dgen is identified with a Zariski open subset
g∗gen of g∗, called the set of generic elements of g∗. One has

g∗gen ⊂ g∗Puk ⊂ g∗max ⊂ g∗,

where g∗Puk denotes the elements of g∗ which are in general position in the sense of Pukanszky
(with respect to the basis (Zi)i) and g∗max the set of elements of g∗ whose coadjoint orbit is of
maximal dimension ([Lu-Z], [C-G]).
Let’s notice that Dr, r ∈ {1, . . . , d} and Dgen are Ad∗G-invariant, i. e. that for all g ∈ G,

(b, l) ∈ Dr ⇔ (b, (Ad∗g)(l)) ∈ Dr

(b, l) ∈ Dgen ⇔ (b, (Ad∗g)(l)) ∈ Dgen

(see [Lu-Mu]). This allows us to restrict ourselves to orbit sections, which may be done in the
following way:
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For any fixed b ∈ B, let Sb be the set of jump indices in the sense of Pukanszky for the algebra
gb and the elements in general position in g∗b , and let Tb = {1, . . . , n}\Sb. Let VTb

=
∑

i∈Tb
RZ∗i .

It is known that each coadjoint orbit in (g∗b)Puk meets VTb
∩ (g∗b)Puk in exactly one point and

conversely. Hence VTb
∩ (g∗b)Puk represents a section of the coadjoint orbits of (g∗b)Puk. Let’s

also note that l ∈ VTb
if and only if < l, Zj >= 0 for all the Pukanszky jump indices j ∈ Sb

(see [C-G] for this construction). In many situations we want to restrict ourselves to these orbit
sections, because this will allow us to assume that the linear forms l are zero in the coordinates
corresponding to the Pukanszky jump indices. To do this, let’s call T the union of these orbit
sections, or, more precisely,

T =
⋃
b∈B

{b} × VTb
and DT,gen = Dgen ∩ T .

Then DT,gen is a Zariski open subset of T . Let’s now consider

B1 := {b ∈ B | ∃l ∈ g∗ s. t. (b, l) ∈ DT,gen}
= {b ∈ B | ∃l ∈ g∗ s. t. (b, l) ∈ Dgen}.

Let’s notice that B1 is open in B. In fact, it is the projection onto the first variable of the open
set Dgen.
Let (b, l) ∈ Dgen. One knows that this l is also in general position in g∗b in the sense of Pukanszky
(see [Lu-Z]). Moreover, the set of Pukanszky jump indices Sb of g∗b coincides with the set

{ji(b, l), ki(b, l) | 1 ≤ i ≤ d} = {ji, ki | 1 ≤ i ≤ d}

and is hence independent of b, if b ∈ B1. Hence, for all b ∈ B1, the sets Sb, resp. Tb coincide.
Let’s write T for this common set and VT =

∑
i∈T RZ∗i . It is then obvious that

DT,gen = Dgen ∩ (B1 × VT ).

If B = ∅, then DT,gen is identified with

g∗T,gen = g∗gen ∩ VT ,

the set of generic elements contained in the orbit section VT .
In the rest of this paper, we shall restrict ourselves to B1 and we may hence assume that B = B1

and DT,gen = Dgen ∩ (B × VT ).

2.9 New parameters

Let j1 and k1 be as in (2.3). Let’s put X := Zk1 , Y := Zj1 and Zb := [Zk1 , Zj1 ]b = [X,Y ]b.
Let’s write Vj1 :=< Zj1+1, . . . , Zn > for the vector subspace generated by < Zj1+1, . . . , Zn >.
As (Zj)j is a Jordan-Hölder basis for all the gb’s,

[Zj1 , U ]b ⊂ Vj1 ⊂ Z(gb),∀U ∈ gb,

where Z(gb) denotes the center of gb, and the definitions of p1(b, l) and of the basis (Z1
i (b, l))i

depend in fact only on l|Vj1
, and even on its kernel ker(l|Vj1

). For p1(b, l) this is clear by
definition. For the basis vectors Z1

i (b, l), let’s first notice that one may write

Vj1 = RZb ⊕ ker(l|Vj1
),

that, for fixed b, l|Vj1
is completely determined by its value on Zb and by ker(l|Vj1

) and that

hence <l,[Zj1
,Zi]b>

<l,[Zj1
,Zk1

]b>
depends only on ker(l|Vj1

) (if (b, l) ∈ DT,gen and so < l, [Zj1 , Zk1 ]b >6= 0).
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From this point of view, varying l means, at this level, considering all the codimensional one
subspaces V (b) of Vj1 such that Zb 6∈ V (b). So, instead of characterizing p1(b, l) by (b, l), we may
also characterize it by b and a subspace V (b), respectively by b and a vector basis of V (b). This
leads to the following parametrization: Let m := n − j1 and let’s identify Vj1 with Rm thanks
to the basis {Zj1+1, . . . , Zn}. A codimensional one subspace of Vj1 is hence characterized by a
b̃ = (b̃1, . . . , b̃m−1) ∈ (Rm)m−1 such that the b̃i’s are independent, i. e. by a Zariski open subset
of (Rm)m−1. The subspaces V (b) considered here verify the supplementary condition Zb 6∈ V (b),
which may be expressed by det(Zb, b̃1, . . . , b̃m−1) 6= 0, which again gives a Zariski open subset
of (Rm)m−1.

Let

E := {(b, b̃) ∈ B × (Rm)m−1 | b̃i’s independent}
E1 := {(b, b̃) ∈ E | det(Zb, b̃1, . . . , b̃m−1) 6= 0}

Similarly to what has been done in (2.3) we may then define, for all (b, b̃) ∈ E1,

p1(b, b̃) := {U ∈ gb | [Zj1 , U ]b ∈< b̃ >},

where < b̃ > denotes the vector subspace generated by b̃1, . . . b̃m−1. In order to define the basis
of p1(b, b̃), let’s first notice that as

Vj1 = RZb⊕ < b̃ >,

there exist for each Zi a unique αi ∈ R and a unique vi ∈< b̃ > such that

[Zj1 , Zi]b = αiZb + vi = αi[Zk1 , Zj1 ]b + vi.

The number αi is given by

αi =
det([Zj1 , Zi]b, b̃1, . . . , b̃m−1)
det([Zk1 , Zj1 ]b, b̃1, . . . , b̃m−1)

, (2.1)

and is a rational function in b, b̃, if (g,B) is a rationally variable Lie algebra.
Let’s also notice that αi = 0 if i > k1, because then [Zj1 , Zi]b = 0. We now define

Z1
i (b, b̃) = Zi + αiZk1 , for i 6= k1.

In particular, Z1
i (b, b̃) = Zi if i > k1. It is then easy to check that p1(b, b̃) is an ideal of

codimension one in gb. Let’s write [·, ·](b,b̃) for the Lie bracket in p1(b, b̃) (which of course
coincides with [·, ·]b). We have the following result:

Proposition 2.10. {Z1
i (b, b̃) | i ∈ I1} is a Jordan-Hölder basis of p1(b, b̃) and the structure

constants for this basis in p1(b, b̃) are rational functions in b, b̃, if (g,B) is a rationally variable
Lie algebra.

Proof. Let’s first show that Z1
i (b, b̃) ∈ p1(b, b̃). If i > k1, this is due to the fact that then

Z1
i (b, b̃) = Zi and that [Zj1 , Zi]b = 0 by the definition of k1. If i < k1,

[Zj1 , Z
1
i (b, b̃)]b = [Zj1 , Zi]b + αi[Zj1 , Zk1 ]b = vi ∈< b̃ >

and hence Z1
i (b, b̃) ∈ p1(b, b̃).
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By construction the vectors Z1
i (b, b̃), i ∈ I1, are independent and hence they form a basis of

p1(b, b̃), as p1(b, b̃) can at most be of dimension n− 1 because Zk1 6∈ p1(b, b̃). So

gb = RZk1 ⊕ p1(b, b̃) = RX ⊕ p1(b, b̃).

It is easy to compute the structure constants ãk
ij(b, b̃) for the basis Z1

i (b, b̃) in p1(b, b̃). One gets:

ãk
ij(b, b̃) = ak

ij(b) if i, j > k1

ãk
ij(b, b̃) = ak

ij(b) + αia
k
k1j(b) if k > j > k1 > i

Similarly if k > i > k1 > j. Moreover:

ãk
ij(b, b̃) = ak

ij(b) if max{i, j} < k < k1

ãk
ij(b, b̃) = ak

ij(b) + αia
k
k1j(b) + αja

k
ik1

(b) if max{i, j} < k1 < k

The other structure constants are zero.
If (g,B) is a rationally variable Lie algebra, then αi is a rational function in b, b̃. So the same is
true for the structure constants. The formula (2.1) for αi shows that the new structure constants
depend only on b and < b̃ >.

2.11 Coexponential basis

Let’s recall that for (b, l) ∈ Dgen, Zk1 = Zk1(b, l), . . . , Zkd
= Zkd

(b, l) form a complementary
basis to the polarization pd(b, l) = p(b,l) in gb. Let’s also recall that the ki’s are the local jump
indices for l ∈ gb, for all (b, l) ∈ Dgen. This basis is a coexponential basis if the Zki

’s are correctly
ordered (In fact, the indices ki are not necessarily decreasing as defined in (2.3), whereas the
indices are ordered if the Zki

’s are constructed as local jump indices!). Let’s write X1, . . . , Xd

for this (ordered) basis, which is the same for all (b, l) ∈ Dgen.
Let’s now consider {Z0

k1
(b, l) = Zk1 , Z

1
k2

(b, l), . . . , Zd−1
kd

(b, l)} which forms also a coexponential
basis to pd(b, l) in gb, with the property that

Zi−1
ki

(b, l) ∈ pi−1(b, l) \ pi(b, l).

Moreover, the definition of the basis in (2.3) shows that both bases are linked by relations of
the form

Z0
k1

(b, l) = Zk1

Z1
k2

(b, l) = Zk2 + c(2, 1)Zk1

Z2
k3

(b, l) = Zk3 + c(3, 2)Zk2 + c(3, 1)Zk1

. . . = . . .

