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ABSTRACT. We show that every unitary representation 7 of a connected Lie group
G is characterized up to quasi equivalence by its complete moment set.

Moreover, irreducible unitary representations m of G are characterized by their
moment sets.

1. INTRODUCTION

Let G be a real Lie group with Lie algebra g and 7 a unitary representation of G
on a separable Hilbert space H,. Note H2® the space of C* vectors for 7. Let g*
be the dual space of g. In [Wi], N. Wildberger defined the moment map v, of 7 as
follows.

For all £ of H2°\ {0}, the element ¢,(§) in g* is defined by :

1 <d7T<X)§7 £>H7r

(1.1) V() (X) == O

The moment set I of the representation 7 is by definition the closure in g* of the
image of the moment map:

X eg.

Ur : HEN{0} — g".

Let us suppose 7 irreducible. Generally, the moment set is the closed convex hull
of a co-adjoint orbit in g* (see [Wi] and [AL]). For instance, if G is an exponential
Lie group, I is the convex hull of the co-adjoint orbit associated through the Kirillov
map to 7. Nevertheless, as shown in [Wi], the moment set does not characterize the
representation even for nilpotent connected and simply connected Lie groups.

In [BLS], A. Baklouti, J. Ludwig and M. Selmi extended the moment map to the
dual of the (complex) universal enveloping algebra U(g) of the complexification g¢ of

g as follows:
For all A in U(g) and £ in H° \ {0},
1 {dr(A)E, ).

(12) Bo((4) = e (T )
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and define the generalized moment set of 7 as the convex hull J(7) of the image of
this generalized moment map W .

In [ABLS], it is shown that for all exponential Lie group G, the generalized moment
set characterizes the unitary irreducible representations of G. More precisely, we have:

Theorem 1.1. Let G = expg be an exponential Lie group. Let m and p be two
unitary irreducible representations of G. Then:

m~p if and only if J(w) = J(p).

Later on, L. Abdelmoula, D. Arnal and M. Selmi [AAS] extended this result for
connected and simply connected type I solvable Lie group of the form R x RY.

In this paper, we introduce the so-called complete moment set .J() (see Definition
2.2) and we show that J(7) is the generalized moment set of the representation
7 = Ngm. Moreover, if p and 7 are two unitary representations of G' having the same
generalized moment set (J(p) = J(m)), then their complete moment sets coincide.

Let us say that two unitary representations m and p of G are quasi equivalent if
their multiples 7 and p are equivalent. Then, we show that the complete moment set
J(m) characterizes the unitary representation of a connected Lie group G up to quasi
equivalence.

Theorem 1.2. Let G be a connected Lie group. Let m and p be two unitary represen-
tations of G in separable Hilbert spaces Hr, H,. Then the following are equivalent:
i) ™ and p are quasi equivalent,

i1) J(m) = J(p).

Finally, in the irreducible case, we get the following characterization:

Theorem 1.3. Let G be a connected Lie group. Let m and p be two irreducible unitary
representations of G. Then the following are equivalent:

i) ™ and p are equivalent,

ii) J(x) = J(p),

iii) J(m) = J(p).

In these proofs we use the fact that the spaces ‘H, and H, contain many analytic
vectors. The property that J(w) = J(p) allows us to write a coefficient function
gammag associated to m for an analytic vector § as a converging sum of coefficients
Y ien gammay with analytic vectors 7); associated to H,. This then implies the exis-
tence of a non trivial intertwining operator between 7 and p. The quasi equivalence
of m and p follows. Moreover, if m and p are irreducible, we can directly define with
this method an intertwining operator between H, and H,.
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2. GENERALIZED AND COMPLETE MOMENT SETS

In this paper, G is a connected Lie group and every unitary representation m of G is
supposed to be carried by a separable Hilbert space H,. Let 7 such a representation

of GG.

Definition 2.1. The generalized moment map V¥, of w associates to each C'* vector
¢ for m the real linear form on the complex enveloping algebra U(g) of g defined by:

W (€)(4) = Re (1W> |

The generalized moment set J(m) of w is then the convex hull of the image of ¥,
in the real dual U(g)g of U(g).