Zd−1
kd

(b, l) = Zkd
+ c(d, d− 1)Zkd−1

+ · · ·+ c(d, 1)Zk1

and

Zk1 = Z0
k1

(b, l)
Zk2 = Z1

k2
(b, l) + c′(2, 1)Z0

k1
(b, l)

Zk3 = Z2
k3

(b, l) + c′(3, 2)Z1
k2

(b, l) + c(3, 1)Z0
k1

(b, l)
. . . = . . .

Zkd
= Zd−1

kd
(b, l) + c′(d, d− 1)Zd−2

kd−1
(b, l) + · · ·+ c′(d, 1)Z0

k1
(b, l)
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where the c(i, j) and c′(i, j) are rational functions in (b, l) whose denominators are not annihilated
if (b, l) ∈ Dgen. Similarly if we consider the dependence in (b, b̃) instead of (b, l) and get the
basis Zi−1

ki
(b, b̃). Again, the coefficients appearing in the change of basis are rational functions in

(b, b̃) whose denominators are not annihilated, by the restrictions put on the parameters (b, b̃).

2.12 New variable structures

Originally, < b̃ > was taken for ker(l|Vj1
). So we want to consider only those linear forms

on p1(b, b̃) which annihilate < b̃ >. To this effect, we take the quotient by < b̃ > and get new
variable structures. The details of these constructions are the following: Let’s recall that p1(b, b̃),
the basis (Z1

k(b, b̃))k∈I1 and the structure constants for the Lie bracket in p1(b, b̃) with respect
to this new basis depend only on b and < b̃ >. We may hence define a new rationally variable
Lie algebra (q1, E1) by

q1(b, b̃) := p1(b, b̃)/ < b̃ >,

by taking in q1(b, b̃) the Jordan-Hölder basis

{Z1
k(b, b̃) mod < b̃ > | k ∈ I1, k ≤ j1} ∪ {Zb mod < b̃ >}

and by identifying this basis with a fixed basis in a real vector space q1 of dimension j1. Then
the dependence on b and b̃ is entirely put into the Lie bracket [·, ·](b,b̃) and (q1, E1) may be viewed
as a rationally variable Lie algebra, whose associated variable Lie group will be noted (Q1, E1).
Similarly we define a rationally variable Lie algebra (r1, E1) by

r1(b, b̃) := p1(b, b̃)/ < Zj1 , b̃ >= q1(b, b̃)/ < Zj1 >,

by taking in r1(b, b̃) the Jordan-Hölder basis

{Z1
k(b, b̃) mod < Zj1 , b̃ > | k ∈ I1, k < j1} ∪ {Zb mod < Zj1 , b̃ >}.

Let’s write Z̃1
k(b, b̃) = Z1

k(b, b̃) mod < Zj1 , b̃ > if k ∈ I1, k < j1 and Z̃1
j1+1(b, b̃) = Zb mod <

Zj1 , b̃ > for this basis. We then make the same type of identifications as before and we write
(R1, E1) for the associated variable Lie group.

2.13

Let’s now consider the new variable structure (r1, E1). All the preceding constructions may of
course be made for this new structure. We shall write T̃ , T̃(b,b̃), T̃ , VT̃(b,b̃)

, VT̃ , D̃T̃ ,gen, j̃i(b, b̃, l̃),

k̃i(b, b̃, l̃), j̃i(b, b̃), k̃i(b, b̃), j̃i, k̃i, D̃i, Ĩi for i ≥ 2 (as i = 1 corresponds to the level of g) for the
corresponding objects associated to (r1, E1). Here the indices are defined with respect to the
Jordan-Hölder basis given in (2.12). In particular, T̃ = ∪(b,b̃)∈E1

{(b, b̃)} × VT̃(b,b̃)
. We define

Φ : T̃ → T

by
Φ(b, b̃, l̃) = (b, l),

where l ∈ g∗ is given by

< l, U > := < l̃, Ũ > ∀U ∈ p1(b, b̃)
< l,X > := 0,
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with Ũ = U mod < Zj1 , b̃ >. In this manner l is completely characterized and < l,X >=<
l, Y >= 0, l|<b̃> ≡ 0. Let’s notice in particular that this l is zero on the basis vectors corre-
sponding to the Pukanszky jump indices of gb, i. e. that l ∈ VTb

and hence that (b, l) ∈ T . We
then have the following lemma:

Lemma 2.14. The map Φ is well defined, one-to-one and continuous. The families of indices
j and k satisfy

ji = j̃i and ki = k̃i ∀i ∈ {2, . . . , d}.

Moreover,
DT,gen = Φ(D̃T̃ ,gen) ∩ D1.

Proof. The continuity of Φ is obvious, by definition.
For any U ∈ p1(b, b̃), let’s write Ũ for U mod < Zj1 , b̃ >∈ r1(b, b̃). Let’s first show that
D1 ∩ T ⊂ ImΦ. To this effect, let (b, l) ∈ D1 ∩ T . Hence < l, [Zk1 , Zj1 ]b >6= 0. Let’s choose a
basis b̃ of ker(l|Vj1

) and let’s define l̃ ∈ r1(b, b̃)∗ ≡ r∗1 by < l̃, Ũ >:=< l, U > for all Ũ ∈ r1(b, b̃).
This l̃ is well defined as < l, Zj1 >= 0 (as l ∈ VTb

) and as l|<b̃> ≡ 0 (by choice of b̃). Moreover,
(b, b̃, l̃) ∈ T̃ as the Pukanszky jump indices of l̃ in r1(b, b̃) coincide with the Pukanszky jump
indices of l in gb that are smaller than j1 and different from k1 and j1. By the choice of l and b̃,
Zb = [Zk1 , Zj1 ]b 6∈< b̃ > and (b, b̃) ∈ E1. Hence (b, b̃, l̃) ∈ T̃ and Φ(b, b̃, l̃) = (b, l) by construction.
So D1 ∩ T ⊂ ImΦ.
Let’s now notice that D̃T̃ ,gen ∩Φ−1(DT,gen) 6= ∅. In fact, DT,gen is a nonempty open subset of T
contained in ImΦ, as DT,gen ⊂ D1 ∩ T ⊂ ImΦ. By continuity of Φ, Φ−1(DT,gen) is a nonempty
open subset of T̃ . Moreover, D̃T̃ ,gen is a Zariski open subset of T̃ . Hence D̃T̃ ,gen∩Φ−1(DT,gen) 6=
∅.
We see that j̃2(b, b̃, l̃) = j2(Φ(b, b̃, l̃)) = j2(b, l), j̃2(b, b̃) = j2(b), j̃2 = j2, for any (b, b̃, l̃) ∈ T̃ . In
fact, the passage from p1(b, b̃) to r1(b, b̃) is obtained by taking the quotient with a subspace of
the center of p1(b, b̃). This does not effect the definition of these indices.
Let’s now show that k2 = k̃2. For this purpose, let (b, b̃, l̃) ∈ D̃T̃ ,gen ∩ Φ−1(DTgen) and (b, l) =
Φ(b, b̃, l̃). Then

< l̃, [Z̃1
j2(b, b̃), Z̃

1
k̃2

(b, b̃)](b,b̃) >6= 0

(as j2 = j̃2 = j̃2(b, b̃, l̃), k̃2 = k̃2(b, b̃, l̃)) and hence

< l, [Z1
j2(b, l), Z

1
k̃2

(b, l)]b >6= 0,

with (b, l) ∈ DT,gen. So k̃2 ≤ k2(b, l) = k2. Conversely, as (b, l) ∈ DT,gen and (b, l) = Φ(b, b̃, l̃),

< l, [Z1
j2(b, l), Z

1
k2

(b, l)]b >6= 0,

which implies that
< l̃, [Z̃1

j2(b, b̃), Z̃
1
k2

(b, b̃)](b,b̃) >6= 0,

(with j2 = j̃2 = j̃2(b, b̃, l̃)) by the definition of l. Hence k2 ≤ k̃2(b, b̃, l̃) = k̃2 as (b, b̃, l) ∈ D̃T̃ ,gen.
So k̃2 = k2. Let’s put D̃2 = {(b, b̃, l̃) ∈ E1 × r∗1 | Φ(b, b̃, l̃) = (b, l) ∈ D1, j̃2(b, b̃, l̃) = j̃2 =
j2 and k̃2(b, b̃, l̃) = k̃2 = k2}. Then Φ(D̃2 ∩ T̃ ) = D2 ∩ T . In fact, let’s first notice that
D2 ∩ T ⊂ D1 ∩ T ⊂ ImΦ. Let then (b, l) = Φ(b, b̃, l̃) with (b, l) ∈ D2 ∩ T . In particular

< l, [Z1
k2

(b, b̃), Z1
j2(b, b̃)]b >6= 0

as j2(b, l) = j2 and k2(b, l) = k2. Because of the definition of Φ,

< l̃, [Z̃1
k2

(b, b̃), Z̃1
j2(b, b̃)](b,b̃) >6= 0.
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This shows first that Z̃1
j2

(b, b̃) 6∈ r1(b, b̃)(l̃) (stabilizer of l̃ in r1(b, b̃)) and hence that j̃2 = j2 ≤
j̃2(b, b̃, l̃). As we always have j̃2(b, b̃, l̃) ≤ j̃2, we have in fact j̃2(b, b̃, l̃) = j̃2. But then we must
have k̃2 = k2 ≤ k̃2(b, b̃, l̃). As the converse inequality is always true, we have k̃2(b, b̃, l̃) = k̃2

and (b, b̃, l̃) ∈ D̃2. As (b, l) = Φ(b, b̃, l̃), D2 ∩ T ⊂ Φ(D̃2 ∩ T̃ ). The converse inclusion is proven
similarly.
We may now proceed by induction. Let’s assume that j̃s = js and k̃s = ks for s ≤ i − 1,
Φ(D̃i−1 ∩ T̃ ) = Di−1 ∩ T (D̃i−1 being defined in a similar way then D̃2) and let’s prove the
same relations for i. Similar to the case i = 2 we see that j̃i(b, b̃, l̃) = ji(Φ(b, b̃, l̃)) = ji(b, l),
j̃i(b, b̃) = ji(b) and j̃i = ji for any (b, b̃, l̃) ∈ D̃i−1. The same argument as in the case i = 2 shows
that k̃i = ki. So, if D̃i = {(b, b̃, l̃) ∈ D̃i−1 | j̃i(b, b̃, l̃) = j̃i = ji and k̃i(b, b̃, l̃) = k̃i = ki}, then
Φ(D̃i ∩ T̃ ) = Di ∩ T . For i = d the procedure stops and we have the final result.

3 Function spaces

3.1

Let (G,B) be a rationally variable Lie group. Let {Z1, . . . , Zn} denote the fixed basis as in
(2.2). A function h on Gb is identified with a function on Rn by the formula h(x1, . . . , xn) =
h(expb(x1Z1) ·b · · · ·b expb(xnZn)). Let r ∈ N. If B is a non empty open subset of a real finite
dimensional vector space, we define S(G,B,Rr) to be the set of all functions

f : B × Rr × Rn → C
(b, α, (x1, . . . , xn)) 7→ f(b, α, expb(x1Z1) ·b · · · ·b expb(xnZn))

that are C∞ with respect to all variables and such that

‖f‖K,A,B1,B2,C1,C2

= sup
b∈K;α∈Rr;x∈Rn

[
sup

|a|≤A;|ri|≤Bi;|sj |≤Cj ;i,j∈{1,2}
|αr1xs1

· ∂
a

∂ba
∂r2

∂αr2

∂s2

∂xs2
f(b, α, expb(x1Z1) ·b · · · ·b expb(xnZn))|

]
< +∞

for any compact subset K of B and A,Bi, Cj ∈ N. If B = ∅, we just omit the variable b as
well as ∂a

∂ba , supx∈K in the previous definition. Let now B = ∪m∈NKm, the Km’s being compact
sets such that Km ⊂ int(Km+1) for all m. If K runs through the Km’s and A,Bi, Cj through
N, then we get a countable family of semi-norms that define the topology of S(G,B,Rr), which
becomes a Fréchet space.

3.2

Let’s use the notations of (2). If B 6= ∅, let U be a non-empty open subset of DT,gen. Hence U
is disjoint from B × {0}, as (b, 0) never belongs to DT,gen. For any l ∈ VT = VTb

(as b ∈ B1),
let p(b,l) denote the Vergne polarization of l in gb with respect to the given basis. We know
that p(b,l) = pd(b, l) if (b, l) ∈ DT,gen (see 2.3). Let χ(b,l) denote the unitary character defined
on P(b,l) = expbp(b,l) by the formula χ(b,l)(u) = e−i<l,logb u>. Let i1, . . . , id be the (ordered) local
jump indices (for all l). Let X1 = Zi1 , . . . , Xd = Zid be the coexponential basis of gb with respect
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to p(b,l) as in (2.11). Thanks to this basis, Gb/P(b,l) may be identified with Rd. Let r ∈ N. The
space of kernels N (G,U ,Rr) is defined to be the set of all C∞ functions

F : B1 × VT × Rr × Rd × Rd → C

such that the following two conditions are satisfied:
(i)

F (b, l, ·, ·, ·) ≡ 0 if (b, l) 6∈ U ,

so in particular if (b, l) ∈ (B1 × VT ) \ DT,gen.
(ii)

‖F‖K,A,C,D1,D2,E1,E2,F1,F2

= sup
(b,l)∈K;α∈Rr;x,y∈Rd

[
sup

|a|≤A;|c|≤C;|d1|≤D1;|d2|≤D2;|e1|≤E1;|e2|≤E2;|f1|≤F1;|f2|≤F2

|αd1xe1yf1

· ∂
a

∂ba
∂c

∂lc
∂d2

∂αd2

∂e2

∂xe2

∂f2

∂yf2
F (b, l, α, x, y)|

]
< +∞

for any compact subset K of U and A,C,D1, D2, E1, E2, F1, F2 ∈ N.
If B = ∅, we again omit the variable b, as well as ∂a

∂ba . In this case U is taken to be an open
subset of g∗T,gen.

Let U = ∪s∈NKs, the Ks’s being compact sets in U such that Ks ⊂ int(Ks+1) for all s. If
K runs through the Ks’s and A,C,D1, D2, E1, E2, F1, F2 through N, then we get a countable
family of semi-norms which define the topology of N (G,U ,Rr) and which turns N (G,U ,Rr)
into a Fréchet space.

3.3

Finally let’s note Nc(G,U ,Rr) for the subspace of N (G;U ,Rr) formed by all the functions F
defined in (3.2), which also satisfy the following two conditions:
(iii) For every b ∈ B1 (i. e. such that (b, l) ∈ DT,gen for at least one l), there exists a compact
set K(b) in VT such that {b} ×K(b) ⊂ DT,gen and F (b, l, ·, ·, ·) ≡ 0 if l 6∈ K(b). In particular,
0 6∈ K(b) as (b, 0) 6∈ DT,gen.
(iv) There exists an open neighborhood V of the set (B1 × VT ) \ DT,gen in B1 × VT such that
F (b, l, ·, ·, ·) ≡ 0 for all (b, l) ∈ V (If (b, l) 6∈ DT,gen, then F (b, l, ·, ·, ·) ≡ 0 by definition of F , so
that (iv) is a condition on V ∩ DT,gen).
The space Nc(G,U ,Rr) is no longer a Fréchet space for the given semi-norms.

3.4 Remarks:

a) For (b, l) ∈ DT,gen, F (b, l, α, ·, ·) may also be considered as a function on Gb/P(b,l) ×Gb/P(b,l)

by writing

F (b, l, α, x, y) = F (b, l, α, expb(x1X1) ·b · · · ·b expb(xdXd),
expb(y1X1) ·b · · · ·b expb(ydXd))

or even as a function on Gb ×Gb if we introduce the covariance relation

F (b, l, α, x · h, y · h′) = χ(b,l)(h)χ(b,l)(h
′)F (b, l, α, x, y) ∀x, y ∈ Gb,∀h, h′ ∈ P(b,l).
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b) We may also extend F as a function in l to the whole orbit of l by setting

F (b, (Ad∗g)(l), α, x, y) = F (b, l, α, x · g, y · g) ∀g, x, y ∈ Gb.

This is done in order to reflect correctly the unitary equivalence between πl and π(Ad∗g)(l), and
its incidence on the corresponding operator kernels.
In this paper we shall write F for any one of the preceding meanings of the function.

c) If B = ∅, i. e. if there is no variable structure but a fixed Lie group, Dgen ≡ g∗gen and, if U
is an open subset of g∗gen ∩ VT , we define similarly S(G,Rr) (the Schwartz space), N (G,U ,Rr)
and Nc(G,U ,Rr), using the corresponding semi-norms to define their respective topologies.

d) If r = 0, we just write S(G), N (G,U), Nc(G,U) for the corresponding spaces.

e) We could also have defined N (G,U ,Rr), Nc(G,U ,Rr), N (G,U), Nc(G,U) using the coexpo-
nential basis Z0

k1
(b, l), Z1

k2
(b, l), . . . , Zd−1

kd
(b, l) (resp. the Zi−1

ki
(b, b̃)’s) instead of X1, . . . , Xd. In

that case we identify (x′1, . . . , x
′
d) ∈ Rd with exp(x′1Z

0
k1

) · · · exp(x′dZ
d−1
kd

). As the change of bases
(in both directions) is characterized by rational functions with non-vanishing denominators, if
(b, l) ∈ DT,gen, we get the same function spaces.

4 The Fourier inversion theorem

We first prove a variable Fourier inversion theorem:

Theorem 4.1. Let (G,B) be a rationally variable Lie group with a fixed Jordan-Hölder basis
Z1, . . . , Zn. Let’s note B1 := {b ∈ B | ∃l ∈ g∗ s. t. (b, l) ∈ DT,gen}. Let R = {i1, . . . , id}
be the set of local jump indices for all (b, l) ∈ DT,gen. For (b, l) ∈ DT,gen, let p(b, l) be the
Vergne polarization (with respect to the basis Z1, . . . , Zn) and {Zir | ir ∈ R} the coexponential
basis to p(b, l) in gb defined by using the local jump indices. Let P(b,l) = exp p(b, l) and π(b,l) =
indGb

P(b,l)
χl. With the previous choices, we have the following result: For every r ∈ N and every

F ∈ Nc(G;DT,gen,Rr), there is a unique f ∈ S(G,B1,Rr) satisfying: For every (b, l) ∈ DT,gen,
the operator π(b,l)(fb(α)(·)) has F (b, l, α, ·, ·) as a kernel (if we write fb(α)(·) for f(b, α, ·)).
Moreover, π(b,l)(f) = 0 for every b ∈ B1 and every l ∈ (g∗b \ (gb)∗gen). The map F 7→ f is
continuous in the given topologies.

This theorem has of course the following consequence, obtained if B = ∅, i. e. if there is no
variable structure, but a fixed nilpotent Lie group.

Theorem 4.2. Let G be a connected, simply connected, nilpotent Lie group with a fixed Jordan-
Hölder basis Z1, . . . , Zn. Let g∗gen be the set of generic elements of g∗. Let R = {i1, . . . , id} be the
set of local jump indices for all l ∈ g∗gen. For l ∈ g∗gen, let p(l) be the Vergne polarization (with
respect to the basis Z1, . . . , Zn) and {Zir | ir ∈ R} the coexponential basis to p(l) in g defined by
using local jump indices. Let Pl = exp pl and πl = indG

Pl
χl. With the previous choices, we have

the following result: For every function F ∈ Nc(G, g∗gen) there is a unique function f ∈ S(G)
satisfying: For every l ∈ g∗gen, the operator πl(f) has F (l, ·, ·) as a kernel. Moreover, πl(f) = 0
for every l ∈ (g∗ \ g∗gen). The map F 7→ f is continuous in the given topologies.