In this paper we shall study a new moment set for m, called the complete moment
set.

Definition 2.2. Let (,)nen be a sequence of C™ vectors for m such that:
1) Y pen llnllz, = 1,
2) 3 en ldm (A&, I3, < oo, for all A inU(g).

The complete moment mapping W, associates to the sequence (§,) the R-linear
form:

T ((€)) (4) = e (1 S (dr(A). snm,) .

neN

The complete moment set .J () of 7 is then the image of V. in the real dual U(g)%
of U(g).

The hypothesis 2) in our definition guarantees the convergence of the series defining
T, ((€),) (A). We shall prove the convexity of the complete moment set later on (see
Proposition 3.2).

Now, if f is a C-linear form on U(g), and g = Re(f) its real part, then

f(A) = Re(f)(A) — Re(f)(1A) = g(A) —ig(iA).
Conversely, if g is a R-linear form on U(g), it defines with the above formula a unique
C-linear mapping f such that Re(f) = g.

Let us define the complex complete moment set J(7)¢ of the representation (m, H,)
of G in the same way as we did for J(7), except that the elements f of J(7)c are
now complex valued linear functionals for which there is a sequence (&,) € H®, such
that > &7, = 1 and Y, . ldn(A)&l5, < oo, (A € U(g)). This sequence
determines f by:

(2.1) FIA) = Trc((En))(A) =Y (dm(A)én, Gl VA € Ug).

neN
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Obviously the equality of J(m) and J(p) is equivalent to J(7)c = J(p)c.

Let us also remark that:
Lemma 2.1. Let m be a unitary representation of the connected Lie group G then
(2.2) J(r) C J(n) C J(m),

where — denotes the closure in U(g)* for the topology of pointwise convergence.

Proof. J(m) C J(m):
Indeed if Ay, ..., \; are positive numbers such that A\ +---4+ X, =1L and &,...,&,
are C* vectors with norm 1, we put &, = /A&, for the (finite) sequence (&),

k
> 6013, = 1 and:

T, ((€) (4) = %e (1 S (dr( ), g;m)

n=1

<1i)mdﬁ )ens En)n ) (Zmpgn> A).

J(n) € J(x): i
If f belongs to J(m), then for all A in U(g),

Z‘ﬁe< A, el ); <§;|I§n||%ﬂ:1).

For any N in N, we put:

al 1 &% <dw<A>5nf>H>
A) = Re | —- = UL
) Z e(@Z,’LonkH%W €12,

Then fx is in J(7) and
N
A nySn — f(A N t .
fn(A) = S o“&c“m ZO ( A)n, En)n ) f(A) as N goes to oo
Hence f is in J(). O

Let us now prove:

Lemma 2.2. Let m and p be two unitary representations of G. If J(w) = J(p), then
J(m) = J(p)-
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Proof. Let f be in J(x) and (&,) a (finite or infinite) sequence in H2°\ {0} such that:

S, = 1. Z%e( A ) ) Aculg).

Let us put &, = ——¢&,. The linear form f,, defined by

[1€n ||
1
o) = e (), b,

is for any n in J(7) = J(p). There exists a finite sequence 1% _;,..., 7k, of norm
1 vectors in H;® (Ko = 0) and positive numbers i, 11, .., jik, such that:

Kn 1 Kn

Do om=l L@ =% (= > p{dp(A), i,

j:anl‘i’l ]':Kn71+1
Put n; = (& llr. /575 (5= 10,1,...) we get:
) 1 1 &
€l fu(4) = e (A G, ) = e (T D° (oAb,
j=Kn-1+1

and
o] oo 1
Sl =1, )= 33t (Sl )
j=0 Jj=0

This implies that for any A € U(g), if AT € U(g) is the formal adjoint of A,

oo

Z ldp(Am;li3, = > (dp(A)n;, dp(A)n)n, = f(IATA) < oo

7=0

This proves that J (m) C J(p). The same argument gives the other inclusion. [

Let us remark that we can have J(r) = J(p) or J(r) = J(p) for two non equivalent
unitary representations 7 and p. The simplest example is probably given by the trivial
representation m and p = m @ 7. For these two representations, all our moment sets
coincide with {e} where ¢ is the augmentation map on U(g): if (Xy,...,X,) is a
basis of g,

e(l)=1, e(A)=0, VAe Span (Xf1 ce X i = Zij > 0) .

J
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3. MOMENT SETS AND MULTIPLE OF A REPRESENTATION

Let m be a unitary representation of the connected Lie group G on a separable
Hilbert space H,. We define now the representation 7 = Rom (see [D] for instance).

We consider a sequence H,, of Hilbert spaces unitary equivalent to H, through a
unitary transformation v, : H, — H,. We define ‘H; as the Hilbert sum of the
spaces H,,

Hz = GpenHpn = {é = (&n); én € Ha, HgH?-[;r = Z anH%{n < OO}

and the representation 7 by

) <an> =Y Waom(g) ot (&), g € G

neN neN

It is easy to verify that 7 is a continuous unitary representation of G.
Lemma 3.1. Let 7 be a representation of G. Then 7 and T are unitary equivalent.
The proof is an easy consequence of the well known relation 82 = .

Now, following [D], we define the quasi equivalence of representations.

Definition 3.1. T'wo unitary representations m and p of the Lie group G are quasi
equivalent (and we will write m ~ p) if the two representations T and p are equivalent.

Proposition 3.2. Let m be a unitary representation of the connected Lie group G on
a separable Hilbert space H,. Then

Proof. First if a vector £ = >, Un(&n) is a C vector for 7, since the projection
pn(§) = &, is a continuous intertwining operator, &, is a C'* vector for m. Moreover,

if Aisin Z/{(g), we get:
an (dn(A)(&,) and  [[di(A)E]3, = Zudw Jnlly, < oo

Conversely, if (§,) is a sequence of C* vectors for 7, such that, for any A in U(g),

Z ldm (A)gnll3, < oo,

then the vector £ = 3 1h,(&,) is a O vector for 7.
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Indeed, if X is in g, the vector ) = ) 1, (dm(X)E,) is well defined in H, and we
can compute the derivative in 0 of:

t— T(exptX)( Z¢n m(exptX)n,).

. (cos(ti\) - 1)2+ (smtﬂ _A>2 <oz

Thus if dr(X) = [, iA dE) is the spectral decomposition of dr(X), we can write for

any n:
2
" /

m(exptX)(&n) — &
t
<[22 dEs6) €n, = 2l (XV)6al,
R
Then Lebesgue’s dominated convergence theorem yields to:

fept)@—¢ 7~ rlent)E) - &
t 7 ” 04 t

For any real numbers A, t,

eit)\ -1

— A

2

d<E)\ (gn)a §n>Hw

it)\_l
¢ — i

2
=0.
Hr

lim
t—0

So £ is in the domain of d7(X). By induction, we prove similarly, that it is in the
domain of dw (X} --- X;)) for any X; in g and

di (X an (dm (X~ X1)(6n))-

Hence
;;O:{ an &), & € H® such that ZHdw )nllze, < oo, (A€U<9>>}~

Now if f is in J(7)¢, by definition, there is a sequence (§,) of C* vectors for m
such that f = ¥, c((§,)). We saw that £ = > ¢,(&,) is a C* vector for 7, with

norm 1 and

Urc(€)(A) = (dr(A)(€), e = Y _{(dn(A) (), & = Urc((1))(A).

n

Thus f belongs to J(7)c.
Conversely, if f is in J(7)c, there exists a finite sequence &Y, ..., €81 of C°° vectors
for © with norm 1, positive real numbers M such that Z?;é M =1 and

F(A) = ST N dR(AE,

j=0
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Now, each vector & can be written as Y ¥, (&) with >°, [|€1]12, = land Y, [|dr(A)& |2, <
0o. Let us thus put: n,x4, = \/Fnj; (n=0,1,... and 0 <r < k). Then:

&9 k—1 0o
S lmlB, = >N lER, =1
p=0 J=0 =0

and
k—1 o)
f(A> = Z N <dﬁ(A)£]7 §j>7'lﬂ - Z %<dﬂ'(‘4)77p7 77p>7'l7r7
j=0 p=0
and f belongs to J(m)c. O

4. ANALYTIC VECTORS

Let us now recall briefly some well known facts about analytic vectors for a unitary
representation 7 of a Lie group G.