The proof of (4.1) will be given in (6). Because of remark (3.4), it will also be possible to work
with the variable exponential basis Z0

k1
(b, l), . . . , Zd−1

kd
(b, l) in the proof, instead of the fixed basis

Zi1 , . . . , Zid . Once the results of theorem 4.1 and of theorem 4.2 are known, the observations
made in the introduction allow us to compute the function f ∈ S(G) with the Plancherel formula.
We get:
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Proposition 4.3. Under the hypotheses of theorem 4.2, the function f ∈ S(G) is obtained by

f(x) =
( 1
2π

)n−d
∫

VT

( ∫
G/Pl

F (l, xu, u)du
)
|Pf(l)|dl,

where
(

1
2π

)n−d|Pf(l)|dl is the realization of the Plancherel measure on VT , if n = dim g and 2d
the number of Pukanszky jump indices.

Proof. We use the Plancherel formula

f(x) =
∫

Ĝ
tr

(
π(x)−1 ◦ π(f)

)
dµ(π)

and notice that the Plancherel measure is given by
(

1
2π

)n−d|Pf(l)|dl, l ∈ VT where the Pfaffian
Pf(l) is defined by

|Pf(l)| =
(
det(< l, [Zi, Zj ] >)i,j∈S

) 1
2 .

Moreover,

tr
(
πl(x)−1 ◦ πl(f)

)
=

∫
G/Pl

F (l, xu, u)du.

5 Results on the Radon transform

5.1

In this section we recall some well established facts on the Radon transform (see [H]), with the
purpose to be able to recover a function f , if we know its integrals over all hyperplanes. For the
proofs we refer to ([H]).
Let f be a function on Rm, integrable on each hyperplane of Rm. Let Pm be the space of all
hyperplanes of Rm. Let ξ ∈ Pm and let dµ denote the Euclidean measure on ξ. We then define:

Definition: The Radon transform Rf of f at ξ is defined by

Rf(ξ) :=
∫

ξ
f(x)dµ(x).

Let’s now parametrize the hyperplanes of Rm in the following way:

ξ(ω, r) = {x ∈ Rm | < x, ω >= r}

where r ∈ R and where ω is a normal unit vector to the hyperplane ξ. Note that (ω, r) and
(−ω,−r) characterize the same hyperplane ξ. We may hence write

Rf(ξ) = Rf(ω, r) =
∫

<x,ω>=r
f(x)dµ(x)

and we have Rf(ω, r) = Rf(−ω,−r), with (ω, r) ∈ Sm−1 × R, Sm−1 being the unit sphere in
Rm.
We also consider the following Schwartz spaces:

Definition: (i) The Schwartz space S(Pm) on the space of hyperplanes is defined by

S(Pm) := {ϕ ∈ S(Sm−1 × R) | ϕ(ω, r) = ϕ(−ω,−r),∀(ω, r) ∈ Sm−1 × R},
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with ϕ ∈ S(Sm−1 × R) if and only if ϕ is a C∞ function such that

sup
(ω,r)∈Sm−1×R

|(1 + |r|k) d
l

drl
(Dϕ)(ω, r)| < +∞

for all k, l ∈ N, for all differential operators D on Sm−1. The Radon transform maps S(Rm) into
S(Pm).
(ii) We denote S∗(Rm) the space of all functions f ∈ S(Rm) such that∫

Rm

f(x)P (x)dx = 0 for all polynomials P.

(iii) Similarly, we denote S∗(Pm) the space of all functions ϕ ∈ S(Pm) such that∫
R
ϕ(ω, r)p(r)dr = 0 for all polynomials p on R,∀ω ∈ Sm−1.

We have the following result, proven in ([H]):

Theorem 5.2. The Radon transform is a bijection from S∗(Rm) onto S∗(Pm).

5.3

The previous theorem says in particular that for every ϕ ∈ S∗(Pm), there exists a unique
f ∈ S∗(Rm) such that ϕ = Rf . As a matter of fact, f may be computed from ϕ by an inversion
formula (see [H]):

f(x) =
1

(2π)m

∫
Sm−1

[ ∫ +∞

0

( ∫ +∞

−∞
e−isrRf(ω, r)dr

)
eis<x,ω>sm−1ds

]
dω

=
1

(2π)m

∫
Sm−1

[ ∫ +∞

0

( ∫ +∞

−∞
e−isrϕ(ω, r)dr

)
eis<x,ω>sm−1ds

]
dω

=
1

(2π)m

∫
Sm−1

[ ∫ +∞

0
ϕ̂2(ω, s)sm−1eis<x,ω>ds

]
dω

where ϕ̂2 denotes the partial Fourier transform in the second variable. But, as ϕ ∈ S∗(Pm), ϕ̂2

and all its partial derivatives with respect to the second variable are zero at s = 0. Hence the
function ψ defined by

ψ(ω, s) =
{
sm−1ϕ̂2(ω, s) if s ≥ 0

0 if s < 0

is a C∞ function and belongs to S(Sm−1 × R). Finally

f(x) =
1

(2π)m

∫
Sm−1

[ ∫ +∞

−∞
ψ(ω, s)eis<x,ω>ds

]
dω

=
1

(2π)m

∫
Sm−1

ψ̂2(ω,− < x, ω >)dω

where ψ̂2 ∈ S(Sm−1 × R).
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6 Proof of the Fourier inversion theorem

6.1

If n = 1, gb ≡ R for all b and there is no need for a variable structure. The result is just the
classical Fourier inversion theorem.

6.2

Let’s now proceed by recurrence on dim g. Assume that dim g = n. For the rest of this paper
we shall just write x · y for the product in Gb, i. e. instead of x ·b y. We use the construction
and the definitions of (2). Let’s consider in particular the new rationally variable Lie algebra
(r1, E1). Let’s recall that we put X = Zk1 , Y = Zj1 (the same for all b by the choice of Dgen)
and Zb = [X,Y ]b. Let’s consider the function Φ : T̃ → T defined in (2.12) and let’s recall that
DT,gen = Φ(D̃T̃ ,gen) ∩ D1.

Let F ∈ Nc(G,DT,gen,Rr) and let’s define ˙̃F ∈ Nc(R1, D̃T̃ ,gen,R
r+2) by

˙̃F (b, b̃, l̃; s, t, α; ġ1, ġ′1) = (2π)2| < l, [X,Y ]b > | · F (b, l;α; expb((s+ t)X) · g1, expb(tX) · g′1),

for (b, b̃, l̃) ∈ E1 × r∗1, s, t ∈ R, α ∈ Rr, ġ1, ġ
′
1 ∈ R1(b, b̃), where (b, l) = Φ(b, b̃, l̃). In particular,

˙̃F (b, b̃, l̃, ·, ·, ·, ·, ·) ≡ 0 if (b, b̃, l̃) 6∈ D̃T̃ ,gen, as, in that case, (b, l) 6∈ DT,gen and hence F (b, l, ·, ·, ·) ≡
0. This function is well defined, because l|<Y,b̃> ≡ 0 and < Y, b̃ > is contained in the center of
p1(b, b̃) and hence in the polarization pd(b, b̃). It has the correct covariance condition as F does
and it is C∞. It is bounded for the appropriate semi-norms, as F is. For every (b, b̃) such that
(b, b̃, l̃) ∈ D̃T̃ ,gen for at least one l̃, there exists a compact set K(b, b̃) in VT̃(b,b̃)

= VT̃ (the section

of the orbits in r1(b, b̃)∗) such that 0 6∈ K(b, b̃) and ˙̃F (b, b̃, l̃; ·, ·, ·; ·, ·) ≡ 0 if l̃ 6∈ K(b, b̃). In fact,
let K(b) be the compact subset of VTb

= VT introduced in (3.3) and L(b,b̃) = {l ∈ VT | l|<b̃> ≡ 0},
which is a closed subset of VT . Then A(b, b̃) = K(b)∩L(b,b̃) is a compact subset of VT and L(b, b̃).
Moreover the map

L(b,b̃) → VT̃(b,b̃)
= VT̃

l 7→ l̃

defined by l̃(ũ) = l(u) for any u ∈ p1(b, b̃) such that ũ = u mod < Y, b̃ > is a continuous
bijection from L(b,b̃) onto VT̃ . Let K(b, b̃) be the image of A(b, b̃) under this map. Hence K(b, b̃)

is a compact subset of VT̃ such that 0 6∈ K(b, b̃). By construction, l̃ ∈ VT̃ \K(b, b̃) implies that

l ∈ VT \K(b) and hence that F (b, l; ·; ·, ·) ≡ 0 and ˙̃F (b, b̃, l̃; ·, ·, ·; ·, ·) ≡ 0. This proves condition
(iii) of (3.3).
To prove (iv) of (3.3), let’s take (b0, b̃0, l̃0) ∈ (E1 × VT̃ ) \ D̃T̃ ,gen. Let (b0, l0) = Φ(b0, b̃0, l̃0).
By (2.14), (b0, l0) 6∈ DT,gen. Hence, by (3.3), there exists V(b0,l0), open neighborhood of (b0, l0)
in B × VT such that F (b, l, ·, ·, ·) ≡ 0 for every (b, l) ∈ V(b0,l0). Then Φ−1(V(b0,l0)) is an open
neighborhood of (b0, l0) in E1 × VT̃ . Let (b, b̃, l̃) ∈ Φ−1(V(b0,l0)) and let’s put (b, l) = Φ(b, b̃, l̃).

Then (b, l) ∈ V(b0,l0) and hence F (b, l, ·, ·, ·) ≡ 0. But then, by definition of ˙̃F , ˙̃F (b, b̃, l̃, ·, ·, ·, ·, ·) ≡
0.
So the function ˙̃F satisfies the hypotheses of theorem (4.1).
Let’s write ˙̃π(b,b̃,l̃) for the irreducible unitary representation of R1(b, b̃), the polarization p(b,b̃,l̃)

of l̃ in r1(b, b̃) being given by

p(b,b̃,l̃) = p(b,l) mod < Y, b̃ >= pd(b, l) mod < Y, b̃ >,
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where p(b,l) = pd(b, l) is the Vergne polarization for l in gb. Then p(b,b̃,l̃) is the Vergne polarization

for l̃ in r1(b, b̃) with respect to the given basis. By the recurrence hypothesis there exists f0 ∈
S(R1, E1,Rr+2) such that the operator ˙̃π(b,b̃,l̃)(f0(b, b̃, s, t, α, ·)) has ˙̃F (b, b̃, l̃; s, t, α; ·, ·) as a kernel

for every (b, b̃, l̃) ∈ D̃T̃ ,gen. In particular, for any fixed (b, b̃), f0(b, b̃, s, t, α, ·) ∈ S(P1(b, b̃)/expb <

Y, b̃ >).

6.3

Assume that Zb 6∈< b̃ >. Let’s recall that Vj1 :=< Zj1+1, . . . , Zn >. Then Vj1/ < b̃ >≡
RZb mod < b̃ > for all (b, b̃) and < Y,Zj1+1, . . . , Zn > / < b̃ >≡< Y,Zb > mod < b̃ >. For
l ∈ L(b,b̃) such that < l, Zb >6= 0, let’s put cl =< l, Zb > (6= 0) and write χ(b,b̃,l) for the character
defined on

exp(b,b̃)

(
< Y,Zj1+1, . . . , Zn > / < b̃ >

)
≡ expb(< Y,Zb >)

by χ(b,b̃,l)(u) = e
−i<l,log(b,b̃) u>. In particular, χ(b,b̃,cl)

(expb(rZb)) := χ(b,b̃,l)(expb(rZb)) = e−ircl .
We then define a function f1 by

f1(b, b̃, s, t, α, g1, l) :=
∫
exp(b,b̃)(Vj1

/<b̃>)
f0(b, b̃, s, t, α, g1 · z)χ(b,b̃,l)(z)dz

=
∫

R
f0(b, b̃, s, t, α, g1 · expb(vZb))e−ivcldv if Zb 6∈< b̃ >

for g1 ∈ R1(b, b̃) = exp(b,b̃)r1(b, b̃). We write f1(b, b̃, s, t, α; g1, cl) and notice that, for fixed

(b, b̃, s, t, α), f1(b, b̃, s, t, α; ·, c) ∈ S(P1(b, b̃)/expb < Y,Zj1+1, . . . , Zn >,χ(b,b̃,c)), which means that

it is a Schwartz function on P1(b, b̃)/expb < Y,Zj1+1, . . . , Zn > (for any fixed basis), satisfying
the covariance condition

f1(b, b̃, s, t, α; g1 · expb(yY ) · expb(zZb) · zb̃, c) = eiczf1(b, b̃, s, t, α; g1, c)

for any zb̃ ∈ expb(< b̃ >) (covariance for the character χ(b,b̃,c) = χ(b,b̃,lc)
on < Y,Zb, b̃ >=<

Y,Zj1+1, . . . , Zn >, where the linear form lc satisfies < lc, Y >=< lc, b̃j >= 0 for all j and

< lc, Zb >= c). It is Schwartz in s, t, α, c and C∞ in b, b̃. Moreover, as ˙̃F (b, b̃, l̃, ·, ·, ·; ·, ·) ≡ 0 if
l̃ 6∈ K(b, b̃), there exists a constant C(b, b̃) such that ˙̃π(b,b̃,l̃)(f0(b, b̃, ·, ·, ·, ·)) ≡ 0 if | < l̃, Z̃b > | =
|cl| < C(b, b̃) (as K(b, b̃) ⊂ D̃T̃ ,gen is compact and as < l̃, Z̃b >6= 0 for l̃ ∈ K(b, b̃)). In that case,

˙̃π(b,b̃,l̃)(f0(b, b̃, ·, ·, ·, ·, ·)) =
∫

R1(b,b̃)/expb(RZb)

˙̃π(b,b̃,l̃)(g1)
[ ∫

R
f0(b, b̃, ·, ·, ·, g1expb(zZb))e−iclzdz

]
dġ1 = 0

for any l̃ such that |cl| < C(b, b̃) and hence

f1(b, b̃, ·, ·, ·, g1, cl) =
∫

R
f0(b, b̃, ·, ·, ·, g1 · expb(zZb))e−izcldz = 0,

by (1.5), if |cl| < C(b, b̃). This is in particular true if < l, Zb >= cl = 0. Let’s now define a
function R̃F by

R̃F (b, b̃, α, expb(sX) · g1, l) = R̃F (b, b̃, α, expb(sX) · g1, cl) :=
∫

R
f1(b, b̃, s, t, α, g−t

1 , cl)dt

if cl =< l, Zb >, where g−t
1 = expb(−tX) · g1 · expb(tX) and g1 ∈ P1(b, b̃)/expb(< b̃ >). For

g1 = w · expb(yY ) · expb(zZb) mod expb(< b̃ >), the computation shows that

R̃F (b, b̃, α, expb(sX) · w · expb(yY ) · expb(zZb), c) =
1
c
eicz

∫
R
f1(b, b̃, s,

t

c
, α, w−

t
c , c)e−itydt,
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if c 6= 0 and R̃F (b, b̃, α, ·, 0) = 0. Let’s notice that for fixed b, b̃ this is a Schwartz function in
α, s, w, y, c, as f1(b, b̃, ·, ·, ·; ·, c) ≡ 0 if |c| < C(b, b̃) (especially if c = 0) and

R̃F (b, b̃, α, ·, c) ∈ S(Gb/expb(Zb, b̃), χ(b,b̃,c)) = S(Gb/expb < Zj1+1, . . . , Zn >,χ(b,b̃,c))

i. e. it satisfies the covariance condition

R̃F (b, b̃, α, g · expb(zZb), c) = eiczR̃F (b, b̃, α, g, c)

as f1 does.
Finally we get a function RF by

RF (b, b̃, α, g) :=
∫

R
R̃F (b, b̃, α, expb(sX) · w · expb(yY ) · expb(zZb), c)dc

=
∫

R
R̃F (b, b̃, α, expb(sX) · w · expb(yY ), c)eiczdc

if g = expb(sX) · w · expb(yY ) · expb(zZb) mod expb(< b̃ >). As R̃F is Schwartz in c, RF is
Schwartz in z. In particular, for fixed b, b̃, α, RF (b, b̃, α, ·) ∈ S(Gb/ < b̃ >). Let’s also notice
that ˙̃F depends only on b,< b̃ > (instead of b, b̃). So the same is true for f0, f1, R̃F ,RF . By
construction, RF is C∞ in b, b̃ and Schwartz in α. So, for fixed b, α, we have defined a Schwartz
function on Gb/expb(< b̃ >) for all b̃ such that Zb 6∈< b̃ >.
The Fourier inversion theorem implies that

R̂F
Zb(b, b̃, α, g, c) :=

∫
R
RF (b, b̃, α, g · expb(zZb))e−iczdz =

1
2π
R̃F (b, b̃, α, g, c),

where R̂F
Zb denotes the partial Fourier transform in the direction of Zb.

6.4

Let E , E1 be as in (2.9). Let’s recall that we have defined RF (b, b̃, ·, ·) for all (b, b̃) ∈ E1, i. e. for
all (b, b̃) such that Zb 6∈< b̃ >. Let’s also recall that by assumption on B there exists at least
one l ∈ g∗ such that (b, l) ∈ DT,gen. We now define

RF (b, b̃, ·, ·) := 0 if Zb ∈< b̃ > .

We have to prove that this extension of the function RF to E is C∞ in (b, b̃). To achieve this,
let (b0, b̃0) ∈ E such that Zb0 ∈< b̃0 >. We shall show that there exists an open neighborhood
O of (b0, b̃0) such that RF (b, b̃, ·, ·) ≡ 0 for all (b, b̃) ∈ O∩E1. This will imply that the extension
of RF is C∞ in (b, b̃) at (b0, b̃0).
Let l ∈ g∗ such that l|Vj1

6≡ 0 and let’s write

l|Vj1
= lj1+1Z

∗
j1+1 + · · ·+ lnZ

∗
n.

Hence ker(l|Vj1
) is a hyperplane of Vj1 which admits 1q

l2j1+1+···+l2n
(lj1+1, . . . , ln) (expressed in the

basis Z∗j1+1, . . . , Z
∗
n) as a unit normal vector. In fact, (aj1+1, . . . , an) = aj1+1Zj1+1+ · · ·+anZn ∈

ker(l|Vj1
) if and only if aj1+1lj1+1 + · · ·+ anln = 0. So

Zb ∈ ker(l|Vj1
) ⇔ (lj1+1, . . . , ln) · Zb = 0

⇔ (lj1+1, . . . , ln) · Zb√
l2j1+1 + · · ·+ l2n‖Zb‖

= 0
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where · denotes the scalar product and where Zb is also expressed in the basis Zj1+1, . . . , Zn.
Let’s consider

N := {(b, l) ∈ B1 × VT | < l, Zb >= 0}

and (b0, l0) ∈ N such that kerl0|Vj1
=< b̃0 >. Let K be any compact neighborhood of (b0, l0) ∈

B1 × VT and let int(K) be its interior. By (3.3, (iv)), there exists for all (b1, l1) ∈ N an open
neighborhood V(b1,l1) in B1 × VT such that F (b, l, ·, ·, ·) ≡ 0 for all (b, l) ∈ V(b1,l1). Let’s put

V :=
⋃

(b1,l1)∈N∩K

V(b1,l1).

Then V is an open subset of B1×VT , F (b, l, ·, ·, ·) ≡ 0 for all (b, l) ∈ V and K1 := K∩
(
(B1×VT )\V

)
is compact. By construction, < l, Zb >6= 0 on K1.
Let’s now define

W := {l ∈ g∗ | l|Vj1
6≡ 0}

(Zariski open subset of g∗) and
f : K ∩W → R

by

f(b, l) :=
∣∣∣ (lj1+1, . . . , ln) · Zb√

l2j1+1 + · · ·+ l2n‖Zb‖

∣∣∣.
This function f is continuous and strictly positive on the compact set K1. It represents of
course the cosine of the angle between the directions of Vj1 given by Zb and by a normal vector
to kerl|Vj1

. Let
ε := min{f(b, l) | (b, l) ∈ K1}.