The reference for analytic vectors is [Wal. Let (7, H,) be a unitary representation
of the connected Lie group G. We say that a vector £ € 'H; is analytic if the mapping

af : G — H7ra g 7.‘—(g)f

is analytic. Let HY denote the (linear subspace) of analytic vectors of H,. By a
result of Nelson (see [N]), the analytic vectors are dense in H,.

For any £ € HY, there exists a neighborhood U of 0 in the Lie algebra g of G, such
that for any X € U,

= 1
(4.1) mlexpX)E =) —dn(X)"E.
m=0 ’
More precisely, if {X7,---,X,} is a basis of g, then we have the following necessary

and sufficient condition for a C*-vector £ in H, to be analytic. There exists a
constant M = M (&) > 0, such that

(4.2)  ||(dmw(Xy,) - - dn(Xi,,))E |, < M™m!  for all indices 4y, -+ , 4y, m € N.
This implies that if £ € H, is analytic, then also the vector 7(g)¢ is analytic, since

I(dm(XG,) -+~ dm (X, ) 7(9)E e, = [[(dm(Ad(g™)X5,) - - dm(Ad(g™) Xs,,) )€ I,
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5. PROOF OF THEOREM 1.2

First, if 7 and p are quasi equivalent, 7 and p are unitarily equivalent, they thus
have the same generalized moment set and by proposition 3.2:

J(m) = J(7) = J(p) = I (p).

Conversely let us suppose that J(7) = J(p), which implies that J(7)c = J(p)c.
We first prove:

Lemma 5.1. Suppose that w and p are two unitary representations of the connected
Lie group G such that J(m)c = J(p)c. Let € be an analytic vector for the represen-
tation m with norm 1. Then there ezists a sequence of analytic vectors (N, )nen for p
such that for any g in G,

(m(9)6, Eree =D _(P(9) 7> M),

n

(Let us remark that if g = 1 in G, the relation means )= [[n,[l3,, = 1 and thus the
series converges absolutely for any g in G).

Proof. Let us choose an analytic vector ¢ in the space H,, with norm 1. Then the
complex linear functional

f(A) == (dm(A)E, E)n.., (A €Ulg)),

is an element of J(m)c. Hence, since J(m)c = J(p)c, there exists a sequence of
C*-vectors (;); in H;°, such that

(61) > lmilly, =1 and J(A) =D (dp(A)n; nj)n,, VA € Ug).
jEN jEN
JFrom this, if we take m in Nand A = X;, ---X;,, as in 4.2, it follows that
(M™ml)* geq ||dn(A)E|ly, = (dm(ATA)E, ),
= fATA) = (dp(AT Ay ni)w, = > ldp(A)n;l3, -
JEN JEN
Hence for every j € N, we have
(5.2 ldp(Xs, -+ X il < M7l

and so 7; is an analytic vector for every j € N, moreover the estimation (5.2) is
independent of j.
Fix now Y = Z?:l y;X; in g, define the norm of Y by:

V1= sup y;l.
je{t,.p}
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It follows from 4.2 that for Y € g and an analytic vector £ in H, we have that
(5.3) |dr (V)" Ml < p™ME™(IY[™, m eN.
Define the mapping ¢ : R — H, by
o(t) := m(exptY)E.

Then:
k=0
where
1 t
Ru(t) = o [ (6= s)dn(y ) pls)ds
n! Jo

and so by by 5.3, for [t| < (p|Y||M (€))7,

e ARV BT

as n tends to oo.
Hence for all small ¢, the series > pe & (dm(tY )€, €)y, converges to (m(exptY)E, £)x

Furthermore, by 5.2, for every Y in the open ball U := {Z €g, |Z| <

[ B ()l < < Y|Hipm MM — 0

g

pM(é)}
=1
(5.4) plexpY )iy =y dp(Y)";

converges absolutely and uniformly in j.
We also have absolute convergence for the double series Y - Z] o “dp(Y* 05> M),
Indeed, by 5.1 and 5.2, for Y in U and || < 1,