Then ε > 0 and
U := {(b, l) ∈ int(K) ∩W | f(b, l) <

ε

2
}

is a nonempty open subset of B1 × VT , contained in K, containing (b0, l0) as f(b0, l0) = 0.
We then define

Ψ : E ′ → B1 × VT

(b, b̃) 7→
(
b, (b̃1 ∧ · · · ∧ b̃m−1)∗

)
where (b̃1 ∧ · · · ∧ b̃m−1)∗ is defined by

(b̃1 ∧ · · · ∧ b̃m−1)∗(b̃1 ∧ · · · ∧ b̃m−1) = 1
(b̃1 ∧ · · · ∧ b̃m−1)∗(b̃j) = 0 for j = 1, . . .m− 1
(b̃1 ∧ . . . b̃m−1)∗(Zk) = 0 for k ≤ j1

Obviously, (b̃1∧· · ·∧ b̃m−1)∗ ∈ VT , as its coordinates at the Pukanszky jump indices are zero. Of
course, the coordinates of (b̃1∧· · ·∧b̃m−1)∗ in the basis Z∗j1+1, . . . Z

∗
n coincide with the coordinates

of b̃1 ∧ . . . b̃m−1 in the basis Zj1+1, . . . , Zn.
The function Ψ is a continuous map. Let’s also notice that ImΨ ∩ U 6= ∅. In fact, let l ∈ VT be
such that the angle of Zb0 with a normal vector to kerl|Vj1

is very close to π
2 , but different from

it, so that 0 < f(b0, l) < ε
2 . Take now b̃ to be an arbitrary basis of ker(l|Vj1

). Then Zb0 6∈< b̃ >,
(b̃1 ∧ . . . b̃m−1)∗ = kl|Vj1

for some constant k and f
(
b0, (b̃1 ∧ · · · ∧ b̃m−1)∗

)
= f(b0, l) < ε

2 . So(
b0, (b̃1 ∧ · · · ∧ b̃m−1)∗

)
∈ U ∩ ImΨ. Hence O = Ψ−1(U) is a nonempty open subset of E ′,

containing (b0, b̃0) as f
(
b0, ((b̃0)1 ∧ · · · ∧ (b̃0)m−1)∗

)
= 0.
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Let now (b, b̃) ∈ O ∩ E ′1, i. e. such that Zb 6∈< b̃ >. Let (b, l) = Φ(b, b̃, l̃) with l = (b̃1 ∧ · · · ∧
b̃m−1)∗ ∈ VT and l̃ the corresponding element of r∗1 (see 2.13 for the definition of Φ). In particular,
(b, l) = Ψ(b, b̃) ∈ U and f(b, l) < ε

2 . Hence (b, l) ∈ K \ K1, i. e. (b, l) ∈ V and F (b, l, ·, ·, ·) ≡ 0.

This implies that ˙̃F (b, b̃, l̃, ·, ·, ·, ·, ·) ≡ 0. So f0(b, b̃, ·, ·, ·, ·) ≡ 0 and RF (b, b̃, ·, ·) ≡ 0, by the
constructions of (6.3). This proves our claim.

6.5

Let’s again assume that Zb 6∈< b̃ >. Let l̃ ∈ p1(b, b̃)∗ (l̃ being in the chosen orbit section) such
that l̃|<b̃> ≡ 0 and < l̃, Y >= 0. Then the representations of P1(b, b̃) and P1(b, b̃)/expb(< b̃ >)
induced from the character χ(b,b̃,l̃) act on the same L2-space and may be identified. Let’s write

π̃(b,b̃,l̃) for both of them. We have, for c =< l̃, Zb >, for RF (b, b̃, α, expb(sX)(·)) considered as a

function on P1(b, b̃)/ < b̃ >,

π̃(b,b̃,l̃)(RF (b, b̃, α, expb(sX)(·)) =
∫ ∫ ∫

RF (b, b̃, α, expb(sX) · w · expb(yY )

·expb(zZb))π̃(b,b̃,l̃)(w · expb(yY ) · expb(zZb))dẇdydz

=
∫ ∫ ∫

RF (b, b̃, α, expb(sX) · w · expb(yY )

·expb(zZb))π̃(b,b̃,l̃)(w)e−iczdẇdydz

=
1
2π

∫ ∫
R̃F (b, b̃, α, expb(sX) · w · expb(yY ), c)π̃(b,b̃,l̃)(w)dẇdy

=
1
2π

∫ ∫ ∫
f1(b, b̃, s, t, α, w−t · expb(yY ) · expb(−ytZb), c)

π̃(b,b̃,l̃)(w)dẇdydt

=
1
2π

∫ ∫ ∫
f1(b, b̃, s, t, α, w−t, c)e−icytπ̃(b,b̃,l̃)(w)dẇdydt

Let now l ∈ g∗∩VT such that (b, l) ∈ DT,gen and l|<b̃> ≡ 0. In particular, < l,X >=< l, Y >= 0,
by the choice of the orbit section, and c =< l, Zb >6= 0 as (b, l) ∈ DT,gen. Let l̃ be the
corresponding linear form on r1(b, b̃) and ˙̃π(b,b̃,l̃) the associated representation of R1(b, b̃). Let’s

also notice that π(b,l) may be considered as a representation of Gb and of Gb/expb(< b̃ >), as
< b̃ > is included in the polarization of l and as l|<b̃> ≡ 0. This identification will be made in
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the following computations:(
π(b,l)(RF (b, b̃, α, ·))ξ

)
(s)(g1) =

∫
π̃(b,b̃,l̃)

(
RF (b, b̃, α, expb(s− t)X · (·)t)

)
ξ(t)(g1)dt

=
∫ ∫ ∫ ∫

RF (b, b̃, α, expb(s− t)X · (wexpbyY expbzZb)t)

π̃(b,b̃,l̃)(w)e−iczξ(t)(g1)dẇdydzdt

=
1
2π

∫ ∫ ∫
R̃F (b, b̃, α, expb(s− t)X · (wexpbyY )t, c)

π̃(b,b̃,l̃)(w)ξ(t)(g1)dẇdydt

=
1
2π

∫ ∫ ∫ ( ∫
f1(b, b̃, s− t, u, α, (wexpbyY )t−u, c)du

)
π̃(b,b̃,l̃)(w)ξ(t)(g1)dẇdydt

=
1
2π

∫ ∫ ∫ ∫
f1(b, b̃, s− t, u, α, wt−uexpbyY expb(t− u)yZb, c)

π̃(b,b̃,l̃)(w)ξ(t)(g1)dudẇdydt

=
1
2π

∫ ∫ ∫ ∫
f1(b, b̃, s− t, u, α, wt−u, c)eic(t−u)y

π̃(b,b̃,l̃)(w)ξ(t)(g1)dudẇdydt

=
1
2π

∫ ∫ ∫ ∫ ( ∫
f0(b, b̃, s− t, u, α, wt−uexpbrZb)e−icrdr

)
eic(t−u)yπ̃(b,b̃,l̃)(w)ξ(t)(g1)dudẇdydt

=
( 1

2π

)2 1
|c|

∫ ∫ ∫
f0(b, b̃, s− t, t, α, wexpbrZb)e−icr

π̃(b,b̃,l̃)(w)ξ(t)(g1)dẇdtdr

=
( 1

2π

)2 1
|c|

∫ ∫ ∫
f0(b, b̃, s− t, t, α, wexpbrZb)

˙̃π(b,b̃,l̃)(wexpbrZb)ξ(t)(g1)dẇdtdr

=
( 1

2π

)2 1
|c|

∫
˙̃π(b,b̃,l̃)

(
f0(b, b̃, s− t, t, α, (·)

)
ξ(t)(ġ1)dt

=
( 1

2π

)2 1
|c|

∫ ∫
R1(b,b̃)/P(b,b̃,l̃)

˙̃F (b, b̃, l̃, s− t, t, α, ġ1, ġ
′
1)ξ(t)(ġ

′
1)dġ

′
1dt

=
∫ ∫

P1(b,b̃)/P(b,l)

F (b, l, α, expbsX · g1, expbtX · g′1)

ξ(expbtX · g′1)dġ′1dt

where P(b,b̃,l̃) = exp(b,b̃) p(b,b̃,l̃), P(b,l) = expb p(b,l) and where the respective polarizations p(b,b̃,l̃) and

p(b,l) satisfy p(b,b̃,l̃) = p(b,l) mod < Y, b̃ >. We hence have constructed a function RF (b, b̃, α, ġ),

with ġ ∈ Gb/expb(< b̃ >) for fixed b, b̃ with Zb 6∈< b̃ >, such that the operator π(l,b)(RF (b, b̃, α, ·))
has F (b, l, α, ·, ·) as a kernel for every l such that l|<b̃> ≡ 0, if π(l,b) is considered as a represen-
tation of Gb/expb(< b̃ >).
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6.6

Now we have to construct a function f(b, α, ·) = fb(α)(·) on all of Gb such that the operator
π(l,b)(fb(α)(·)) has F (b, l, α, ·, ·) as a kernel for (b, l) ∈ DT,gen, if π(l,b) is considered as a represen-
tation of Gb. This will be done via the Radon transform. For this purpose, let’s first change the
parametrization, in order to meet the hypothesis of the theory of the Radon transform. Let’s
note ε(b̃) for the sign of Zb ·(b̃1∧· · ·∧ b̃m−1) = det(Zb, b̃1, . . . , b̃m−1), in the case where Zb 6∈< b̃ >.
Let’s then define

ωb̃ = ε(b̃)
b̃1 ∧ · · · ∧ b̃m−1

‖b̃1 ∧ · · · ∧ b̃m−1‖
,

i. e. ωb is the normal unit vector to the hyperplane < b̃ > pointing to the same halfspace than
Zb. Let’s put k(b, b̃) = Zb · ωb̃ (· being the scalar product). Then k(b, b̃) is a C∞ function in
b, b̃ which is strictly positive if Zb 6∈< b̃ >. Each element u of Vj1 admits then two different
decompositions

u = α1b̃1 + · · ·+ αm−1b̃m−1 + αmZb = β1b̃1 + · · ·+ βm−1b̃m−1 + βmωb̃.

Then
βm = u · ωb̃ = αm(Zb · ωb̃) = αmk(b, b̃)

and
Zb = k(b, b̃)ωb̃ + a(b, b̃)

for some a(b, b̃) ∈< b̃ >, the coordinates of a(b, b̃) being C∞ functions of b, b̃.
Let’s now define a function

g(b,b̃)(α)(ẇ; (ωb̃, r)) :=
1

k(b, b̃)
RF (b, b̃, α, ẇexpb(rωb̃)) =

1
k(b, b̃)

RF (b, b̃, α, ẇexpb(
1

k(b, b̃)
rZb)),

with ẇ ∈ Gb/Vj1 (expressed in a fixed basis) and where the last equality is justified by the fact
that RF is defined mod expb(< b̃ >) and that a(b, b̃) ∈< b̃ >. Moreover, let’s put

g(b,b̃)(α)(·) ≡ 0, if Zb ∈< b̃ > .

The function g is defined mod < b̃ >, C∞ in b, b̃ by (6.4), Schwartz in ωb̃, ẇ, r (as it is C∞ in ωb̃
and as ωb̃ is bounded). Moreover, as rωb̃ = (−r)(−ωb̃), we have

g(b,b̃)(α)(ẇ; (ωb̃, r)) = g(b,b̃)(α)(ẇ; (−ωb̃,−r)).

In order to apply the special result of the Radon transform (see 5.2), we still have to check that∫
R
rkg(b,b̃)(α)(ẇ; (ωb̃, r))dr =

∫
R
rk 1
k(b, b̃)

RF (b, b̃, α, ẇexpb(
1

k(b, b̃)
rZb))dr = 0, ∀k ∈ N.

Let’s notice that this is equivalent to the fact that

∂k

∂ck
R̂F

Zb(b, b̃, α, ẇ, c)|c=0 = 0, ∀k ∈ N,

where R̂F
Zb denotes the partial Fourier transform in the Zb direction. In order to check that

this is true, let’s recall that F (b, l, ·, ·, ·) ≡ 0 if l 6∈ K(b), where K(b) is a compact subset of VT

not containing 0 and hence, that ˙̃F (b, b̃, l̃, ·, ·, ·, ·, ·) ≡ 0 if l̃ 6∈ K(b, b̃) and in particular if l̃ is in
a certain neighborhood of 0. As in (6.3) this implies that there exists a constant C(b, b̃) such
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that f1(b, b̃, ·, ·, ·, ·, c) ≡ 0 and R̃F (b, b̃, ·, ·, c) ≡ 0 if |c| < C(b, b̃). Finally, as R̃F (b, b̃, ·, ·, c) =
2πR̂F

Zb(b, b̃, ·, ·, c), this proves that

∂k

∂ck
R̂F

Zb(b, b̃, α, ẇ, c)|c=0 = 0, ∀k ∈ N.

By the results on the Radon transform (5.2), there exists a unique f ∈ S(G,B1,Rr) such that∫
<b̃>

f(b, α, ẇexpb(rωb̃)expbv)dv =
∫

rωb̃+<b̃>
f(b, α, ẇexpbu)du

= g(b,b̃)(α)(ẇ; (ωb̃, r))

=
1

k(b, b̃)
RF (b, b̃, α, ẇexpb(

1
k(b, b̃)

rZb))

Finally, if ker(l|Vj1
) =< b̃ > and Zb 6∈< b̃ >, in particular if (b, l) ∈ DT,gen,

π(b,l)

(
f(b, α, ·)

)
ξ(g)

=
∫

G/<b̃>

∫
<b̃>

f(b, α, g1v)π(b,l)(g1)ξ(g)dvdġ1 as π(b,l)(v) = 1

=
∫

G/Vj1

∫
R

∫
<b̃>

f(b, α, g2expb(rωb̃)v)π(b,l)(g2expb(rωb̃))ξ(g)dvdrdġ2

=
∫

G/Vj1

∫
R

∫
<b̃>

f(b, α, g2expb(rωb̃)v)π(b,l)

(
g2expb(

1
k(b, b̃)

rZb)

expb(−
1

k(b, b̃)
a(b, b̃)

)
ξ(g)dvdrdġ2

=
∫

G/Vj1

∫
R

[ ∫
rωb̃+<b̃>

f(b, α, g2expbu)du
]

π(b,l)(g2expb(
1

k(b, b̃)
rZb))ξ(g)drdġ2 as π(b,l)(expb(−

1
k(b, b̃)

a(b, b̃)) = 1

=
∫

G/Vj1

∫
R
g(b,b̃)(α)(ġ2, (ωb̃, r))π(b,l)(g2expb(

1
k(b, b̃)

rZb))ξ(g)drdġ2

=
∫

G/Vj1

∫
R

1
k(b, b̃)

RF (b, b̃, α, ġ2expb(
1

k(b, b̃)
rZb))π(b,l)(g2)

π(b,l)(expb(
1

k(b, b̃)
rZb))ξ(g)drdg2

= π(b,l)(RF (b, b̃, α, ·)ξ(g)

=
∫

G/P(b,l)

F (b, l, α, g, g′)ξ(g′)dġ′

This proves that f(b, α, ·) is the function we were looking for. The uniqueness of the function
f comes from the fact that if (b, l) runs through DT,gen, then, for fixed b, l runs through a
dense open set of g∗b ∩ VT . So, if we assume that there are two different functions f1 and f2

such that π(b,l)(fj)(α) has F (b, l, α, ·, ·) as a kernel for j = 1, 2, for all (b, l) ∈ DT,gen and all α,
π(b,l)(f1(b, α, ·)) = π(b,l)(f2(b, α, ·)) on a dense subset of g∗b , and this implies that f1(b, α, ·) =
f2(b, α, ·) (everywhere by continuity). Let’s finally notice that all the constructed functions are
C∞ in all the variables, because, in particular, this property is respected by the construction of
the inversion of the Radon transform. In fact, f ∈ S(G,B1,Rr).
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Let’s now prove that π(b,l)(f) = 0 for every b ∈ B1 and every l ∈ g∗b \ (g∗b)gen. Let b0 ∈ B1

be fixed and l0 ∈ g∗b0 \ (g∗b0)gen. Let’s take a sequence (ln)n∈N∗ which converges to l0 in g∗b0
and ln ∈ (g∗b0)gen for all n. Let {l′n} = Ωln ∩ VT be the intersection of the orbit with the
section (g∗b0)gen ∩ VT . Let K(b0) be the compact subset of VT , given by 3.3 (iii), such that
F (b0, l, ·, ·, ·) ≡ 0 if l 6∈ K(b0). We shall show that there exists N0 such that n ≥ N0 implies
that l′n 6∈ K(b0). This will have as a consequence that F (b0, l′n, ·, ·, ·) ≡ 0, π(b0,l′n)(f) = 0 and
π(b0,ln)(f) = 0 by conjugation. But we may identify the topological spaces g∗b0/Ad∗Gb0 and
Prim∗L

1(Gb0) (with the hull-kernel topology), as the group is ∗-regular (see [Bo-L-Sch-V]). So,
as (ln)n converges to l0, ∩n≥n0Kerπ(b0,ln) ⊂ Kerπ(b0,l0). Hence π(b0,l0)(f) = 0 and it remains to
prove that l′n 6∈ K(b0) for all n ≥ N0, for some N0. To do that, we have to distinguish two cases:
If l0 ∈ (g∗b0)Puk \ (g∗b0)gen, then (l′n)n converges to l′0 in (g∗b0)Puk ∩ VT . So, if infinitely many l′n’s
belong to the compact K(b0), l′0 ∈ K(b0) ⊂ (g∗b0)gen, as K(b0) is closed in (g∗b0)Puk∩VT (which is
Hausdorff). So, as (g∗b0)gen is Gb0-invariant (see [Lu-Mu]), l0 ∈ (g∗b0)gen, which is a contradiction.
Let’s now assume that l0 ∈ g∗b0\(g

∗
b0

)Puk. Let’s recall that there exists a Gb0-invariant polynomial
P such that

(g∗b0)Puk = {l ∈ g∗b0 | P (l) 6= 0}

(see [C-G]). By continuity of P and because K(b0) is compact in the Hausdorff space VT ,

δ = min
l∈K(b0)

|P (l)| > 0.

Let’s again assume that infinitely many l′n belong to K(b0) and hence satisfy |P (l′n)| ≥ δ. These
l′n converge to l′0 in VT and hence, by continuity of P ,

|P (l′0)| = |P (l0)| ≥ δ > 0.

This proves that l0 ∈ (g∗b0)Puk, contrary to our assumption.
So we have shown that π(b0,l0)(f) = 0, if l0 ∈ g∗b0 \ (g∗b0)gen.
Finally, by construction, the map F → f is one-to-one and continuous with respect to the given
topologies.

7 Applications

7.1

The result on the inverse Fourier transform makes it possible to construct functions f whose
associated operators πl(f) have certain prescribed properties almost everywhere. This is useful
in some analysis problems.

7.2 Rank one operators

Let Z1, . . . , Zn be a fixed Jordan-Hölder basis of g. Let pl be the Vergne polarization with
respect to that basis and let X1, . . . Xd be the coexponential basis to pl as in (2.11). Let’s recall
that we may take X1, . . . , Xd fixed for all l ∈ g∗gen. Thus we identify G/Pl with Rd thanks to
this fixed basis.
Let ξ(l, x), η(l, x) ∈ S(g∗T,gen × Rd) ≡ S(g∗T,gen, G/Pl, χl) such that ξ(l, ·) ≡ 0 if l is outside a
compact subset of g∗T,gen. Let’s write ξl(·) := ξ(l, ·) and ηl(·) := η(l, ·). Then there exists a
unique f ∈ S(G) such that πl(f) has ξl ⊗ ηl as an operator kernel, for every l ∈ g∗T,gen. This
means that πl(f) is a rank one operator or 0 for all l ∈ g∗, as πl(f)ξ =< ξ, ηl > ξl if l ∈ g∗T,gen∩VT

and πl(f) = 0 if l ∈ g∗ \ g∗gen.
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7.3 The Heisenberg group

The case of the Heisenberg groupHn = exp hn with hn =< X1, . . . , Xn, Y1, . . . , Yn, Z > is treated
in ([Lu-M1]). For λ 6= 0, let’s put lλ(x, y, z) = λz, χλ(x, y, z) = e−iλz and πλ = indG

Pλ
χλ, where

Pλ = exp pλ = exp < Y1, . . . , Yn, Z >. These linear forms lλ form an orbit section of (h∗n)gen. If
λ < 0, the function αλ(s) = e

λ
2

Pn
k=1 s2

k in Hπλ
= L2(Hn/Pλ, χλ) satisfies

dπλ(Xk − iYk)αλ = 0, k = 1, . . . , n.