ZZ B oy, e | <

k=0 5=0
i (illdp (Y*) mllﬁp>2 (fjllmll%p> f: |||d Y5VE ||y, < o0.
=0 n=0 7=0 k=
Thus
i@(eXp Y ), M), = i i g(dp(Yk)nj7 )M,
Jj=0 k=0 j=0

~ .
-

(dr(YR)E, €, = (m(exptY)E, O,

I
£|18

B
Il
o
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Let us define now the subset U of G by,

[e.9]

U={geG, suchthat (dr(A)m(9)¢ ), = > _(dp(A)p(g)ns,ni)n,, YA € Ug))}.

J=0

We shall now prove that & = G. First, we show that i/ is a closed subset of G. Let
(gn)n be a sequence of U, which converges to g. Then, we have for all A in U(g):

(dr (A)m(9)8, ). = (m(9)S, dm(AT)E)n,
= lim (7(gn)¢, dm(AT))n,

o0

= lim > {p(ga)1j dp(A" i),

J=0

But:

> Kplga)ms, dp(AN ), | <Y llo(gn)nsllag, dp(A )0,

j=0 7=0

< (Z ||p(gn)m‘\|%p> (Z ||dp(A+)mH?{p)

1
2

= (Z HmH%) ld(AT)E e, = lldm(AT)E]l, < 00
J

Thus, by Lebesgue’s theorem of dominated convergence,

(dr(A)m(9)€, e = Y {dp(A)p(g)nj, mj)n,

J

Hence U is closed.
Let us show that U is open. Let g be in Y and A in U(g). Hence, by 5.2, for any
vector Z =), %X, in g such that ||Z] < 1, we have:

(5.5) ldn(Z)*€ |, < (PM(€))"K!, k€N,
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and so for all these Z’s and |t| < (pM(£))™!, we obtain

I = ZZ%I(dp(AZ’“)p(g)nj,anI

k=0 j

oo k
= 5 Elian#)otgyms dotat b
Z' (anp (259 m\mp) (ZH@(A%H%)

< 30l jin( 24 mg)ele, am (A e, < o0

k=0

1
2

NI

IN

This shows that for our Z, for |t| < (pM(£))™!, since g is in U, we have by 5.4:
ik

(dr(A)m(exptZ)m(9)S, Em. = Zk—<dW(AZk) m(9)€, &)

g

[e.e]

ZZ dp (AZ*)p(g)nj nj)m,

(dp(A) (exptZ)p(g)n;, mi)n,

I
“M l

or
(dr(A)m(exptZg)6, E)w. = Y _(dp(A)p(exptZg)n;, nj)n,
J
This shows that U is an open set. Hence, since G is connected, G = U. Especially,
for every g in GG, we have:

(m(9)6.re = D _{p(@)1: M),
J
the series converging absolutely. U

Let us present now the proof of Theorem 1.2

Let us consider the set V of all the families V' = (&;);c; of analytic vectors for ,
with norm 1 and such that, if ¢ # j, then (7(g)&;, &;)n, = 0 for any g in G. On V, we
consider the ordering given by inclusion. We get an inductive set (V, C). By Zorn’s
lemma, there is a family W in V which is maximal.

Since the vectors &; in W form an orthogonal system in the separable space H,,
W is finite or countable. We suppose now the vectors in W labelled by integers

W= (507517---)'
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For each n in N, we note IC,, the closure of the vector space spanned by all the
7(9)én (g in G). The spaces K,, are mutually orthogonal subspaces of H,, since, if

n # p,

k q
<Z Alﬂ(gz)é-naZ//LﬁT(gZ)gp> Z)\z,u@ gé gi)€n75p>7{ﬂ =0
=1 /=1

Hnr

We now consider the Hilbert sum C of the IC,, as a closed subspace of H,. In fact this
subspace coincides with H,. Indeed, each KC,, being a G-invariant subspace of H,,
K itself is invariant. If K # H,, the non-trivial invariant subspace K+ contains an
analytic vector n with norm 1, W U{n} is in V and larger than W. This is impossible
and so &, K, = Hx.

For each &, according to Lemma 5.1, there exist analytic vectors 7, for p such
that:

o0

< ( gnagn Z nnkvnnk (g S G)

k=0

Now we can build an intertwining operator 7T, between 7|¢, and p.
First, we note H; = ®x0x(H,) and define T,, on linear combinations Zle i (9:)én
by:

T, (Z Am(m)&) =D > Ablp(g)man)-

k=0 i=1

For the moment, T,, is not well defined with this formula, but we have:

o £
> Z plg)mr)| = Z(Z Xip (i)t Z Ai0(95) i k),
k=0 =1 , i .

= ZZA A (0095 9 ks T k),

= Z)\i)\j Z (95 9) M T k) 14,

—ZM (95" 9:)&n: En)rt,

2

2

H

Z )\iﬂ—(gi)f

Note that the permutation of the sums on k and 4, j are allowed since all the series
in k are absolutely convergent.

Hnr
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This relation proves that T,, is well defined since if >, \;m(g;)&, = 0, then

T, (Z Aiw(%)ﬁn) =0,

moreover 7T, is isometric. Thus 7}, can be uniquely extended to /C,, by continuity.
By definition, T}, is an intertwining operator between 7|, and p:

(T, o7(g (Z i (gi)& n) =T, (Z )\iﬂ'(ggi)fn)
=2 D> Xibk(p(9gi)mms)

~(p(9) o T.) (Z wgi)gn) .

Consider now the mapping T' = ®,,T,,. By construction, it is a partial isometry
between H, and H;. With this construction, we get an intertwining operator between
7 and p. But Lemma 3.1 gives us a unitary intertwining U between p and j and
S = U oT is a partial isometry intertwining 7 and p.

Now we can define S : Hz = ®¢,(H,) — H; = @0, (H;) by:

§<§:wn(vn) ié ), Uy € Hpyn € N,
n=0

Finally the partial isometry V = U o S intertwines 7 and p.

Exchanging the roles of m and p yields to a partial isometry intertwining p and 7.

With the notations of [D], we thus have # < p and p < 7. Hence, with Corollary
5.1.5 of [D], we conclude that 7 and p are unitarily equivalent.[]

6. PROOF OF THEOREM 1.3

We are now going to prove theorem 1.3. Let m and p be two irreducible unitary
representations of the connected Lie group G. It is clear that if 7 and p are unitarily
equivalent (7 =~ p), then every coefficient of 7 is also a coefficient of p and so J (m)
and .J(p) coincide, we saw that J(m) = J(p) implies J(m) = J(p) and J(7)c = J(p)c.

Hence it suffices to show that .J(7)c = J(p)c implies that 7 and p are equivalent.

We use Lemma 5.1. Let & be an analytic vector for # with norm 1. There is a
sequence (7),) of analytic vectors for p such that

(T(9)& e = Y (@) ma), (9 € G).

n
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i From now one, we suppose, without loss of generality, that ry # 0.
We saw that p is a unitary representation of G and the linear mapping P from H;

to 'H,, defined by
P (Z 9n((n)> = o

is a non trivial intertwining operator between p and p:

(Poplg (29 (Gn > = p(9)¢o = (p(g) © P)(9) (Zen(én))

Now as in the proof of theorem 1.2, there is an isometric intertwining operator T’
between m and p defined by:

T <Z )\i'/r(gz ) Z Z 9 gz 77n

n=0 i=1

The representation 7w being irreducible and the linear space V' generated by the
vectors 7(¢)¢ invariant, this space is dense in H,. Thus T" can be uniquely extended
to H, by continuity. By definition, 7" is an intertwining between 7 and p, since for
vectors in V,

(T om(yg (Zm ) ) =T (Z Am(ggi)cb>
—ZZM (p(99:)1m)

— (plg) o T) (Z mg»g) .

Now A = PoT is an intertwining operator between 7w and p, since A =1y # 0, it is
non trivial. Hence by [Wa] Corollary 4.3.1.3, the irreducible representations 7w and p
are unitarily equivalent.

This proves our result.
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