Let now γ ∈ S(R × Rn) such that suppγ(λ, s) ⊂ [−K,−ε] × Rn for arbitrary fixed 0 < ε < K
and let’s consider F (λ, s, t) := αλ(s)γ(λ, t) for s, t ∈ Rn. The function F satisfies the hypotheses
of theorem (4.2). So there exists f ∈ S(Hn) such that πλ(f∗) has F (λ, ·, ·) as a kernel, i. e. such
that πλ(f∗) = Pαλ,γλ

(where γλ(·) = γ(λ, ·)). Hence

dπλ(Xk − iYk)πλ(f∗) = 0 k = 1, . . . , n;λ 6= 0
πλ(f ∗ (Xk + iYk)) = 0 k = 1, . . . , n;λ 6= 0

and hence
f ∗ (Xk + iYk) = 0 k = 1, . . . , n.

In ([Lu-M1]), this retract f has been computed explicitly.

7.4

In ([Lu-M2]) the work on the Heisenberg group is generalized to arbitrary connected, simply
connected, nilpotent Lie groups. If

d = max{dim(g/p) | ∃l ∈ g∗ s. t. p = p(l) is a polarization for l in g},

one constructs families of elements of the enveloping algebra V1,ε, . . . , Vd,ε ∈ U(g) and maps
ξε(l, x) ∈ S(VT × Rd) where VT is the usual orbit section, such that ξε(l, ·) = ξε,l(·) ≡ 0 outside
an open subset Aε of g∗gen ∩ VT and such that

dπl(Vk,ε)ξε,l ≡ 0.

One then concludes as for the Heisenberg group by applying the inverse Fourier theorem: Given
any ηε,l(s) = ηε(l, s) ∈ S(VT × Rd) such that ηε(l, ·) ≡ 0 outside a compact subset of Aε, there
exists 0 6= f ∈ S(G) such that πl(f) has ξε,l ⊗ ηε,l as a kernel and hence that

dπl(Vk,ε)πl(f) = 0 k = 1, . . . , d;∀l ∈ VT ∩ g∗gen

πl(f∗ ∗ V ∗
k,ε) = 0 k = 1, . . . , d;∀l ∈ VT ∩ g∗gen.

So
f∗ ∗ V ∗

k,ε = 0 k = 1, . . . , d.
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7.5

Let d be as in (2.3). Let B be any operator on Rd defined by a Schwartz kernel G(x, y), i. e. for
any ξ ∈ L2(Rd), Bξ(x) :=

∫
Rd G(x, y)ξ(y)dy. Let now C be any compact subset of g∗T,gen and N

an open neighborhood of C with compact closure contained in g∗T,gen. Choose φ ∈ S(VT ) such
that suppφ ⊂ N and φ ≡ 1 on C. Let’s define F ∈ Nc(G, g∗T,gen) by F (l, x, y) := φ(l)G(x, y). By
(4.2) there exists f ∈ S(G) such that πl(f) = B for all l ∈ C and πl(f) = 0 if l ∈ g∗T,gen \N or
l ∈ g∗ \ g∗gen, provided the polarizations and coexponential bases are chosen as previously. This
may be considered as a generalized Domar’s property (see [D]).

7.6

The result of (7.5) may for instance be used to construct functions f, g ∈ S(G) such that f∗g = f .
In fact, take any ξ, η ∈ S(Rd) and φ ∈ C∞(g∗T,gen) such that φ(l) ≡ 0 outside a compact subset of
g∗T,gen. Let’s define F (l, x, y) := φ(l)ξ(x)η(y) and G(l, x, y) := 1

‖η‖2φ(l)η(x)η(y). Let f, g ∈ S(G)
be the functions given by (4.2) such that πl(f) and πl(g) have F (l, ·, ·) and G(l, ·, ·) as operator
kernels respectively, for every l ∈ g∗T,gen. As∫

Rd

F (x, y)G(y, z)dy = F (x, z),

we have
πl(f ∗ g) = πl(f)πl(g) = πl(f), ∀l ∈ g∗T,gen.

This implies that f ∗ g = f .

7.7 Minimal ideals:

As in ([Lu2]), the construction of (7.6) allows us to prove the existence of minimal ideals of
a given hull, provided this hull contains Ĝsing := Ĝ \ Ĝgen, where Ĝsing and Ĝgen are defined
in the following way: Let g∗sing := g∗ \ g∗gen. Let K : g∗ → Ĝ be defined by K(l) := [πl] (the
equivalence class of πl) and Ĝsing := K(g∗sing), Ĝgen := K(g∗gen). Again, it is sufficient to work
in the orbit section. We have the following result:

Theorem 7.8. Let C be a closed subset of Ĝ such that Ĝsing ⊂ C. Let m(C) be the set of all
Schwartz functions f ∈ S(G) such that for all l ∈ g∗gen,T := g∗gen ∩ VT , the operator πl(f) has
an operator kernel of the form Φ(l)ξ ⊗ η, where Φ ∈ C∞c (g∗gen,T ) with Φ|K−1(C)∩g∗gen,T

≡ 0 and

0 6= ξ, η ∈ S(Rd) (d = dim(g/pl)). Let j(C) be the closed ideal of L1(G) generated by m(C).
Then j(C) is the minimal closed ideal of L1(G) whose hull, in Ĝ, is C, i. e. such that

h(j(C)) := {[πl] ∈ Ĝ | πl(j(C)) ≡ 0} = C.

Proof. By (4.2), m(C) 6= ∅. Let now [πl] ∈ C and f ∈ m(C). If l ∈ g∗gen,T ∩K−1(C), then πl(f)
has an operator kernel of the form Φ(l)ξ ⊗ η and πl(f) = 0, as Φ(l) = 0. By conjugation, this
remains true for every l ∈ g∗gen∩K−1(C). If l ∈ g∗sing ∩K−1(C), then πl(f) = 0, by (4.2). Hence
C ⊂ h(j(C)).
Conversely, let l0 ∈ g∗ \K−1(C). Then l0 ∈ g∗gen, by assumption on C. We may even assume
that l0 ∈ g∗gen,T (by replacing, if necessary, l0 by the element of Ωl0 in the orbit section).
So we may choose Φ ∈ C∞c (g∗gen ∩ VT ) such that Φ(l0) 6= 0 and Φ|K−1(C)∩g∗gen,T

≡ 0, and

0 6= ξ, η ∈ S(Rd) arbitrary. We construct f such that πl(f) has Φ(l)ξ ⊗ η as an operator kernel.
Then f ∈ m(C) ⊂ j(C), but πl0(f) 6= 0, as Φ(l0) 6= 0. So l0 6∈ h(j(C)) and h(j(C)) = C.
Let now f ∈ m(C) be arbitrary. Let Φ, ξ, η be such that πl(f) has Φ(l)ξ ⊗ η as an operator
kernel for all l ∈ g∗gen ∩ VT . Let Ψ ∈ C∞c (g∗gen ∩ VT ) such that Ψ ≡ 0 on K−1(C) ∩ g∗gen,T and
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Ψ ≡ 1 on suppΦ. Let’s put G(l, x, y) := 1
‖ξ‖22

Ψ(l)ξ(x)ξ(y) and let g ∈ S(G) such that πl(g) has
G(l, ·, ·) as an operator kernel for all l ∈ g∗gen ∩ VT . By construction,∫

G/Pl

G(l, x, y)F (l, y, z)dy = F (l, x, z), ∀l ∈ g∗gen ∩ VT ,

i. e.
πl(g) ◦ πl(f) = πl(f) ∀l ∈ g∗gen ∩ VT ,

and hence g ∗ f = f . Moreover C = h(j(C)) = h(m(C)) ⊂ h({g}). So, by a result of Ludwig
([Lu], Lemma 2), j(C) ⊂ J for any closed two-sided ideal J of L1(G) such that h(J) ⊂ C. Hence
j(C) is minimal.

In particular, if C = Ĝsing, then the minimal closed ideal whose hull in Ĝ is Ĝsing, is generated
by the functions f obtained in the following way: There exists Φ ∈ C∞c (g∗gen ∩VT ) (in particular
Φ|g∗sing∩VT

≡ 0), 0 6= ξ, η,∈ S(Rd) such that πl(f) has Φ(l)ξ ⊗ η as an operator kernel.

This result appears already in ([Lu2]), although there the Fourier inversion theorem has not
yet been proven explicitly. In that sense, our result fills the gap in ([Lu2]). Another method,
using functional calculus, gives the same result on the existence of minimal ideals of a given
hull without the restriction Ĝsing ⊂ C. But the retract method of this paper yields a better
characterization of these minimal ideals.

7.9 Final remarks:

The results of (7.2, 7.6, 7.8) have already been obtained through the use of functional calculus
(see for instance [Lu]). But the method of the Fourier inversion theorem seems more natural and
elegant. Unfortunately it has one big disadvantage. The Fourier inversion theorem as presented
in this paper is restricted to kernel functions whose support in l is contained in the set of generic
elements g∗gen (a Zariski open dense subset of g∗). It is still an open question how to extend the
Fourier inversion theorem to all of g∗, as for singular elements of g∗, the orbit dimension is very
often not maximal. For the results of (7.3) and (7.4), the Fourier inversion theorem is absolutely
necessary. Moreover, the Fourier inversion theorem as presented in this paper is necessary in
all the situation where one wants to make sure that the function obtained by the Plancherel
formula is a Schwartz function (see introduction).
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penalgebren, Math. Ann. 236, 1-13, (1978).

[C-G] L. Corwin and P. Greenleaf, Representations of nilpotent Lie groupes and their appli-
cations. Part 1: Basic theory and examples, Cambridge Studies in Advanced Math-
ematics, 18 (1990).

[D] Y. Domar, Harmonic analysis based on certain commutative Banach algebras, Acta
Math. 96, 1-66, (1956).

34



[Dz-Lu-M] J. Dziubanski, J. Ludwig, C. Molitor-Braun, Functional Calculus in Weighted group
Algebras, Rev. Mat. Complut. bf 17, Núm. 2, 321-357, (2004).
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